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The lifetime of the first excited state of the Cd!!4 nucleus (556 kev) was measured by means 
of gamma-ray resonance scattering using a gaseous In'!* source in the compound InCl3. The 
value T = (1.42 + 0.21) x 107'! sec for the lifetime of the level agrees satisfactorily with the 
data from Coulomb excitation investigations. The relation between excitation energy and re- 

duced transition probabilities for even-even cadmium isotopes is discussed. 


1. INTRODUCTION 


Resonan CE scattering of gamma rays has been 
used in recent years to measure short lifetimes of 
excited nuclear states (TX 107!° sec). The cross 
section for the process is proportional to the width 
of the excited level, so that when all other conditions 
are unchanged the resonance scattering intensity in- 
creases inverselv with the measured lifetime. 

The widths of the lowest excited nuclear levels 
usually do not exceed 10-% ev. The bombarding 
gamma rays must therefore correspond very pre- 
cisely to the resonance energy of an excited state. 
As a source of these photons one naturally uses a 
radioactive isotope which decays to an excited state 
of the nucleus whose resonance excitation is under 
investigation. However, this is not a sufficient con- 
dition for obtaining photons of the required energy. 
The energy of a gamma ray emitted by a nucleus 
at rest is always somewhat smaller than the energy 
of the corresponding excited state, because a part 
of the transition energy is transformed into kinetic 
energy of the recoiling atom or molecule. A portion 
of the energy of an absorbed gamma ray also is con- 
verted into recoil energy of the absorbing nucleus. 
While such reductions of the gamma-ray energy 
are relatively small, they are always much greater 
than the excited level width. For the observation 
of resonance scattering the gamma energy must be 
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increased to compensate the losses incurred through 
the recoils of both the emitting and absorbing nuclei. 
Various compensation methods based on the Doppler 
effect have been discussed in reviews by Dzhelepov! 
and by Metzger. 

The present investigation is concerned with the 
resonance scattering of 556-kev gamma rays emit- 
ted in In!!4 — cal! decay, by Cd'4 nuclei. The 
method of cascade transitions*® was used to compen- 
sate recoillosses. In In''4 decay the 556-kev gamma 
ray is preceded by the emission of a 334-kev neu- 
trino and a 772-kev gamma ray. After emission 
of the neutrino and first photon a recoiling caitt® 
nucleus remains, so that the 556-kev gamma ray 
is emitted by a nucleus which is already in motion. 
The 556-kev gamma energy is changed somewhat 
by the Doppler effect. Sufficiently great recoil 
velocities will result in the gamma energy required 
to produce resonance excitation of cd‘! nuclei. 
The mean free time of the recoiling atoms or mole- 
cules must considerably exceed the 556-kev level 
lifetime. Otherwise gamma rays may be emitted 
after collisions with neighboring molecules of the 
source material. The velocity of a molecule after 
a collision will generally be insufficient to supply 
the required energy to a 556-kev gamma ray. It 
is therefore necessary to use gaseous sources in 
which the mean free time of recoiling molecules 
is sufficiently long. The In'4 source used in the 
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present experiment was contained in the compound 
InCls volatilized at a relatively low temperature. 


2. CALCULATION OF THE RESONANCE SCAT- 
TERING PROBABILITY 


As a result of energy and momentum conserva- 
tion the energy of a photon emitted or absorbed by 
a nucleus is less by the amount ER /2Mc? than the 
transition energy Ey (M is the mass of the recoil- 
ing molecule and c is the velocity of light). When 
the emitting and absorbing nuclei are included in 
molecules with masses M, and Mg, respectively, 
the total reduction of the photon energy is 


(1) 


It is assumed here that no chemical bonds are dis- 

rupted during transitions. When a photon is emitted 
by a nucleus moving with the velocity v the photon 
energy is changed by the amount 
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AE’ = Ej (M, + M,)/2M,M,c?. 


(2) 


where # is the angle between the direction of emis- 
sion and the direction in which the recoiling nucleus 
is moving. For resonance scattering some photons 
must satisfy the condition 


(3) 


In the present experiment metallic cadmium served 
as the scatterer, i.e., the mass M, was that of the 
cadmium atom. Equation (3) imposes a certain limi- 
tation on the mass My, which includes the emitting 
nucleus. If My, is too large the recoiling molecule 
may have insufficient velocity to satisfy (3). It is 
easily shown that the molecular weight of the source 
in the present instance must not exceed 300. This 
condition is satisfied by InCl3. The energy trans- 
ferred to the recoiling molecule in the emission of 
a neutrino and a 722-kev photon is 0.27 and 1.27 ev, 
respectively, which is insufficient to affect the mo- 
lecular bonds. 

The probability of resonance scattering was cal- 
culated using Eq. (5) of reference 4; the probability 
may be expressed as a function of the excited level 
width. This width can be determined by comparing 
the experimental with the calculated probability. 
Constants in the formula are determined from the 
characteristics of the In! decay scheme and from 
the parameters of the scatterer. The total reso- 
nance scattering probability for the given experi- 
mental geometry is calculated by numerical inte- 
gration over the volume of the scatterer. Fora 
sufficiently thin scatterer Eq. (5) of reference 4 is 
equivalent to the formula used in reference 5 to cal- 
culate the resonance scattering cross section. 
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It follows from (2) that photons impinging on the 
scatterer are not strictly monoenergetic. Their 
energy depends on v and ¥, not all values of 
which are consistent with the resonance energy Ey. 
To calculate the probability of resonance scattering 
we must determine N(E;), the density distribution — 
of photon energies about Ey. It is easily shown in 
the present case of aneutrino —y—Y cascade that 
the energy distribution for 556-kev photons, without — 
taking y-y angular correlation into account is rep- — 
resented by | 


N (E) = 
(Mic? | 2EyEo, O<|E|S< Ey (E2— E1) / Mic?, 
me | SE EE) (Ez + BE: — EMyc? / Ey), |E| > Ey (Ez — Ei) | Mic?, 


4 
where E, = 722, E, = 334, Ey = 556 kev. The ane 
ergy scale used in (4) is such that E=0 repre- 
sents a photon with the transition energy Ej. When 
the recoil energy loss (1) is taken into account the 
resonance energy Er corresponds to the value 
AE’ for E. For a source in InCl3; and a metallic 
cadmium scatterer we have N(Er) = 0.092 eval: 
When the angular correlation of the.722- and 556- 
kev photons is taken into account we have N(E,r) 
= 0.099 ev!. The angular distribution of scattered 
photons was also taken into account in calculating 
the resonance scattering probability.° 


3. EXPERIMENTAL TECHNIQUE 


The In! eCl source was prepared from metallic 
indium, which was irradiated with thermal neutrons 
in a reactor and was then slightly heated while ex- 
posed to a stream of chlorine. The indium chloride 
was purified through distillation into a glass ampoule,. 
which was then evacuated and sealed. The activity 
of the source was 15 microcuries, although only 
3.5% of the In'!4 decays were accompanied by the 
emission of 556-kev photons. The InCl3; source 
was volatilized in an electric oven at about 500°C. 
Complete volatilization resulted in a pressure of 
0.2 atmos, thus excluding the possible influence of 
collisions of recoiling molecules. The technique 
used to produce InCls permitted a possible admix- 
ture of InCl,, the presence or absence of which 
could not be determined precisely. However N( Er) 
which determines the probability of resonance scat- 
tering, in the case of InCl, was very close to the 
result obtained above for InCl3. The calculation 
of the overall error of the final results took into 
account the possible contribution from InCl,. It 
was determined through control measurements that 
under the working conditions the entire active source 
was gaseous. 
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FIG. 1. Diagram of experimental setup. 
1 — source, 2 — electric oven, 3 — lead 
cone, 4 — scatterer, 5 — Nal(T1) crystal, 
6 — photomultiplier tube, 7 — lead ab- 
sorber. 


Resonance scattering was measured using the 
circular geometry which is customary in such ex- 
periments®»® to permit the maximum solid angles 
and for convenience in calculating. The experimen- 
tal setup is represented in Fig. 1. Scattered radia- 
tion was registered by a NaI(T1) crystal measur- 
ing 4 cm in both height and diameter, and by a FEU- 
29 photomultiplier tube. A lead cone 22 cm high was 
used to shield the counter from direct radiation out 
of the source. The electric oven enclosing the 
source was located at the apex of the cone. The 
crystal was surrounded by a lead absorber 1 mm 
thick in order to reduce the pulse count produced 
by Compton-scattered photons. The scatterer was 
a hollow cadmium cylinder 30 cm in diameter, 15 
cm long and 0.45 cm thick. Scatterers of the same 
dimensions, consisting of tin and lead instead of 
cadmium, were used for comparison. The scatter- 
ers were interchanged every two minutes in order 
to exclude any effect which drift of the electronic 
circuit would have on the results. The differential 
discriminator channel was set for a photopeak of 
556 kev in the interval 530 —590 kev. Measure- 
ments were obtained with the source in both the 
solid and vapor states. With the volatilized source 
the counting rate produced by the cadmium scatterer 
increased due to resonance scattering, whereas with 
a non-cadmium scatterer or with no scatterer the 
rate was independent of the state of aggregation of 
the source. The method described in reference 5 
was used to determine the resonance scattering 
probability. 


4. RESULTS AND DISCUSSION 


The average counting rate produced by resonance 
scattering was 0.3 pulse/sec, which comprised 23% 
of the total rate, most of which was produced by the 
laboratory background. The effect was large enough 
to permit measurements of the resonance scatter- 
ing spectrum shown in Fig. 2. The spectrum for 
the vaporized source exhibits a photopeak at 556 
kev, which is the energy of resonance-scattered 
gamma rays. The lifetime of the first excited state 


839 


pulse/sec 


40 50 V 
FIG. 2. Spectrum of resonance radiation from cadmium 
scatterer. 1 — gaseous source, 2 — solid source. 


of Cd!!4 (556 kev) is found to be 7 = (1.42 + 0.21) 
x 107!! sec. The reduced probability B(E2) of 
the 556-kev E2 gamma transition is calculated 
from the measured lifetime to be 0.108e? x 10° 
cm‘. This is in excellent agreement with the re- 
sults given in references 7 and 8 in connection with 
the Coulomb excitation of Cd‘!*, the numerical co- 
efficients of B(E2) being 0.110 and 0.104, respec- 
tively. There is also agreement within experimental 
error with the value 0.117 given in reference 9. The 
hypothesis of reference 10 that the lifetime deter- 
mined by resonance scattering will always be shorter 
than that obtained by Coulomb excitation is thus not 
confirmed. The results obtained in reference 11 for 
the Coulomb scattering of Cd!4 disagree sharply 
with the results obtained in references 7 — 9 and in 
the present work and are probably incorrect. 


log 8 
990 | 
FIG. 3. Log B(E2) as a 095 14 
function of log E. The mass 
numbers of the cadmium iso- 
topes are indicated. ~100 
112 
ad 110 
27 275 Ie 


In references 7 — 9 the reduced probabilities for 
E2 transitions were determined for even-even cad- 
mium isotopes with mass numbers A =110, 112, 
114, and 116. These results are consistent among 
themselves, so that we may assume that reliable 
values of B(E2) have been established for these 
four cadmium isotopes. The data reveal the de- 
pendence of B(E2) on the excitation energy E 
of the corresponding levels. Figure 3 shows log 
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B(E2) as a function of log E for the four cad- 
mium isotopes. The results of references 7—9 
and of the present experiment were averaged for 
the purpose of the plot, which is a straight line 
represented by 


log B(E2) =a log E +46, (5) 


where a and b are constants. The constant a, 
which determines the power-law dependence of 
B(E2) on excitation energy, was calculated at 
—1.5 by least squares. Equation (5) agrees with 
experiment to within 1%. Stelson and McGowan? 
have previously noted that the relation between 
B(E2) and E for even-even nuclei with masses 
A = 90—130 can be represented satisfactorily by 
B(E2) =bE7!. Van Patter! has suggested that the 
formula B(E2)/Z* =bE7!“* is accurate to within 
25% over a broad range of mass numbers. The 
relation between B(E2) and E for the cadmium 
isotopes gives a different power in the functional 
dependence. It is also found that (5) is valid for 
isotopes of other elements but that the constant a, 
which is the power of E inthe formula for B(E2), 
generally varies as a function of Z. For example, 
in the case of even-even gadolinium isotopes, for 
which the reduced probabilities for E2 transitions 
are given in reference 13, the experimental results 
agree to within 1% with (5) when a=-1.1. For 
Se and Dy isotopes the absolute value of a is 
greater than 3. For a large group of elements 
(Ru, Pd, Cd, Te, Sm, Gd, W, Pt) the values of 

a lie within a small range, from —1.1 to —1.5. 

It cannot be determined at the present time whether 
this spread of the values of a is significant or 
results from inaccurate experimental data. It is 
significant, however, that the given group of ele- 
ments includes nuclei with a rotational spectrum 
of low-lying excited levels and nuclei which are 
excited by quadrupole-type vibrations according to 
the unified model. It is difficult to interpret 
the observed relations theoretically, but it may be 
noted that (5) can be predicted for nuclei whose 
first excited levels are of rotational character. 
For such nuclei B(E2) is proportional to the 


square of the deformation parameter while the 
first excited-level energy is proportional to the 


nuclear moment of inertia. Assuming a power-law 
relation between the moment of inertia and the de- 


formation parameter, (5) is easily derived with a 
and b constant for isotopes of a single element. 
The determination of the relation between B (E2) 
and E may thus furnish information concerning 


the relation between the nuclear moment of inertia 


and the deformation parameter. 
The author is indebted to V. S. Shpinel’ for di- 


recting this work and to V. I. Anikin for assistance. 
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Polarization of neutrons produced in the T (p, n) He® reaction by 8 —10 Mev protons was de- 
termined by measuring the right-left asymmetry of protons produced in the inverse reaction 
He? (n, p)T. The dependence of the asymmetry on the angle of proton voice from the 

He® (n, p) T reaction has also been measured. Polarization of the T (p, n) He® neutrons and 
He? (n, p) T protons attains 30% for an angle of incidence of about 40° and primary proton 
energy of about 10 Mev. The polarization decreases as the proton energy is diminished but 
the angle of emission corresponding to peak polarization does not change appreciably. 


le energy dependence of the T (p, n) He® cross 
section!»* as well as that of the total neutron cross 
section® of He® exhibits resonance, from which it 
is inferred that alpha particles have a 22-Mev ex- 
cited state with spin and parity 2-.2*4 This is con- 
firmed by the shape of the neutron spectrum from 
the T (d, n) reaction® and by the spectrum of in- 
elastically scattered electrons.® However the spec- 
trum of protons scattered inelastically by He* con- 
tains broad groups’*® which are evidently associated 
with a large contribution by other states of the final 
He‘ nucleus. The great weight of the 1” state at 
about 25 Mev is indicated by the energy dependence 
of the T (p, y) He’ and He*(y, p)T reactions, which 
are electric dipole transitions.’*!° Various experi- 
mental data and their interpretation are thus far 
not in agreement concerning the states of He’, so 
that further investigation is of interest. 

For this purpose it is important to study the 
polarization of neutrons from T (p, n) He® and of 
protons from He® (n, p)T, which is the subject of 
the present paper. In reference 11 it is shown that 
the polarization of T (p, n) He® neutrons for proton 
energy Ep = 1.46 Mev, which is somewhat above 
the reaction threshold (1.019 Mev) is close to 
zero at 50°. This does not exclude the possibility 
of appreciable polarization at proton energies 
greatly exceeding the threshold and the resonance 
value (~3 Mev). 

The study of neutron polarization from 
T (p, n)He® is also of great methodological impor- 
tance since this reaction is widely used as a con- 
venient source of fast monoenergetic neutrons. 

Barschall'? has suggested the use of inverse 
reactions for the study of polarization. We have 
used this method to determine simultaneously the 
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polarization of T(p,n)He® neutrons and of pro- 
tons from the inverse reaction He? (n, p)T. When 
the products of both reactions are observed at cer- 
tain definite (Barschall) angles the right-left 
asymmetry gives the square of the polarization 
directly. In our case the Barschall angles and the 
corresponding polarizations are quite small; our 
measurements were made principally at large 
angles. When polarization depends smoothly on 
the angle and on energy, Barshall’s method can be 
extended to a broader angular range. We observed 
appreciable polarization at approximately twice the 
Barschall angle and determined the angular depend- 
ence and energy dependence of the polarization. 
Therefore the determination of the absolute value 
of the polarization is not confined to Barschall 
angles. 

The reaction T (p, n) He? was excited in a 
tritium-zirconium target about 0.2 Mev thick by 
an external cyclotron beam of protons with initial 
energy 10 Mev. The protons were slowed down in 
platinum foils placed directly ahead of the target. 
A chamber 5 cm in diameter and 5 cm deep filled 
with He® at 10 atmos served as the radiator of 
the proportional telescope’? and was positioned 50 
cm from the target at the angle 06, to the beam. The 
grid of openings in the helium cell wall, facing the 
telescope counters, was covered with 10 iron foil. 
The telescope rotated about an axis passing through 
the center of the radiator, so that protons from the 
reaction He*®(n, p)T occurring in the radiator 
were registered at angles 6, to the right and to 
the left of the neutron beam emitted at angle 6,. 
The symmetry of 6, was checked by replacing 
helium with hydrogen in the radiator and recording 
the intensity of recoil protons as a function of 0, 
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to the right and left. The telescope was set for the 
steeply dropping final portion of the recoil-proton 
spectrum in order to accentuate the angular de- 
pendence. The position of the telescope corre- 
sponding to 6, =0 was determined within 0.1° 
from the steep slopes of the curve registered 

with the hydrogen radiator. 

The proton intensity from the He? (n, p)T re- 
action at different angles 6, to the right and left 
was measured for different values of Ep and 4. 
The most pronounced effect was observed at Ep 
= 9.9 Mev and 6, =40°. Figure 1 shows the asym- 
metry coefficient R=Ny/N] as a function of 65. 
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FIG. 1. Right-left asymmetry of protons from He’® (n, p) T 
as a function of the angle of emmission. Curve 1 — 0, = 40°, 
Ep = 9.9 Mev, Ep = 7.7 Mev; curve 2 — 0, = 16.5°, Ep = 9.9 
Mev, E, = 8.8 Mev; curve 3 — 0, = 40°, E, = 8.0 Mev, E,=6.1 
Mev. 


Here Ny and WN] are the numbers of counts to 
the right and left.relative to the same proton flux 
impinging on the target, as measured by an inte- 
grator. The indicated errors are entirely statis- 
tical. Ny and Nj] are the differences between the 
counts obtained with the helium radiator and with 
an empty chamber. The background from the tri- 
tium target backing was also taken into account. 
In the general case we have 


R=(1+ P,P.) /(1 — P;P.), 


where P, is the polarization of neutrons from 
PAD; n) He® and Py, is the polarization of protons 


from He®(n, p)T. As 9, is varied only P, changes, 


while P; remains constant but of unknown magni- 
tude. For 0),=6,=40° P, =P; since 6, and 6, 
are greater than the Barschall angles and the second 
reaction takes place at a somewhat lower energy 
than the first reaction. At the Barschall angle 

6; = 16.5° the energy of neutrons from the first 
reaction is Ep (16.5°) = 8.85 Mev, while at 

6, = 40° we have En (40°) = 7.72 Mev. If only 
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a slight change of polarization accompanies an 
energy difference of 1.1 Mev we may assume 
P, (40°) = P, (40°) and use the R(@,) curve to 
calculate P 4 \2 (91,2). Figure 1 also gives the plot 
of R(@,) for the same energy Ep = 9.9 Mev at 
the Barschall angle 6, = 16.5° (curve 2). Because 
of the small polarization at 0, = 16.5° this curve 
is relatively less accurate but the angular distri- 
bution R(6,) is of the same character. Curve 3 
was plotted for Ep = 8.0 Mev and 4, = 40°. With 
decreasing proton energy the magnitude of the po- 
larization is diminished but the angular distribution 
is of the same type. Therefore the polarization P 
calculated from R (40°, 40°) assuming Py = Py», 
actually pertains to the intermediate energy En 
= 8.3 Mev and in the given experiment P, (40°) 
>P > P, (40°). Having determined P, (40°) in 
this manner we may obtain P,.(@) for all values 
of 6, for which R(6; = 40°, 6.) was measured. 
Figure 2 shows the polarization of neutrons 
from the reaction T (p, n) He® and of protons 
from He®(n, p)T as a function of the angle 6. 


FIG. 2. Angular dependence of neutron polarization from 
T (p, n)He® at E, = 9.9 Mev. x — 0, = 40°, E, = 7.7 Mev; 
Oo — 0, = 16.5°, E, = 8.8 Mev. 


The plotted points were obtained by means of the 
curve R(6;=16.5°, 0,), which gives the polari- 
zation directly under the Barschall conditions. This 
result is relatively less accurate, although both re- 
sults are in good agreement. Figure 3 shows the 
dependence of maximum polarization on primary 
particle energy for both reactions T (p, n) He? 
and He? (n, p)T. It is evident from Figs. 2 and 3 
that neutron polarization from T(p, n)He® at 
about 40° reaches 30% for Ep = 9.9 Mev and 
probably increases further with Ep. Thus the 
T (p, n)He® reaction is a good source of neutrons 
with a fairly high degree of polarization at En 
= 8 Mev and probably also at higher energies. 

A different method would be required to deter- 
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FIG. 3. Polarization of neutrons from T(p, n)He® and of 
protons from He’® (n, p)T as a function of primary particle en- 
ergy at 40° in the laboratory system. 


mine also the direction of the polarization. The 
angular dependence of the polarization is appar- 
ently associated mainly with interference of the 
P32 and Pi states of emitted nucleons. The 
first of these states corresponds to resonance in 
T (p, n)He® at Ep = 3 Mev. The observed polari- 
zation and the energy dependence do not contradict 
the hypothesis of Baz’ and Smorodinskii‘ that a 
second state exists at an energy Ep greater than 
3 Mev. Enhanced polarization is not surprising if 
the phases of the P32 and Pi, states vary dif- 
ferently with energy. However, it follows from 

an analysis of neutron angular distributions that 

d phases become appreciable at Ep = 10 Mev and 
thus complicate the interpretation of the polariza- 
tion. 
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The spectra and angular distributions of tritons produced at 20 Mev deuteron energies in the 
reactions C!2(d,t)Cc!!, F! (da, t) F!8, and Al?"(d, t)Al2® were measured on the basis of the 

8 radioactivity of tritium. The spins and parities of a number of states of F!8 and Al?® were 
derived by comparing the obtained triton angular distributions with those obtained from Butler’s 
theory. The probability of excitation of leveis of the residual nucleus drops sharply with in- 


creasing level energy. 


Le investigation of (d,t) reactions in Li®, Li’, 
and Be’, which was begun in the preceding work, ! 
has disclosed a characteristic feature of this reac- 
tion — a strong decrease in the excitation probabil- 
ity with increasing level energy of the final nucleus. 
This feature is apparently connected with the fact 
that in pickup reactions, particularly in the (d, t) 
reaction, only the hole levels corresponding to the 
stripping of a neutron from the external shell of a 
target nucleus in the ground state have a high ex- 
citation probability. In (d,p) and (d,n) stripping 
reactions, as is known, the levels with the greatest 
excitation probability are the single-particle levels 
of the nucleon captured by the nucleus, and the spec- 
tral distribution of the emitted nucleons has an en- 
tirely different character. 

In the present paper we report on an investiga- 
tion of the (d,t) reactionin F!® and Al2". It is 
natural to expect the spectrum of the excited levels 
to be more complicated even when only hole levels 
are excited, since a neutron can be extracted not 
only from the 2s and 1d outer shells, but also 
from the filled 1p shell. 

The triton spectra were obtained on the basis 
of the B activity of the resultant tritium. The 
tritons emitted from the thin target were trapped 
in stacks of aluminum foils, arranged 15 cm away 
from the target at various angles, starting with 7°. 
After irradiation, the tritium was extracted from 
the foils by heating and was introduced into the 
Geiger counter. Measurement of the activity of 
the tritium contained in each individual foil has 
made it possible to determine the distribution of 
the tritons by ranges at various angles. To study 
the F9(d,t) F'8 reaction we used a 2.97 mg/cm? 
MgF, target sputtered on an aluminum foil 0.4 
mg/cm? thick, and also a teflon (CF,) target 8.2 
mg/cm? thick. The deuteron energy was 20 Mev. 
The Al?"(d, t)Al’® reaction was investigated at 
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a deuteron energy of 19 Mev. The target was made — 
of aluminum foil 2.15 mg/cm? thick. 

Figure 1 shows the triton spectrum, measured 
at an angle of 11°, due to deuteron bombardment 
of a MgF, target. The contribution from the (d,'t) 
reaction on magnesium isotopes at triton energies 
greater than 9 Mev was negligibly small. The dot- 
ted line shows the contribution from the (d,t) re- 
action on an aluminum base. Analogous spectra, 
but with worse resolution, were obtained in the 
bombardment of the teflon target. Furthermore, 
these spectra show clearly a group of tritons from 
the C”%(d,t)C!! reaction (ground state). 
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FIG. 1. Triton spectrum in the F’° (d, t) F*® reaction at 
angle of 11°. The dotted line shows the contribution from the 

Al?’ (d, t) Al*° reaction. 


The angular distributions of various groups of 
tritons formed in the F!9(d, t) F!® reaction are 
shown in Fig. 2. The solid curves were calculated 
by the Butler theory’ for the (d, t) reactions, and 
the triton form factor suggested by French? was 
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FIG. 3. Level scheme 
of F’*. a) from the (d, t) 
reaction, b) from the 
or (He’, py)F"S, Ne2° 
dd, OE Na; y)F 
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FIG. 2. Angular distributions of tritons in the F’’ (d, t)F* 
reaction. The solid curves were calculated by Butler’s theory, 
while the full and open circles denote the results of various 
types of irradiation (for groups E, and E,). a) ground state, 
l= 0, r, = 7.0; b) 1.0 Mev, / = 0 (curve 1), / = 2 (curve 2), 
tp = 7.0; c) 1.8 Mev, / = 0, r, = 7.0; d) 2.6 Mev, / = 2,1,=7.0; 
e) 3.3 Mev, / = 1, r, = 7.0; f) 3.9 Mev, J = 2, r, = 8.0; g) 4.4 
Mev, / = 1, r, = 8.0;h)5.0 Mev, /=1, r, = 8.0; i) 5.9 Mev, 
1=1, r, = 8.0 (curve 1), 1 =2, r, = 9.0 (curve 2). 
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used. The parameters 7 and ry are indicated in 
the diagram. The angular distribution of group E, 
(E* = 1.0 Mev) contains two components corre- 
sponding to 1=0 and 1=2. This is apparently 
connected with the fact that the E, group corre- 
sponds not to one but to several levels, known 
to be located near 1 Mev for F!® (reference 4). 
The presence of a component with /=1 in the 
angular distribution of group E, is not completely 
excluded, but if it does exist, its intensity is sev- 
eral times smaller than the intensity of the com- 
ponents with 7=0 and /=2. 

The level scheme we obtained for F!® (Fig. 3) 
is in good agreement with the results of other ex- 
periments 4-8 However, certain neighboring levels 


(for example, near 1 Mev) have not been resolved 
in our experiments. The values of the parities of 
levels 2.6, 4.4, and 5.0 Mev were determined here 
for the first time. 

Figure 4 shows the angular distribution of the 
tritons from the C'” (d, t)C!! reaction (ground 
state ). 

Figure 5 shows the triton spectrum of the 
Ale (d, t )eAle® reaction, measured at an angle of 
7°. The level scheme of Al2°, which is known from 
other investigations,? is shown in Fig. 6 together 
with the transitions we observed. The angular dis- 
tributions of the groups Ey, E;, E,, and Eg are 
shown in Fig. 7. For groups E, and E; we were 
able to determine the values of 1 from the change 
in the form of the unresolved peak near 11 Mev. 

The principal results of the work are listed in 
Table I. The reduced widths 6? are given in per- 
centages of the single-particle width [e? 
= 3uy,/2h2)y? x 100, where py is the reduced 
mass of the neutron, and y is the width in the 
usual units ]. 

It is seen from the spectra and from Table I 
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FIG. 5. Triton spectrum in the Al’ (d, t) Al’ 
reaction at an angle of 7°. 
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TABLE I 
Excitation a (9) | 
Resid- é energy of max E 
Triton 5 . rror 
alnu- the resid- l 9° 1045, cm in'c.m:.S;, || 6?, % 2) 9 
eens aly ual nu- mb/sterad | eet 
cleus, Mev 
ce | By 0 4 4.5 1.50 (11°) 1.3 442 
Ey 4.85 <0.4 (11° 
FB | Ey 0 0 7.0 9.4 (8°) 4.5 ao 4 
By 1.0 2 0 230 (202) 1.6 +10 
0 7.0 5.0 (8°) 0.6 +10 
EB» 1.8 0 7.0 0.26 (10°) 0.05 +25 
Bs 2 0.15 (12°) £50 
Ey 2.6 a 7.0 0.25 (17.5°) 0.2 25 
Es 3.3 4 7.0 1.95 (12.5°) 0.73 + 5 
Es 3.9 i 8.0 0.44 (18°) OuSii +10 
BE, 4.4 1 8.0 0.32 (10°) Deal 25 
rap 5.0 4 8.0 0.20 (13°) 0.08 +30 
Es 5.9 2(4) | 9.08.0 0.65 (13°) | (0.4 (=2) 140 
1\0.3 (l=4 25 
Remaining levels in the exci- | ne) 
tation energy interval 7—-13 Mev <0.41 (8—20°) 
Al® | By | 0+-0.23* ) 2 = 1.7 (24°) 1.4 +46 
Ey 0.42 * 0 es 4.4 (7.5°) 0.44 +10 
Es itl 2 — 0.40 (17°) 0.28 +15 
Ee 2.2 (2) = 0.5(15—23°)} 0.35 1 +20 
E; 2.6 (1) = 0.5 (11°) 0.45 +20 
Es 4.7 hae = 0.32 (16.5°) 0.23 £15 
Remaining levels in the exci- 
tation energy interval 5—11 Mev <0 05717) 


*Indicated level energy from reference 9. 
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TABLE II 
Final r,-10", cm Final ry-104%, cm 
nucleus Reaction | Reaction nucleus Reaction Reaction 
(p, d) d, t) (p, a) (d, t) 
Lié 4.5* | Da cs Daa aes yA Oy te) 
Lié aya) SLOVO: Fis 50) TA 33,0) 
Be’ 3.0 JA KD) Na22 62570 
Cu aoe 4.5 Al6 5.0 P5—9-0) 
C2 | 4.0** 6e5 


*For He® from the Li®(n, d)He® reaction (reference 15), 


**For B™ from the (d, p) reaction. 
***From the (d, p) reaction. 
**F or N?, 


that in the (d, t) reactions in F!? and Al?’, as 

in the reactions on Li! and Be’, a strong decrease 
is observed in the probability of excitation of the 
levels of the residual nuclei with increasing level 
energy. Levels with energies 3 —4 Mev corre- 
spond to reduced widths that are 3 —10 times 
smaller than those corresponding to the ground 
state. If levels with energies above 5 —7 Mev are 
excited at all, their probability is “ooth or Yeoth 
that of the ground state. This confirms the hypoth- 
esis that in the (d,t) reactions it is the hole lev- 
els that are predominantly excited, corresponding 
to the stripping of the outer nucleon. 

The lower levels F® are excited with approxi- 
mately equal probability as a resuit of the stripping 
of a neutron with orbital momentum 0 and 2 from 
the F!®. This denotes that the s and d states of 
outer nucleons of F!® are greatly mixed. 

The 3.3-Mev level, the parity of which is nega- 
tive, is excited with a relatively greater probabil- 
ity. Apparently this level is excited by stripping 
of a neutron from the p shell. It is interesting to 
note that the neighboring nucleus, O!", also has a 
first level with negative parity at an energy of ap- 
proximately 3 Mev, the excitation probability of 
which is small in the O!®(d, p) 0!” reaction,!® as 
is to be expected for a hole level. 

The investigation of the Al?" (d, t) Al?® reaction 
did not make it possible to refine greatly the level 
scheme of Al? , owing to insufficient resolution. 
There is no doubt however that the stripping of 
the neutron with 1 =2 is one order of magnitude 
more probable than that with 7= 0. Consequently, 
the outer neutrons of Al*’ are predominantly in 
the d state, and the admixture of s_ state is 
small. 

In the investigation of the (d, t) reaction in 
Li’ and Be® we noted! a systematic increase in 
the most suitable value of rg with a decreasing 
energy of the corresponding level, indicating an 
inaccuracy in the simplest expressions for the 
triton form factor. The tendency of increasing rp 
with increasing level energy is observed also for 


the reaction F'® (d, t) F'® | The absolute values of 
Yo, obtained from the reactions (d, t) in our investi- 
gations and in others,'!~'3 are found to be as a rule 
greater than those from (p, d)'* and (d, p) re- 
actions (Table II). This discrepancy can also nat- 
urally be ascribed to the inaccuracy in the triton 
form factor employed. 

The authors are grateful to the staff of the 
cyclotron laboratory for performing the irradiation 
and to D. P. Grechukhin and V. G. Neudachin for 
evaluating the results. 
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Experimental data are presented which indicate the presence of well-collimated particle beams 
in the cores of extensive air showers. Various possible explanations of the observed phenome- 


non are considered. 


nN detailed study of the core structure of exten- 

sive air showers (EAS) by means of cloud cham- 
bers has been attempted in recent years in a num- 
ber of experiments.!»? However, the lack of a suf- 


ficiently sensitive method for identifying the passage 


of a shower core through the array, and also the 
short time of exposure of the arrays, have made it 
impossible to obtain conclusive data on the struc- 
ture of the shower in the core region. 

We have previously reported on the observation 
of events of the passage of EAS cores through a 
diffusion chamber with an area of 0.6 m?. The 
chamber was operated for 1800 hours simultane- 
ously with an array consisting of counters and ioni- 
zation chambers connected to a hodoscope, which 
made it possible to determine the core position in 
EAS. 

In the present article we wish to point to an im- 
portant feature of the distribution of shower par- 
ticles in the core region. This feature is the ap- 
pearance, in this region, of a narrow (4 cm diam- 
eter) particle beam consisting of a large number 
(from 4 to 15) of particles with collinear trajec- 
tories. If we construct the lateral distribution of 
the particle flux with this beam as the axis, and 
extrapolate the lateral distribution observed at 
distances larger than the dimensions of the beam 
towards this axis in accordance with a power law, 
we find that the number of particles expected on 
the basis of such an extrapolation is much smaller 
than the one actually observed in the beam. The 
experimental data are given in the table. On the 
average, the number of particles in the beam is 7, 
while the number indicated by the extrapolation is 
0.7. As can be seen from the table, it is very im- 
probable that the observed particle beams can be 
due to Poissonian fluctuations in the lateral dis- 
tribution of the trajectories of shower particles. 
In reality, fluctuations in the core region can be 
substantially different from Poissonian. However, 
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for any type of fluctuations, one would expect a 
frequent appearance of a group consisting of a 
small number of particles in the diffusion cham- 
ber, and also a simultaneous appearance of sev- 
eral such groups, while this is, in fact, not ob- 
served. We shall discuss different possible ex- 
planations of the observed effect. 

It is well known from the electromagnetic cas- 
cade theory’ that the photon-flux density in the 
shower increases faster than the electron-flux 
density with decreasing distance from the axis of 
the electron-photon shower. Accordingly, we can 
assume that the observed feature of the lateral 
distribution of shower particles near the axis is 
related to the transition effect in the materials 
placed above the sensitive layer of the chamber. 
We shall estimate the value of the transition ef- 
fect. According to Guzhavin and Ivanenko,° the 
lateral distribution of the electron flux at the 
maximum of the electron-photon shower is, at 
distances in the range of interest, of the form 
pe =Ce/r, while that of the photon flux is of 
the form pg=Cg|Inr|/r, where Ce and Cf 
are constants and r is the distance from the 
shower axis in Moliére units. For distances of 
the order of 1 cm (r ~ 10‘) from the axis, 
pf/pe © 3. The ratio of the number of photons to 
the number of electrons in a circle with radius r 
(r ~ 1 cm) with its center at the shower axis 
nf /ne = 3(1+1/9.2) » 3. 

The sensitive layer of the diffusion chamber 
was shielded by the glass cover of the chamber 
1.5 g/cm? in thickness and the plastic room roof 
1.5 g/cm? in thickness. Assuming that the radia- 
tion length for these materials is equal to ~ 25 
g/cm”, we obtain the value of ~ 0.1 for the proba- 
bility of photon conversion. 

Assuming that each photon produces a pair of 
charged particles, we find that, owing to the tran- 
sition effect, the number of charged particles ina 
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r,m N n 
4 3.4-104 8 
<< 2,5-104 3 
5 8.8104 5 
3 2.4-104 5) 
<1 4.5104 8 
<i 3.5-104 15 
~1 2,.5-104 14 
<4 7.2-104 aed 
235 41,.5-104 ai 
~1 4.5-108 6 
~l 3.5-104 5 
iil 2.9-104 42 
~1 4.5-4104 6 
8 1.5-105 10 


r,m N n 
<i] 1.4-104 6 
<a 5.5-104 6 
2 3.0-104 5 
<<a 1.8-104 4 
<i 2.7-104 4 
9 5.0-104 6 
<i 5.0-104 6 
6 9.0.104 6 
il 1.4-104 8 
7 LORS 6 
<i 7.0-4108 8 
2 1.0-104 8 
<a 1.0-104 10 
il 8.5-108 s 


Note: N is the number of particles in the EAS; n is the observed number of 


particles in the beam 4 cm in diameter; 


r is the distance of the beam from the 


shower axis as determined from hodoscope data. 


circle with a radius of the order of a few centi- 
meters can increase by a factor of 1.5. However, 
because of the small variation of the ratio pe/pf 
with r, we practically take the transition effect 
already into account when determining the number 
of charged particles in the circle with radius r 


(see table) from the distribution function of charged 


particles at distances larger than r. Thus, the ob- 
served effect cannot be explained by the transition 
effect.* 

Let us now consider one possible explanation 
of the observed particle beams, namely that they 
are due to the nuclear-active component of EAS. 
High-energy nuclear-active particles interacting 
near the observation level can produce secondary 
particles of different nature, among them n° 
mesons. 

The secondary particles produced in the inter- 
action can form a beam, provided their energy is 
sufficiently high. Thus, for a nuclear interaction 
at the distance of the order of one nuclear mean 
free path (500 m), the particles which arrive at 
the observation level spread over a distance of 
~2%107? m should have an energy E = (5 x 10°/ 
2x 1077) py 2.x 10% ev, where p, = 10° ev/c 
is the transverse momentum carried away in nu- 


*In reference 5, only electrons and photons with energy 
E > 8B are considered. The number of electrons with energy 
E <® in the distance range of interest amounts to only ~ 10% 
of the total number of electrons at these distances. The num- 
ber of photons with energy E < 6 can be considerably greater, 
since the high-energy electrons traveling near the shower axis 
can produce radiative photons of low energy. It is clear that 
the probability of radiating photons in the range from B to 0 
decreases with increasing electron energy. Therefore, peCB,t) 
and p,(>0,r) should be identically equal for r>0. Hence it 
follows that, for E > 0, p,(r) will be still less dependent on 
the distance than for E > B, so that the ratio p/p. will also 
be less dependent or the distance. 


clear interactions by a secondary particle. Taking 
the number of particles in the beam into account, 
we find that the energy of the nuclear-active par- 
ticles belonging to the beam is ~10!% ev. Accord- 
ing to reference 6, the number of nuclear-active 
particles with energy >E at sea level is given by 
the expression k/E (where E is given in ev, and 
k = 2.5 x 10!! ev for showers with a total number 
of particles N ~ 10‘). Hence it follows that the 
probability of a nuclear-active particle with en- 
ergy = 10! ev near sea level appearing ina 
shower with a number of particles N ~ 10‘ is 
very small. At the same time, the expected num- 
ber of showers with N = 3x10‘ incident on the 
diffusion chamber during the observation time co- 
incides with the number of beams accompanied by 
such showers, or is even smaller than ites 

It can easily be seen that, since the spectrum 
of the nuclear-active particles is of the form k/E, 
so that the number of nuclear-active particles does 
not increase greatly with decreasing energy, the 
probability of beams of low-energy nuclear-active 
particles appearing is also very small. It should 
also be noted that, if the beams were being pro- 
duced by nuclear-active particles in the manner 
described above, we would obtain beams of differ- 
ent size. 

It can be assumed that the observed particle 
beams represent the cores of electron-photon 
showers initiated by y quanta originating in the 
decay of 7’ mesons produced in nuclear interac- 
tions. If the age of such an electron-photon shower 
is s <1, then a sharp concentration near the axis 
is characteristic for the distribution of shower par- 
ticles. 

The electromagnetic cascade theory makes it 
possible to determine the energy of the 7 mesons 
necessary for the production of the observed num- 


850 


ber of beam particles in a circle with radius r. 
The number of particles in a circle with a given 
radius is determined by the degree of development 
of the electron-photon shower and by the lateral 
distribution of shower particles. Using the data 

of Ivanenko and Guzhavin on the lateral structure 
of an electron-photon shower produced by a particle 
with energy Ep, we find that, for an energy Ey 

= 10!! —10!2 ev, the maximum number of particles 
in a circle 2 cm in radius will be obtained for s 

< 0.6. If we set up the requirement that the num- 
ber of particles in the circle be similar to that 
observed experimentally, then we find Ey = 10"? ey. 

The point of origin of such a shower with s < 0.6 
is located at an altitude of less than 150 g/cm? from 
the observation level. The flux of nuclear-active 
particles in an EAS is absorbed according to the 
law e7%/A, where A = 200 g/cm’, and, conse- 
quently, the number of nuclear-active particles 
of such a young shower is twice as large at the 
production level than at the observation level. 
Thus, not more than one particle with energy 
> 10!% ey is contained in a shower with a number 
of particles N=3 x10‘ at the observation level. 
Therefore, if the observed particle beams were 
the cores of young showers,* it would, at any rate, 
indicate a marked role of nuclear interactions in 
which the main part of the energy is concentrated 
in the 7° meson.{ It should be noted that Grigorov 
and Shestoperov’ have indicated the possibility of 
an important role being played by such an energy 
concentration in the development of EAS. 

Furthermore, it can be assumed that the ob- 
served beam of particles consists of high-energy 
f mesons. The data on the energy of the nuclear- 
active component discussed above exclude the pos- 
sibility of the production of such a beam in the 
lower layers of the atmosphere. 

From the observed dimensions of the beam, and 
assuming an order of magnitude of the production 
height, we can estimate the energy of the yp me- 
sons. We shall underestimate this energy, assum- 
ing that the transverse deviation of the mesons 
is due to Coulomb scattering only. The mean 
square deviation of particles with energy E is, 
neglecting the ionization loss in the atmosphere, 
given by the expression® 


*We are indebted to I. P. Ivanenko for the discussion of 
this problem and his valuable remarks. 

t This assumption is strengthened by the absence of the 
high-energy nuclear-active component in the region around the 
beam. From the data of the second row of ionization chambers 
of the core detectors,* nuclear-active particles with energy 
>10** ev were observed in none of the 28 cases given in the 
table. 
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Bone 
7A =( | tan hee dh. 
0 

The notation and numerical values are the same as 
in reference 7. Assuming H to be of the order of 
7x 103m, we obtain Vr? =1.5x10"'/E. Hence, 
the minimum energy of » mesons traveling in 
such a concentrated beam should be of the order 
of 10!8 ev.* 

For the production of beams of such mesons, 
the requirement is clearly either a direct produc- 
tion of » mesons in nuclear interactions at ener- 
gies = 104 ev, or their production through par- 
ticles with a lifetime by one or two orders of mag- 
nitude shorter than the lifetime of and K me- 
sons. In fact, even assuming the maximum accept- 
able multiple production of particles with energy 
E ~ 10!8 ev, we findt their number to be of the 
order of 10 for Ey ~ 10!4 ev. The probability of 
the decay of a 4 meson with energy of the order 
of ~10!8 ev at an altitude corresponding to the 
mean height of shower production is not greater 
than 4). Thus, such an interpretation of the ob- 
served particle beams demands a basic revision 
of our ideas concerning the origin of the 4 -meson 
component. 

At present, it is impossible to make a final 
choice between the electron-photon and the yp - 
meson nature of the beam, and a further study of 
the effect is therefore necessary. 
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*As can be seen from the formula given above, the estimate 
is not very sensitive to the altitude H. It should furthermore 
be noted that the taking into account of the transverse momen- 
tum obtained by particles in the 7p decay does not greatly 
influence the estimate. 

tThis follows from the energy and momentum conservation 
laws. 
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\ 

The shift of the Curie temperature in the antiferromagnetics MnF, and CoF,, under the 
influence of hydrostatic compression, has been determined for polycrystalline specimens 
by measurement of the magnetic susceptibility and of the change of the coefficients of 
linear expansion at the transition temperatures. For MnFy, the shift is (1.5 + 0.2)° at 
pressure (1900 + 100) atmos; for CoF, no shift was observed. The antiferromagnetic 
transition temperatures are respectively 68 and 39°K. 

INTRODUCTION METHOD 


‘Tae change of the Curie temperature of ferromag- 
netics under the influence of hydrostatic compres- 
sion has been investigated repeatedly (cf., for ex- 
ample, the bibliography in the work of Patrick’). 
The effect of hydrostatic compression on the anti- 
ferromagnetic manganese telluride (an inter- 
metallic compound) was studied by Grazhdankina? 
at room temperature. The amount of the shift of 
Curie temperature for antiferromagnetic substances 
appeared to be much larger than for ferromagnetics. 
It seemed interesting to investigate the change of 
Curie temperature for typical antiferromagnetic 
substances, for example ionic crystals. 

To this end, measurements of the shift of Curie 
temperature of MnF, and CoF,), under the influ- 
ence of hydrostatic compression, were undertaken 
by two methods: by a shift of the magnetic suscep- 
tibility curve, and by calculation by means of the 
relation, known from thermodynamics,° 

dT / dp = 3VT Aa/ Acy, (1) 
where Aq@ and Acy are respectively the jump in 
the coefficient of thermal expansion and the jump in 
the specific heat at constant pressure at the transi- 
tion point. 

The measurements were made on polycrystal- 
line specimens of manganese fluoride and of co- 
balt fluoride. The antiferromagnetism of MnF» 
was discovered by Bizette and Tsai.* Its antiferro- 
magnetic transition temperature is 68°K. The anti- 
ferromagnetism of CoF, was established by Erick- 
son.” The antiferromagnetic transition temperature 
is 38°K.° 
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The measurements of magnetic susceptibility 
were made by Faraday’s method, with balance and 
cryostat like those described in the work of Borovik- 
Romanoy and Kreines.’ There was a change in con- 
struction in that the pulling of the balance was ac- 
complished with a tungsten filament of diameter 
0.2 mm. Consequently the balance could stand a 
load of the order of 20 grams. Furthermore there 
was introduced a zero corrector, consisting of a 
tungsten filament of diameter 0.1 mm bent to U 
shape. One end of it was fastened to the beam of 
the balance, the other was brought out of the vacu- 
um jar through a sylphon seal. 

The apparatus permitted measurements from 
300°K to 10°K. The temperature measurement was 
made by means of a copper-constantan thermocouple, 
which was calibrated by comparison with a platinum 
resistance thermometer over the whole temperature 
range from 20 to 300°K. To increase the accuracy 
of the temperature determination, the “cold” junc- 
tions of the thermocouple were placed in an ampoule 
held at the triple point of water. The precision of 
the temperature measurement was estimated as 
+ 0.2° at hydrogen temperatures and + 0.1° at nitro- 
gen. The pressure was produced by the method of 
Lazarev,® with ice in a bomb. The bomb was manu- 
factured of beryllium bronze with subsequent heat 
treatment. The pressure created was of the order 
of 1900 + 100 kg/em?. 

The specimens were made from a powder of 
“chemically pure” grade. To remove sorbed water, 
the powder was dried in a vacuum by heating to 
150°C. The dried powder was pressed under a pres- 
sure of about 15000 atm to cylindrical specimens of 
diameter about 2.5 mm and length 4 mm. To pro- 
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tect the specimen from the effect of water, its sur- 
face was coated with several layers of BF-4 gum, 
which was subsequently polymerized. It was estab- 
lished that the coating of the specimen with gum 
did not change the temperature dependence of the 
magnetic susceptibility x(T). 


The specimen prepared by this method was 
placed in the bomb (Fig. 1). The bomb with the 


specimen was suspended on the balance. Three se- 
ries of measurements were made on each fluoride. 
The magnetic susceptibility of the specimen was 
measured in the bomb without pressure, then with 
pressure, and again without pressure, to verify the 
absence of irreversible changes in the specimen. 
The repeated measurements without pressure gave 
values of the magnetic susceptibility in agreement 
with the initial values. 

The measurements were made on two specimens 
of manganese fluoride and three of cobalt fluoride. 
The error of the relative measurements of suscep- 
tibility was less than +1%. In the calculation of 
the value of the magnetic susceptibility of the speci- 
mens, a correction was introduced for the suscep- 
tibility of the bomb and the water. At the antiferro- 
magnetic transition temperature it amounts to 2.5% 
of the susceptibility of the MnF, specimen and 10% 
of the susceptibility of the CoF, specimen. 
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FIG. 2. Dependence of the magnetic susceptibility on tem- 
perature for MnF,: A — with pressure; O — without pressure. 


All the basic measurements were made in a field 
of about 3500 oe. 

To determine the shift of the Curie temperature 
from the relation (1), it is necessary to know the 
values of the jumps in specific heat and in the co- 
efficient of thermal expansion, Acpy and Aa. The 
value of Acy is known from specific heat measure- 
ments with manganous fluoride and cobaltous fluo- 
ride.’ The coefficients of linear expansion of these 
substances had not been measured previously. We 
made a measurement of the coefficients of thermal 
expansion in the temperature range from 22 to 
200°K for MnF, and from 22 to about 130°K for 
CoF,, on a low-temperature dilatometer of Strelkov’s 
design.!° The specimen was made by the same 
method as for the magnetic susceptibility measure- 
ment, except that it was not coated with the layer 
of gum. It was a cylinder of diameter 5 mm and 
length 9 mm. 


RESULTS 


Measurements on MnF,. The curves in Fig. 2 
show the dependence of the magnetic susceptibility 
of manganese fluoride on temperature with and 
without pressure. The curves in the absence of 
pressure coincide with the y(T) curves for un- 
pressed powder (the values of x corresponding 
to this curve were obtained on the same specimen 
before application of the pressure and after release 
of the pressure). The branches of the curve above 
the antiferromagnetic transition temperature are 
displaced parallel to one another. The left branches 
of the curve, corresponding to manganese fluoride 
in the antiferromagnetic state, are very different. 
The curve corresponding to the measurement under 
pressure is higher. We have not found a satisfac- 
tory explanation of this phenomenon. 
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FIG. 3. Dependence of the coefficient of linear expansion 
on temperature for MnF,: A — for specimen no. 1 in a hydrogen 


bath; @ — for specimen no. 2 in a hydrogen bath; o — for spec- 
imen no. 2 in a nitrogen bath. 


It is evident from comparison of the curves that 
the shift of the Curie temperature under the influ- 
ence of hydrostatic compression (at pressure of 
1900 + 100 kg/cm?) amounts to (1.5 + 0.2)°, or 
dT/dp = (0.8 + 0.1) x 107° deg/(kg/cm?). 

The antiferromagnetic transition temperature 
is 68°K. Figure 3 shows the dependence on tem- 
perature of the linear coefficient of expansion. The 
measurements were made on two specimens: on 
specimen No. 1 in a hydrogen bath, and on specimen 


No. 2 in hydrogen and nitrogen baths. The antiferro- 
magnetic transition temperature from measurements 


of the coefficient of expansion can be taken as 67.5°. 


For the jump of the coefficient of thermal expansion, 


the value 1.2 x 10~°deg™! was obtained. 

The value of the jump of specific heat, Acp, was 
determined from the measurements of Adams and 
Stout? and was equal to 2.4 cal/mole-deg. 

For MnF,, the calculated value of dT/dp ac- 
cording to formula (1) was equal to +0.78 x 107° 
deg/(kg/cm’). 

Measurements on CoF,. Magnetic susceptibility 
measurements were made on three specimens of 
CoF,. Within the limits of error, no shift of the 
y(T) curves with pressure was observed. The 
antiferromagnetic transition temperature is 39.0°. 
The left branch of the y(T) curve corresponding 
to the measurements under pressure is above the 
curve without pressure, as was the case also for 
MnF». 


a+ 105 deg-* 

06 

QS FIG. 4. Dependence of the 
04 coefficient of linear expansion 
03 on temperature for CoF,. The 
symbols are the same as in 

a2 : Fig. 3. 
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Figure 4 shows the dependence of the linear co- 
efficient of expansion on temperature, measured on 
two specimens. The antiferromagnetic transition 
temperature from measurements of the coefficient 
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of expansion is 40.0°. The value obtained for the 
jump of the coefficient of thermal expansion for 
CoF, was 0.2 x 107 deg™!, ° 

The value of the jump of specific heat, AcCp, was 
also determined from the measurements of Adams 
and Stout? and corresponds to 3 cal/mole-deg. 

For CoFy, the calculated value of dT/dp was 
equal to 0.09 x 107° deg/(kg/em?), at pressure 
(1900 + 100) kg/cm?. The shift should be +0.2, 
i.e., of the order of the error in the temperature 
measurement, and could scarcely be observed 
with our apparatus. 


DISCUSSION OF RESULTS 


It must be mentioned that the values of the anti- 
ferromagnetic transition temperatures of MnF, 
and CoF, determined by the two methods differ by 
2°. This difference occurs for both salts. The dis- 
crepancy exceeds the error of the temperature 
measurements in either of the methods; it can be 
attributed to a difference in the thermocouple cali- 
brations. 

In the measurement of the coefficients of ther- 
mal expansion near the Curie point, larger anoma- 
lies were observed. 


TABLE I 
Curie tem- 

Substance perature, °K | 40° Aa, deg"! 
MnO WEP 50 [2] 
CoO 293 Zales 
FeO 193 25 [22] 
MnF, 68 412 
MnTe 310 4 [?] 
CoF, 39 z 


Table I gives approximate values of the jumps in 
the coefficient of thermal expansion, Aa, at the 
antiferromagnetic transitions. The values of Aa 
for MnFy, are of the same order as for other anti- 
ferromagnetics, such as MnO, CoO, and FeO. The 
value of Aq for CoF, is much smaller. 

It should be mentioned that in the measurements 
of the magnetic susceptibility of the fluoride speci- 
mens at various fields under pressure, starting at 
300 0e, we observed no deviation from linearity in 
the dependence of magnetic moment on field, such 
as would correspond to a piezomagnetic effect.13»!4 
This may be attributed to the fact that we used poly- 
crystalline specimens and a hydrostatic compres- 
sive strain. Under these conditions, piezomagnet- 
ism could be observed only in the case of large 
elastic anisotropy in MnF, and CoF). 

For comparison of our results on the shift of 
the Curie temperature under hydrostatic compres- 
sion, we present Table II. 
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TABLE II 
Curie temperature 
Specimens oK deg/1000 atmos 
Co 1393 00.4 [7] 
Fe 843 0+0.1 ]?} 
Ni 633 | +0,.35-++0.02 [15] 
MnTe 310 +-2=40.4 [*] 
MnF 68 +0.73-+-0.1 
CoE, 39 O+0.4 


It is evident that for MnF, the shift is larger 
than in ferromagnetics, and that in CoF, it is of 
the same order as in ferromagnetics. 
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Lifetimes of (3.6 + 0.1) x 1078 sec and (6.7 + 0.2) x 107’ see were obtained by delayed- 
coincidence measurements for the 379 and 316 kev levels of Tm!® nucleus. The partial 
probabilities for eight transitions have been determined on the basis of these data and from 
data on the relative transition intensities from both levels and on the multipolarity ratios. 


For the 177-kev (E2), 177-kev (M1), 198-kev (E2), 198-kev (M1), 308-kev (E2), 240-kev 
(El), and 260-kev (E1) transitions, which are forbidden with respect to the projection of the 
total angular momentum on the deformation axis, the delay factor comprises 10° — 10 per unit 
forbiddenness, a value which differs significantly from the usual value (10 —100). The 63-kev 
(E1) transition, which is forbidden with respect to the projections of the orbital and spin mo- 
menta and also with respect to the quantum number that characterizes the oscillations along 
the deformation axis, is five orders of magnitude less probable than that predicted by Weiss- 
kopf’s estimates. However, it is in good qualitative agreement with Nilsson’s calculations of 


the probability for deformed nuclei. 
1. INTRODUCTION 


Moarerice et al.! measured the lifetimes of 
three excited states of the Tm!® nucleus produced 
by electron capture in Yb!®, Furthermore, in ad- 
dition to the known 316-kev isomer level, long life- 
times were obtained for the 379- and 473-kev lev- 
els (4.5 x 1078 and 0.4 x 107° sec respectively ). 
Hatch and Alburger showed in a later paper” that, 
in contradiction to the result of reference 1, the 
lifetime of the 473-kev level was less than 3 x 107° 
sec, and confirmed the presence of an isomer state 
for 379 kev. 

Transitions from the 316-kev and 379-kev levels 
are transitions between levels with different states 
of internal motion and, as shown by analysis, are 
forbidden either with respect to the projection of 
the angular momentum on the deformation axis, 


or with respect to the asymptotic quantum numbers. 


At the present time the relative intensities of the 
partial transitions from each of these two levels 
have been sufficiently well determined,? together 
with the mixture ratios. Therefore a knowledge 
of the exact values of the lifetimes of the levels is 
quite desirable for the purpose of comparing the 
values of the partial probabilities of the transitions 
with the theory. We have measured the lifetimes 
for the levels with energies of 316 and 379 kev with 
the aid of a double scintillation spectrometer with 


Nal (Tl) crystals and type FEU-33 photomultipliers. 
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FIG. 1. Yb!*? —Tm’® conversion scheme. 


2. THE 379-kev LEVEL 


Figure 1 shows the Yb‘ decay scheme taken 
from reference 3, in which only the transitions of 
interest to us are shown. In measuring the life- 
times of the 379-kev level, we used the character- 
istic 51-kev x-rays that accompany K -capture of 
Yb!® and the 63-kev y rays in a fast-slow coin- 
cidence circuit.° The delay was introduced in the - 
x-ray registering channel. In addition to the x-rays 
of interest to us, which accompany the K capture at 
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the 379-kev level, the same channel registered also 
the x-rays that accompanied K -capture at the 473 


kev level. The coincidences obtained thereby should 


correspond to the total lifetimes of the 379 and 473 
kev levels. However, the error connected with the 
additional delay for capture at 473 kev is small, 
since the number of such captures is one-ninth of 
the number of captures at the measured level and 
furthermore, according to an estimate given in 
reference 2, the lifetime of the 473-kev level does 
not exceed 3 x 107-°sec. This means that in meas- 
uring the lifetimes, of the order of several times 
10~® seconds, expected for the 379-kev level the 
error due to the 473-kev level does not exceed 1%. 
Because of the close values of the x-ray and 
gamma energies (51 and 63 kev, respectively), 
pulses due to x-rays could be produced in the 
gamma channel. The number of “fast” coinci- 
dences is increased here by coincidences due to 
X-rays accompanying the internal conversion in 
177 and 131 kev cascade transitions, as well as 
in those with energies of 198 and 110 kev. Actu- 
ally, preliminary measurements with a double 
magnetic spectrometer have shown that the life- 
times of the corresponding levels of the lower 
rotational band (131 and 118 kev) are of the 
order of 107 sec and less. On the other hand, 
coincidences of these quanta with x-rays that 
accompany electron capture increase the number 
of delayed coincidences, owing to the long lifetime 
of the 316-kev level. When the lifetime of the 379- 
kev level is measured, these coincidences produce 
an additional background (on top of the random- 
coincidence background). This additional back- 
ground is determined from the number of double 
coincidences in the “slow” part of the circuit by 
introducing long delays (0.6 to 1.1 microseconds ). 
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FIG. 2. Decay curve of the 379-kev state of Tm’. 
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(curve 2). The half-life determined from the 
slope of curve 1 was found to be T/2 = (3.6 + 0.1) 


x 1078 sec and differs considerably from that given | 


in reference 1 (Ty = 4.5 x 1078 sec). This may 
be due to the inaccurate allowance for the back- 
ground in that paper (the resolution time of the 
circuit used in reference 1 is greater than in our 
measurements). We indicate the magnitude of the 
statistical error. 


3. THE 316-kev LEVEL 


The lifetime of the 316-kev level was measured 
from the slope of the delayed-coincidence curve, 
with one channel registering 63-kev quanta and the 
other quanta with energies of 177 and 198 kev. A 
double-coincidence circuit was used with a resolu- 
tion time of 1 x 107’ sec. 
in the first channel successively every 0.1 micro- 
second. The 2-microsecond twenty-section delay 
line was calibrated against an RK-2 cable. The 
measurement results are shown in Fig. 3. The 
half-life was found to be (0.67 + 0.02) x 107° sec, 
which coincided, within the limits of errors, with 
the result of reference 1, but which was closer to 
the results obtained in references 6 and 7. 
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FIG. 3. Decay curve of the 316-kev state of Tm’*. 


4. ANALYSIS OF THE EXPERIMENTAL RESULTS 


From the data on the relative intensities of the 
177, 198, and 308 kev y lines, as well as on the 
63, 240, and 260 kev lines, as given in the paper by 


Hatch, Boehm, et al.,° it is easy to obtain the partial 


times for these transitions, using the formula 


Tay = (Texp / Ley) > Tey (1 + x), 
k=1 
where Tj, is the partial time of the y transition, 
Iiy the relative intensity of the y line, a, is the 
internal conversion coefficient, Texp is the ex- 


The delay was introduced 


perimental lifetime of the level, and n is the num- 
ber of discharge channels for the level. 

The sixth column of Table I gives the partial 
lifetimes (Ty) exp for the 316 and 379 kev levels. 


Figure 2 shows the coincidence curve for the 
379-kev level of Tm!® (curve 1) and a “fast” co- 
incidence curve obtained with a Lu!” source 
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TABLE I 
Level | Transi- PP Le Relative | ( ) | (= ) 7 
energy, | tion en- of tran{ intensit Henny OXD eg y/W’ F= / 
kev ergy, kev ae of y line tot | sec sec | (F4)W (*y) SPD 
ATT JBP 5.6 0.54 2.9-10-5 8.3-10-8 2.9-10-8 
‘ 477 M1 25 0.37 6.4-10-6 5.8-410-12 0.9-10-§ 
316 198 Sy) 4.6 0.45 See OE 4.8-10-8 1.4-10-3 
198 Mi 46 0.83 SOT Ome 4.1.10-32 AIG 9 
308 E2 18 0.05 GEO AOS Wi S2e40x2 0.58-10-3 
f 63 E14 65 0,9 ib sgt 4.2-40-2 A, 1-40-© 
379 240 E1 1 0.03 6.4-10-§ 2.2-10-14 0.34-10-8 
260 E41 8 0.03 Pesce) Get (ue 2.0:10-8 


The multipolarity data for 177 and 198 kev transi- 
tions were graciously supplied by V. M. Kel’man 
and V. A. Romanov.’ The 177 and 196 kev transi- 
tions are mixed transitions of type M1 + E2, with 
the E2 admixture amounting to 18% in the former 
and 9% in the latter. . 

The conversion coefficients for the K and L 
shells were taken from the tables of Sliv and Band.® 
For the M+N shells we assumed a value of 
0.3aj,,, where ay, is the conversion coefficient 
on the L shell. The theoretical value ( Ty)W was 
calculated by the Weisskopf formulas.’ The last 
column of the table gives the F -factor that char- 
acterizes the slowing down of the transition, rela- 
tive to that predicted by Weisskopf’s formulas. 

It is seen from the table that the electric quad- 
rupole transitions are slowed down by approxi- 
mately three orders, and the magnetic dipole 
transitions by approximately six orders of mag- 
nitude. The 240 and 260 kev electric dipole transi- 
tions are slowed down by ~ 8 orders, and the 63- 
kev transition by ~ 5 orders. 

The long lifetime of the 316-kev level was at- 
tributed in reference 10 to forbiddenness with re- 
spect to the quantum number K, which represents 
the projection of the spin of the nucleus on its pro- 
late axis. Actually, as can be seen from the decay 
scheme of Tm!® in Fig. 1, transitions with ener- 
gies 177, 198, and 308 kev correspond to a change 
in K by three units (from Ue to HEN. According 
to the classification introduced by Alaga et al."! 
the degree of forbiddenness is characterized by 
a number v=AK-—L, where L is the multipo- 
larity. Thus, v=1 for electric quadrupole tran- 
sitions from the 316-kev level, and v =2 for mag- 
netic dipole transitions. From the data in Table I 
it is seen that the unit of forbiddenness corresponds, 
for this level, to a slowing down by approximately 
three orders. : 

Since K= % for the 379-kev level, 240 and 
260 kev, y transitions to the levels with K =% 
are also slowed down because of K -forbiddenness. 
For these transitions, one unit of forbiddenness 
causes a slowing down by ~4 orders. Usually one 


unit of forbiddenness with respect to the quantum 
number K_ reduces the transition probability by a 
factor of 10 —100.!! In the case of Tm!" however, 
this probability is decreased by a factor of 1000 — 
10,000. This may be connected with the peculiar- 
ity of the Tm!” ground-state band, for which 
Ka, 
As to the 63-kev transition, as can be seen from 
the decay scheme, it is not forbidden with respect 
to the projection of the angular momentum. Never- 
theless, the probability of this transition is reduced 
by 5 orders. The cause of this effect must be sought 
in possible forbiddenness with respect to other quan- 
tum numbers, which characterize the motion of the 
nucleons in strongly deformed nuclei, which include 
also the Tm!” nucleus with a deformation param- 
eter of ~0.28.!2 These quantum numbers are as 
follows:!3 N — principal oscillator quantum number, 
nz — quantum number of the nucleon oscillations 
along the prolate axis, andalso 2, A, and 2 — 
quantum numbers that represent the projections 
of the total, orbital, and spin angular momenta of 
the particle on the prolate axis of the nucleus. 
As follows from Fig. 1 and Nilsson’s paper,! 
the quantum numbers, 2, A, Z, N, and nz 
should be assigned the values %, 4, —'4, 4, and 
0 respectively for the 316-kev level and Us 3, es 
5, and 2 respectively for the 379-kev level. 


3 


TABLE II 


Ar= 
=r —5} 


AN=N —N 
AN=N—N, 


| 


0) 1 = —1 | —2 
A(L—1) | (Lt) |. OIL (LE 2), 
6) @) @) all 


*The index f denotes the 316-kev level, 
while i denotes the 379-kev level. 


The upper row of Table II gives the change in 
the quantum numbers due to a 63-kev y transi- 
tion, while the lower line gives the selection rules 
obtained by Voikhanskii!* for E1 transitions. It 
is seen from the table that the 63-kev transition 
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is forbidden with respect to the quantum numbers 
A, 2, and ng (one unit of forbiddenness with 
respect to each of these quantum numbers ). 

As shown in reference 14, a one-unit forbidden- 
ness decreases the transition probability by a fac- 
tor of 10 —100, which indeed takes place in our 
case. On the other hand, for a 63-kev transition 
that is allowed with respect to the quantum num- 
ber K, the probability can be calculated from 
the Nilsson formulas [see Eqs. (29) and (35) of 
reference 13]. The calculation yields (Ty)N 
= 2.3 x 1078 sec, which agrees!* with the experi- 
mental value to a degree that is usual for such 
cases, namely (Ty N/(Ty exp =\0021. 

Thus, the slowing down of the 63-kev transition 
is connected with forbiddenness with respect to 
the asymptotic quantum numbers, and the long life- 
time of the 379-kev level is explained by simultane- 
ous action of K -forbiddenness for the 240 and 
260-kev transitions and forbiddenness with respect 
to the numbers A, 2, and ny, for the 63-kev 
transition. 
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The cross section for production of Fm?” in the reaction Pu24!(c!3, 4n) and U?%8 (018, 4n) 
has been determined as a function of the energy of bombarding particles. The comparison of 
the cross section for production of Fm?*" with the fission cross section in these reactions 
shows that in the overwhelming majority of cases the excited compound Fm? nucleus under- 
goes fission, and only in a few cases does deexcitation take place as a result of neutron emis- 
sion. The maximum cross section for the production of Fm?*" by irradiation with oxygen or 
carbon ions is 1 x 107° and 5 x 10789 em? respectively. The difference between the cross 
sections is probably due to the effect of the Coulomb barrier. 


ie present work is a part of research done on 
the synthesis of transuranic elements with the aid 
of multiply-charged ions (see references 1—4). 

The compound nucleus formed as a result of 
collision between a multiply-charged ion and a 
heavy nucleus disintegrates essentially either by 
fission® or by neutron emission.!~4° A study of 
the competition between these processes as a func- 
tion of the energy and nuclear characteristics (Z 
and A) of the colliding particles is of great inter- 
est, particularly for the synthesis of new trans- 
uranic elements. 


1. THE REACTION Pu”!!(¢!3, 4n) Fm?°? 


In the present investigation we studied the reac- 
tion Pu4!(c!, 4n) Fm? with the aid of the same 
Put" targets as were used in the experiments on 
the production of the 102nd element.2 The Pu! 
was deposited on thin (1.5—2) niobium foils; the 
layer thickness amounted to 90 and 200 g/cm’. To 
prevent possible crumbling of the substance, the 


Pu4! was covered from above with a layer of copper 


approximately 70 ug/ em’ thick, deposited by evapora- 
tion in vacuum. The targets were irradiated in the 
internal beam of the cyclotron. The reaction prod- 
ucts were gathered by the same procedure as used 
by Flerov et al.” to obtain the 102nd element. This 
procedure is based on causing the heavy ions to 
impart to the compound nucleus so large a momen- 
tum that the reaction products are knocked out from 
alayer of targetof noticeable thickness. The scheme 
of the experiment is shown in Fig. 1. 

Such a procedure has made it possible to em- 
ploy the same target many times and to avoid work- 
ing with highly active matter. The reaction prod- 
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FIG. 1. Arrangement of the experiment. 1 — niobium foil 
1.5 thick; 2 — protective copper layer (70 pg/cm?); 3 — layer 
of Pu*** (90 or 200 p g/cm’); 4 — **C** ions; 5 — Fm nuclei and 
other reaction products; 6 — aluminum collector 15 p thick. 


ucts were gathered on a 15 py aluminum foil, placed 
several millimeters from the target. The irradia- 
tion was at different cyclotron radii. The energy of 
the *4c!? ions was determined from the absorption 
in aluminum filters. The intensity of the current 
of the *4c® ions was 0.3—0.5 pa. 

After irradiation, which lasted for 45 — 60 min- 
utes, the collector with the reaction products was 
removed from the cyclotron and subjected to radio- 
chemical analysis. The collector was dissolved in 
concentrated hydrochloric acid, to which 400 yg of 
lanthanum and known amounts of Am**! were intro- 
duced as a carrier to determine the fermium chem- 
ical yield; the lanthanum fluoride was then precipi- 
tated. The fluorides were decomposed with nitric 
acid. The nitrate solution was deposited on a plati- 
num disc, which after drying and roasting was placed 
in an ionization chamber with spherical electrodes. 
The pulses from the ionization chamber were fed to 
a 50-channel amplitude analyzer. The Fm?*" was 
identified by the energies of the a particles and by 
the half-life (E = 7.43 Mev, Tip = 30 min’). In the 
calculation of the reaction cross section, we took in- 
to account the effectiveness with which the Fm? 
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FIG. 2. Reaction cross sections for the production of Fm 
as a function of the energy E of the bombarding particles. 
a—The reaction Pu***(C'’, 4n)Fm*®°; b—the reaction U?**(0*°, 
4n)Fm?*°. The arrows mark the reaction thresholds. 
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nuclei were knocked out from the target matter. To 
estimate the fraction of the Fm?’ nuclei knocked out 
from the target, we used experimental results on the 
determination of the range of the nuclei of the radon 
formed in the reaction Aue (Ns xn), where x =4-6, 
in aluminum and in copper. A recalculation of these 
data for the Pu24!(C!’, 4n) Fm?> reaction was based 
on a relation derived by Firsov. The basic princi- 

ples of this relation were verified in experiments on 
the ranges of the nuclei formed in the reactions un- 


der the influence of 14-Mev neutrons (see Appendix). 


The values obtained for the cross section of the 
Pu*4! (cls An ) Fm” reaction as a function of the 
energy of bombarding particles are shown in Fig, 2. 


2. THE REACTION U22(0!%, 4n) Fm?°? 


In the investigation of this reaction we used tar- 
gets comprising layers of uranium, deposited by 
evaporation in vacuum on thin (2u) nickel foils. 

To avoid crumbling of the uranium, which is pos- 
sible when operating with thick layers, we used 
“packets” of pairs of nickel foils with the uranium 
layers facing each other. The total thickness of 
the uranium layer reached ~ 1.3 mg/cm?. The ir- 
radiation was with *°O!* ions. The irradiation pro- 
cedure, the subsequent chemical processing, and the 
identification of the Fm?*° were the same as in the 
investigation of the preceeding reaction. In indi- 
vidual cases, the resultant reaction products were 
separated chromatographically. A study of the 
Pm yield was also made by irradiating thick 
(15) uranium foils. The cross section for the 
production of Fm?*” could be estimated in this case 
by differentiating the curve of the energy depend- 
ence of the yield. The data obtained were found to 
be in satisfactory agreement with the results of 
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experiments on the irradiation of thin targets. | 

The cross section of the reaction u228(0'8, 4n) 9 
Fm25" is also shown in Fig. 2 as a function of the 
oxygen-ion energy. This figure shows, along with | 
the energy of the bombarding particles, also the ex- | 
citation energy (E*) of the compound Fm?» nuclei 
produced in the reactions Pu2t + cl and U28 + 018. | 
The errors indicated are statistical counting errors., 
Errors in the measurement of the ion current and of! 
the chemical yields of the reaction products are in- | 
significant. The total measurement error in the 
case of the Pu24!(c!3, 4n) Fm?’ may be 1.5 or 2 
times greater, owing to inaccuracies in the deter- 
mination of the fraction of the knocked-out Fm?°? 
nuclei. 

The results obtained in the present work for the 
cross sections of the reactions Pu’4!(c'’, 4n) Fm?° 
and U38(0!8, 4n) Fm?*° are in agreement with those — 
obtained by others.®»? 

It must be noted that in the investigation of the 
products of the reaction us + 018, the isotope 
cf*4* was identified in amounts considerably in ex- 
cess of the Cf“ produced through a decay of 
Fm?*°. It is obvious that in this case the Cf*** is 
produced directly via the reaction y738(9'6 a4n) cee 
the cross section of which has tentatively been esti-. 
mated to be ten times the cross section of the reac- 
tion U2?8 (o%8, 4n) Fm2°?, 


@ 


DISCUSSION OF RESULTS 


A comparison of the cross section for production 
of Fm, through bombardment of Pu2*! or u?%8 by 
Cc and o!*, with the fission cross sections for 
these reactions shows that in the overwhelming 
majority of cases the excited compound nucleus 
Fm? experiences fission, and only in a negligible 
number of cases is the excitation removed by emis- 
sion of neutrons. Comparison of the cross sections 
of the various reactions (see references 3 and 4) 
shows that the cross section of neutron-evaporation 
reaction diminishes with increasing Z of the com- 
pound nucleus. Thus, for example, in bombardment 
by carbon ions the maximum cross section of the 
reaction of evaporation of four neutrons amounts 
to 8x 10°29 cm? in the case of production of the 
compound nucleus Cm?44 (reference 4), 6 x 10729 
cm? in the case of Cf? (reference 3), and 5 
x 107° cm? in the case of Fm2>4, a detailed pre- 
cise evaluation of the competition between the neu- 
tron-evaporation and fission processes requires 
not only the comparison of the magnitudes of the 
neutron-evaporation cross sections, but also allow- 
ance for such factors as the dependence of the cross 
section for the production of the compound nucleus 
on the energy and the probability of evaporation of 
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a given number of neutrons at a given excitation 
energy. 

In the case of the Pu24! (C33. 4n) Fm?°9 and 
u738(9!8 4n) Fm?) reactions we deal with the pro- 
duction of the same compound nucleus Fm?™ with 
subsequent evaporation of four neutrons. As can 
be seen from the diagram, the cross section for 
the production of Fm?*? by irradiation with oxygen 
ions is found to be several times smaller than in 
irradiation by carbon ions. The reduction in the 
cross section of the reaction in irradiation with 
oxygen ions is due to the influence of the Coulomb 
barrier. The large Coulomb barrier in the case 
of the reaction U?*> + 0!* causes a large shift in 
the maximum of the reaction of evaporation of four 
neutrons, towards the higher energies. At these 
excitation energies the evaporation of four neutrons 
becomes less probable and takes second place to 
the more probable reaction of evaporation of five 
neutrons. 

It should be noted that in the present experi- 
ments we observed no formation of other fermium 
isotopes, besides Fm?°?, Therefore, the fermium 
isotope which we obtained earlier!” by bombarding 
uranium with oxygen ions is obviously Fm?°”, 

In conclusion, the authors express their deep 
gratitude to Prof. G. N. Flerov for continuous at- 
tention and interest in this work. 


APPENDIX 


We give below the results of experiments on the 
determination of the ranges of the nuclei produced 
in nuclear reactions. In one of these experiments 
thin layers of Au'*", coated on the side opposite to 
that of the beam, with thin layers of aluminum or 
copper, were irradiated with nN‘ ions of known en- 
ergy. The nuclei of the radon produced by the 
Au!®?(N', xn) reaction were knocked out of the 
layer of gold and, partially passing through the 
layer of absorber (Al or Cu), entered the collec- 
tor. The distribution of the ranges of the radon nu- 
clei in aluminum and copper was determined from 
the ratios of the intensities of the radon decay- 
product o radiations in absorber layers of differ- 
ent thicknesses to that in the collector. 

Analogous experiments were carried out by 
A. F. Georgobiani, N. I. Tarantin, and G. N. Flerov 
in 1954. They determined the ranges of nuclei pro- 
duced upon irradiation of various substances (Al, 
Si, Cu, Ag, and Sb) by 14-Mev neutrons. The ex- 
perimental setup was similar to that shown in 
Fig. 1. The average range of the reaction products 
in the target substance was determined by compar- 


ing the numbers of radioactive nuclei produced in 
(n, 2n) and (n, p) reactions in the target and on 
a Plexiglas collector. 

The results obtained, both in the case of irra- 
diation with N' ions and in the case of irradiation 
with 14-Mev neutrons, were found to be in satisfac- 
tory agreement with the formula obtained in 1954 by 
O. B. Firsov for the ranges of atoms at initial ve- 
locities of ~10'—10° cm/sec. In the derivation of 
this formula the author described the interaction of 
two colliding atoms by means of a potential approx- 
imated by a function inversely proportional to the 
square of the distance.!! The value obtained is 


R=0.5As (Ay -- ASG.) sy ee 


where R is the range of the atom, expressed in 
ug/em?, Z,A,; and ZA, are the atomic number 
and the mass number of the moving atom and of 

the atoms of the retarding medium, and E is the 
kinetic energy of the moving atom, expressed in 
kev. The mean square spread of the ranges of the 
radon nuclei, formed in the reaction Au'®’(N, xn) 
was found to be 0.4 of the average range. 
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The Hall emf was measured in nickel-zinc and manganese ferrites (both in polycrystalline 
and single-crystal specimens) in the vicinity of the Curie temperature. A new method for 
the determinationof the ordinary Hall constant is proposed. The calculated values of the car- | 


rier density and mobility in the investigated ferrites conform in order of magnitude with the 


values obtained for nonferromagnetic semiconductors. The Hall emf is one order of magni- | 


tude greater in a single-crystal specimen of manganese ferrite than in a polycrystalline 


specimen. 
1. INTRODUCTION 


Une now there have been very few works de- 
voted to the study of the Hall effect in ferrites.” 
Yet, analysis of this effect is of great interest from 
the point of view of disclosing the nature of conduc- 
tivity of ferrites and the interdependence of their 
magnetic and electric properties. 

We have chosen to investigate the Hall effect 
near. the Curie point because it is here that the 
spontaneous magnetization varies very abruptly, 
and consequently it is here that the influence of 
this change on the electric phenomena in ferrites 
should be most clearly pronounced. We have meas- 
ured the temperature dependence of the Hall emf, 
of the electric resistance and of the spontaneous 
magnetization in nickel-zinc and manganese fer- 
rites (in polycrystalline and single crystals spe- 
cimens) within a temperature range close to the 
Curie point. 

The electric resistance of the ferrites under 
study was not very high at these temperatures, 
and this allowed a dec measurement of the Hall 
emf by means of a PPTV-1 potentiometer. In order 
to obtain the exact value of the Hall current density, 
the sample was prepared by the Vol’kenshtein and 
Fedorov method:’ a ferrite bar was cut in three 
(cf. Fig. 1). Thin mica wafers were placed between 
the parts and all three pieces were then glued to- 
gether. Magnetization was measured using differ- 
ential ballistic coils. The specimen was placed 
in a bifilar winding and inserted together with the 
winding inside the solenoid. 

The primary Hall current was made to flow in 
the z direction through the whole shaded surface 
by means of contacts 1-1. The Hall emf was meas- 
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ured along the y axis (contacts 2-2). The con- 
tacts were in the form of silver layers deposited 
on the surface of the ferrite by firing-on a silver 
paste. The Hall current of 10 ma was within the 
range where Ohm’s law was obeyed by the ferrites 
under study. Electromotive forces clearly depend- 
ent on the magnetic field were compensated by 
means of an additional difference of potentials. 

The measurements were taken with the specimen 
under vacuum. Under these conditions, the hyste- 
resis of the specimen’s electrical properties during 
the course of heating and cooling was negligible. 


2. NICKEL-ZINC FERRITE (37.5% NiO, 12.5% 
ZnO, 50% Fe,0s) 


Figures 2 and 3 show the dependence of the Hall 
emf and of the magnetization on the magnetic field 
at different temperatures (Curie point ~ 40°C). 
The spontaneous magnetization Ig and the spon- 
taneous Hall emf Eg in the vicinity of the Curie 
point were determined by the method of thermody- 
namic coefficients described previously.*® The 
spontaneous (or ferromagnetic) Hall constant Rg, 
defined by the relation Eg =RglIs, decreased with 
increasing temperature and approached some con- 
stant value at the Curie temperature (cf. Fig. 4). 
Figure 5 shows the dependence of the constant Rg 
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FIG. 2. Dependence of the Hall emf on the magnetic field 
in polycrystalline nickel-zinc ferrite at different temperatures 
(the numbers adjacent to the curves indicate °C). 
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FIG. 4. Temperature 
dependence of the spon- 
taneous Hall constant 
(10’-R,) for the nickel- 
zinc ferrite. 
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on the square of the spontaneous magnetization, 
1%. At the Curie temperature both the spontane- 
ous magnetization Ig and the spontaneous Hall 
emf are zero while the constant Rg is different 
from zero. The intercept of the line Rg (I%) and 
the ordinate axis possibly corresponds to the Hall 
constant due to the presence of paramagnetism 
above the Curie point.® The linear dependence of 
Rg on the square of the spontaneous magnetiza- 
tion is in agreement with existing theoretical con- 
cepts concerning the Hall effect in ferromagnetic 
materials."8 

For magnetic fields H exceeding technical 
saturation, we propose to describe the Hall effect 
by the relation 


18 => R + RsIs aia Rilis (1) 


where Ry is the so-called ordinary or “classical” 
Hall constant, the value of which enables us to es- 
timate the number and the sign of the carriers, Rj 
is the ferromagnetic Hall constant corresponding 
to the paramagnetic process, J]; is the magnetiza- 
tion of the paraprocess. Here the product Rsls 
plays the role of a constant because it is independ- 


863 


J, gauss 
100 


Se 
2000 H, 0e 


500 1000 


1500 


FIG. 3. Magnetization isotherms for nickel-zinc ferrite 
(the numbers adjacent to the curves indicate °C). 
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ent of the magnetic field. Formula (1) is particu- 
larly suitable in the neighborhood of the Curie 
point, where the processes of technical magneti- 
zation are concluded in very weak fields and where 
the whole ferromagnetic behavior of a ferrite is 
almost fully determined by the paraprocess. 

Volkov’ was the first to point out the necessity 
of introducing two separate Hall constants, corre- 
sponding to the technical magnetization and to the 
paraprocess. By differentiating (1) with respect to 
H we obtain 


OE /OH = R,+ R;01;/ 0H, (2) 


where 98E/9H = yf is the “susceptibility” of the 
Hall emf, and 01j/0H = x; is the susceptibility of 
the paraprocess. Figure 6 shows the dependence 
of Xp On Xj for the nickel-zinc ferrite at 12°C. 
The intercept with the ordinate axis yields Ry 
= —0.9 x 1078 y-em/amp-oe and the slope of the 
line determines the constant Rj = +1 x 107° v-em/ 
amp-gauss. 

The conduction in the ferrite under study (at 


864 K. PL TBEDOV ands iia 


X,10°v-cm/amp-oe ' 


& 


FIG. 6. Dependence 
of Hall emf susceptibil- 
ity on the susceptibility 
of the paraprocess for 
nickel-zinc ferrite. 
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12°C) is electronic, as evidenced by the negative 
sign of the constant Ry. The number of the car- 
riers can be estimated from the relation Ry 

= —37/8en, where n is the electron concentra- 
tion and e the electron charge. It was found that 
n ~1x10!%em~*. The concentration n and the 
electric conductivity at 12°C being known, we 
found the carrier mobility to be 0.08 em?/v-sec. 
This agrees with the values obtained for nonferro- 
magnetic oxide semiconductors. 

To conclude this section we wish to point out, 
that the method previously used of determining Ry 
as the slope of the curve E(B) (where B is the 
magnetic induction) cannot always be used in 
strong magnetic fields (cf. references 1, 2, 10, 
11, and others) for the study of the Hall effect in 
ferromagnetic materials, because this method does 
not take into account the influence of the paraproc- 
ess. The presence of the paraprocess demands 
evaluation of the product R,91j/9H for a correct 
estimate of Rp. 


3. POLY- AND SINGLE CRYSTALS OF MAN- 
GANESE FERRITE (MnO: Fe,0;) 


Figure 7 shows the isotherms of the Hall emf 
for polycrystalline and single-crystal specimens of 
manganese ferrite of nearly stoichiometric com- 
position. The Hall emf in a single crystal is one 
order of magnitude greater than in the polycrystal- 
line specimen, while the magnetizations are almost 
the same. The smaller value of the Hall emf in the 
polycrystalline specimen may be due to the effect 
of the potential barriers between the grains on the 
movement of the electrons that produce the Hall 
potential difference. In a single crystal such bar- 
riers should not exist. However this problem re- 
quires additional study. 

Figure 8 shows the temperature dependences 
of Rg for manganese-ferrite polycrystalline and 
single-crystal specimens, determined in the fore- 
going manner (the method of thermodynamic co- 
efficients ). In the polycrystalline specimen Rg 
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FIG. 7. Dependence of the Hall emf on the magnetic field 
at different temperatures. a—manganese polycrystalline fer- 
rite, b—a single crystal of manganese ferrite. (The numbers 
adjacent to curves indicate °C). 


increases with temperature up to acertain maxi- 
mum and then falls rapidly as the Curie point is 
approached. 

In the single crystal the constant Rg decays 
exponentially with rising temperature, analogous 
to the curve of electrical resistance vs. tempera- 
ture. Using the above method, we obtained the 
following results at 120°C 


polycrystalline 


Single-crystal 
manganese ferrite 


manganese ferrite 
R, = —1x10~’v-cm/amp-oe 
Rj = +2 10-°v-cm/amp-gauss 
n= 1.10 Sema: 
u = 0.08 cm?/v-sec 


R, = —50 x 10-’v-cm/amp-oe 
Rj = +20 x 10-°v-cm/amp-gauss 
n=) 2 <1 Osctemar 
u = 2.6 cm?/v-sec 
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FIG. 8. Temperature 
dependence of the spon- 
taneous Hall constant. 
a— polycrystalline man- 
ganese ferrite, b —single- 
crystal manganese ferrite. 


The data obtained are in agreement with the 
electrical properties of nonferromagnetic oxide 


semiconductors. 
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Values of the masses and binding energies are presented for the nuclei of isotopes of osmium, 
iridium, platinum, gold, and mercury. The masses were measured on a mass-spectrograph 
possessing a resolving power of 60,000 — 80,000. The isotope masses were derived from doub- 
lets by direct comparison with the masses of corresponding organic compounds. The masses 
of 18 stable isotopes were measured and the masses of 18 radioactive isotopes were computed. 
The data thus obtained were used to evaluate the binding energy of nuclei, the binding energy 
per nucleon (E/A), the binding energies of the last neutron and proton (Bn and Bp) and the 
pair energies of neutrons and protons (Py and Pp). For N=116, the binding energy of nuclei 
has been found to vary in a nonmonotonous manner for both odd and even values of Z. 


INTRODUCTION 


Tits masses of isotopes and the coupling energies 
of nucleons in the nucleus have previously! been 
measured in the region of magic numbers up to 82 
protons and 126 neutrons. In the present research, 
a second series of measurements has been carried 
out in the mass range 186 = M = 201. Measure- 
ment of the masses of mercury, gold, platinum, 
iridium and osmium isotopes was carried out on 

a mass spectrograph described previously,” with 

a resolving power of 60,000 — 80,000. The meas- 
urements were made by means of doublets. A 
doublet pair was formed from a given isotope with 
a corresponding organic compound of type CynHm, 
CnHmNp or CnHmOk. For high resolving power 
of the apparatus and dispersion calculations of high 
accuracy (~10°), this guaranteed a high accuracy 
of measurement. 

Such a method of measurement makes it possible 
to determine the mass of the nucleus of a given iso- 
tope, avoiding intermediate measurements, making 
use only of the values of the masses of H!, c!2, ni4 
and O!* which have been measured with sufficient 
accuracy previously.” Determination of the masses 
of the isotopes Os186 | Os!8?. Os188 | Os189 Ir)! | Tr! , 
Pt! and Au!®” by the mass-spectrograph method 
has not been carried out up to the present time. 
The single research of Johnson and Bhanot, apply- 
ing to the given mass range,* was carried out on 
amass spectrometer with a low resolving power 
(Amax ~ 14,000). In this work mass differences 
per unit mass were measured for stable isotopes 
with even Z in the range 64 < Z <= 82. The value 
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of the isotopic masses was not given in reference 
3. Other mass-spectrographic measurements +”? 
were carried out for a small number of isotopes 
and have a very incomplete character. The values 
of masses computed in the work of Wapstra® from 
the energy balance of nuclear reactions were ob- 
tained with significant error (~2—3 mMu). In 
the calculation of the isotopic masses of heavy 
nuclei the error becomes so large that, as a sup- 
porting value, the mass of the isotope Pb? was 
used in place of O!%.’ With such a large error of 
measurement, the calculated values of the binding 
energy of the last neutron or proton do not permit 
one to make an unambiguous estimate of the nu- 
clear structure. 

Ions of the elements thus measured were ob- 
tained by introducing vapors of the metal into the 
gas discharge region of a plasma ion source by 
means of an evaporator of special construction. 
The corresponding organic compounds were also 
introduced into the gas discharge region in the 
same manner. 

As a check for the absence of errors of meas- 
urement,® determination of the isotopic masses in 
most cases was carried out with a check for in- 
ternal consistency, including such cases in which 
the molecular weight of the organic compound was 
equal to the weight of the isotope under investiga- 
tion. In some cases, in addition to this, control of 
the resultant measurements was obtained by meas- 
urement of masses of isotopes of a given element, 
using as a doublet the lines of isotopes with mass 
difference of unity. 

In each case, the results of measurement were 
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obtained after analysis of 12 —15 mass spectra 
with 4 —6 photo plates. — 


MEASUREMENT OF ISOTOPIC MASSES 
1. Osmium isotopes Os!86 Os!87 Os") Os!8? 


Os!*9 and Os!®. For all the osmium isotopes, the 
measurements were carried out with a check on 
internal consistency, while different doublet 
combinations were formed by use of different 
organic compounds and compounds of osmium. 
The osmium ions were obtained by introduction 
into the gas discharge region of a plasma ion 
source of vapors of OsQ,. The organic compounds 
perylene (Co Hj., M = 252) and terphenyl (CygHy,, 
M = 230) were used both in molecular form and in 
the form of fragments of these compounds as the 
organic compounds for the formation of doublet 
pairs with ions Os, OsO, OsO,, OsO3 and OsQy,. 
Internal consistency for the masses of the iso- 
topes Os!8%, Os!87, Og!89 and Os!®* were deter- 
mined from three independent doublets for each 
isotope, Os!®8 from four and Os! from five doub- 
lets. The value of the mass of each isotope was 
computed with account taken of the “weight” of the 
measurement. The values of the doublets and the 
masses of the isotopes are given in Table I. 

2. Iridium isotopes Ir! and Ir!%. Iridium 
ions were obtained by evaporation of metallic irid- 
ium. For the formation of a doublet pair with the 
isotope Ir’!, the splinter (Cy5H,,;, M = 191) of ben- 
zalacetophenone (C,sHy,0O, M = 208) was used’’ 
and for the isotope Ir**’, the splinter (C,4H90, 

M = 193) of anthrone (C4,H,)O, M=194). The 
values of the differences of masses of doublets 


and the values of the isotopic masses computed 
from these data are given in Table II. 

3. Platinum isotopes Pt!*?, pt!, prt%, ppt 
and Pt!%. The platinum ions were obtained by 
evaporation of metallic platinum with successive 
ionizations of the vapor in the discharge. Testing 
of internal consistency in the measurements of the 
isotopic masses of platinum was carried out by 
utilization of two different organic compounds for 
the formation of doublet pairs. As organic com- 
pounds, benzalphenylhydrazone (C,3Hy.N,, M = 196) 
was used in one case and a fragment of benzoin 
(C44Hj2O,, M = 212) in the other. The values of 
the mass differences of the doublet and the values 
of the isotopes are given in Table II]. For com- 
parison, data obtained from mass-spectrographic 
measurements of Hogg and Duckworth‘ are also 
shown in the table. 

4. Gold isotope Au'®’, Measurement of the mass 
of the isotope Au!*’ was carried out by comparison 
of the mass of the gold ion with the mass of benz- 
anilide (C43H;,;ON, M=197). The value of the 
doublet C,3H,;;ON—Au!*” and of the mass of the 
gold isotope are given in Table II. Values of the 
masses of the isotope Auer computed in terms of 
Hg! and C13H;)ON (mass differences ~1). The 
mean value for Au!®’ was computed with account 
of the “weight” of the measurements. 

5. Mercury isotopes Hg!®®, Hg!®?, Hg? and 
Hg?! In the present work, measurements of the 
mass of'the isotope Hg'% were carried out and a 
test for the internal consistency of the masses of 
the isotopes He. Hg?" and Hg?! was carried 
out; the measurements in the latter case were 
made in a previous research.! Use was made of 


TABLE I 
Mass Volume of Am, Value of the Mean value of 
A” Doublet mMu mass of the the mass, Mu 
isotope, Mu 
CygH,—Ost* 92.157-L0. 150/186 .013635-+-150 
186 Sees 1002 .797-L0. 150/186 .012624+-220/186 .013246-+300 
CosHsy—Os!**0, 144 659-0. 141/186 013164140 
C1sH,—Os"*? 98.8920 .080/187..015402+4 80 f 
487 | Ost**_Os'0? 1000.253-0. 150/187 .015858--220)187 .015370-+-230 
C1pC*Hyp—Os'*°0, 146 481 +0. 170/187 .015010-+170 
C1sHs—Ost*#* 4106 .549-++0. 110/188 015887110 
188 Ost#—Osi* 1002 420-0. 150/188 015973 180/188. 015759+200 
CigHa—Os'**O, 84.9480 .320/188.016380-+330 
CopHiz—Os*O, 158.4720 .070/188.015632 70 
CisH»—Os'* 412 .236-+0. 116/189 .018342-+110 
189 CigH,—Os'*” Op 90. 949-0. 150/189 .018521-150}189.018362+- 80 
CigHy—Os'**O5 127.5410. 090|189.018317-+ 90 
CisHi,—Os” 119 .060-+0.090/190.019660-+- 90 
Os!*°—Ost#* 1000. 944-0. 150/190 .019337+160 
190 CysC!#H,—Os™™ 115.0920, 080|190.019157 80/190.019176-L150 
CigHo—Os"*O, 98 ,.638-+0.064/190.018974+ 60 
CysH,,— Ost”°O, 135.2400. 240/190 .018790-240 
CyNaHy—Os!2 107.044-+0.110|192 .022806+ 110 
192 C,He—OstO> 141.363-40.040/192 022533 50/192.022529+120 
i a , 143 .323--0.030/192.022490-+ 40 


CyeC#H -—Os!"20, 
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TABLE II | 
—__——_—— OSS OD 4) 


Mean value of 
the mass, Mu 


Mass, Value of AM, | Value of the mass 
ree EES Ss ats ofthe isotope, Mu 
194 CoH =| 425.087-40.201 | 194.0248254202 
193 CyuHO—Ir™ =| 102.194-40.100 | 193.024564-+104 


Cy,H,,0N—Au*? 
Hgt’s— Aut? 
Au¥?—C,,H,,ON 


117.5720, 200 
4000.709-E0.240 
890 .805--0.278 


191 .021825 +202 
193 .024564-+104 


197.029177-205 
197 0290044245 
197 .029412-F280 


197.029181 +120 


TABLE III 


i 


7 1 
| | | 
i 


Value of AM, | 
mMu 


Value of the isotopic masses 
of platinum, Mu 


| 
1 f th 
ae | Doublet Re re : According to |Accordingtomass- 
| | data of the pre- | spectrographic 
| | sent research measurements‘ 
192 CyHeN2—Pt™ | 107. 289-+-0.224 |192 .022561+-225)192 022561225 _— 
194 CisHipN2—Pt™ | 424.5640 .087 |194.024570-+ 90 02 
CiH,O—PU™ | 110207-E0.234 |194 024603236) 94-024604+ 96/194 0241004600 
195 | CisHuNe—Ptt® | 427,.039-+0,100 |195.027237+102 r °6500-+-600 
| CukxO—Pts | 41592440210 [195.027118-H215|19 C2199 95/195 0265002 
196 CygHioN2—Pt | 134.529-+0.114 |196.027889-+-115/196 .027889-+- 115196 ,026700+-600 
198 | Pt?*8(n0 Hg) | — 198. 029880-+-200!198 .029880+-200)198 .032700--600 
TABLE IV 
Value of the isotopic masses 
M tA Value of the of mercury, Mu 
ass, 1 A ; ‘ 
A ie oat ue athe 5 pene According to | According to mass- 
Mu y data of the pre-} spectrographic mea- 
sent research | surements® (1958) 
. CiHi20—Hg* 122 .638-+0,176}196 .028546+-180], gp ¢ ARES 
196 Cult (ON 110.2510. 020 196.028356-. 32 196 .028362-+185/196 ,027260+230. 
C1.H,—Hg*® 85. 994-+-0 .079)199 ,032120+ 82}, q ; 
199 Crit On Hg 107.674-£0.038/199.031548-. 45 199 .031684-+-460)199 .030960+-100: 
CisH,—Hg?” 94 .354+-0 043/200 .031902+ 47 0: 200.0812 
200 | oCBHnO. He | 110.913-0.111200.0319804115 0° ete 88)200.031270+ 80 
Hge™—Hg*™ = /1002.254-+-0 024/201 .034167+ 71 
201 Hg?—Hge™ ~— 1000 398-0 032/201 .034564+ 62/201 .0346034-220/204 .033510-+-120 
C,.H,—Hg™ 99 .128-++0 .069|204 .035270+ 83 


a splinter (Cy4Hy,.0, M = 196) of benzoin (C44Hj2O,, 
M = 212) anda splinter (C,3H;,)ON, M = 196) of 
benzanilide (C,3H;,ON, M = 197) for the forma- 
tion of doublet pairs with the isotope Hg!®*. For 

a test of the internal consistency for the isotope 
Hg'®®, the doublet C,,;H,,O,—Hg!®® was measured 

in addition to the doublet C1,H;—Hg'” ' Similarly, 
additional measurements were carried out of the 
doublet C1.CH,,0,—Hg?™, Hg?—Hg2 ang Hg202_ 
Hg?*! were also carried out for the isotopes Hg??? 
and Hg"; in this case the organic compound ben- 
zoin (C44Hy,0,, M = 212) and the mercury spec- 
trum were employed. Masses of the isotopes Hg! 
Hg!®?, Hg??? and Hg?*! were determined from these 
doublets with account of the “weight” of measure- 
ment. The value of the mass differences of the 
doublets and the values of the isotopic masses 

of mercury computed from these doublets are 
given in Table IV. For comparison, data are also 


given in this table obtained from the mass-spec- 
trographic measurements of Kerr and Duckworth.°® 


MEASUREMENT RESULTS 


By comparing the values of the isotopic masses 
obtained in the present research with the corre- 
sponding data computed from nuclear reactions 
(see Table V), one can see that they are generally 
in agreement within the limits of error. However, 
this agreement is obtained at the cost of a very 
large error in the determination of the masses of 
the isotopes in terms of the values of Q obtained 
from nuclear reactions. In the final analysis, the 
mass of the isotope 0.* was used as a Supporting value 
for these isotopes, and consequently a large error 
of measurement is obtained as the result of the use 
of a large number of steps with corresponding val- 
ues of Q. The most significant divergences in the 
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TABLE V 


nn 


Value of the isotopic 


x Rr oe Values of the isotopic ix 

ass rom the data mass M’ according to =M-—M, 

Isotope of the present data from Raciour mMu ~ 

research, Mu reactions,® Mu 

Os186 186 ,.013246-+-200 4186 .009550-42300 3.696 
Os18? 187 .015370-+-150 187 .011045-+-2200 4.325 
Osi88 188 .0160584-140 188 .0141004-2000 1.958 
Os}89 189 .018362-+- 50 189.018120-+-2000 0.242 
Os199 190.019127-+-110 190 .017400-42000 Aver tid: 
Os192 192 .022470-++160 192 .022500-+-3000 —0.030 
[r192 191 .0241825+-202 194 .021240-+-2100 0.585 
Jr198 193 ,024564-+-104 193 .025200--2000 —0,636 
Piis 192 022564 +225 192 ,023100--2050 —0.539 
pret 194 .024604+ 96 194 ,024000-+-1500 0.604 
Pti%s 195.027199+ 95 195 .026400-+-1500 0.799 
Pt196 196 .027889-4115 196 .026880-++-1500 4.009 
Pts 198 .029880-++-200 198 .029000-+2000 0.880 
Aut’? 197 ,.029181+120 197 .028470-+3000 0.717 
lots 196 .028362-+185 196 .027350+-3010 AOI 
Hei 499 .031684-+460 199 .030550-+3050 1.134 
Hg? 200.031913-E 68 200.034910-£3010 0.003 
Hg?ol 204 .034603 +220 201 .034000-+3000 0.603 


values of the mass take place in the isotopes of 
osmium. For two of them (08186 and Os!87 see 
Table V), the difference in values exceeds twice 
the value of the very large error of nuclear meas- 


urements. According to existing evidence,’ the val- 
ues of the masses of these isotopes (Os!®* and Os!8") 


given in the work of Wapstra,° are unreliable. In 


addition to these isotopes, significant divergences 


also take place in the value of the masses of the 


isotopes Os!88, Os189, pt!8? and Hg!*®. The most 


accurate measurements in the region under con- 


7950 


7,920 


7850 


7860 


7630 


| 


sideration were made in the work of Johnson and 
Bhanot.? Unfortunately, the work did not cover dif- 
ferences of masses with odd Z, and for elements 
with even Z several isotopes were not measured 
(Os!%, pt!®?, Hg! etc.). However, comparison 
of the mass differences obtained in this work with 
similar data of the present research and nuclear 
data computed directly from nuclear reactions 
shows that all comparable values are in excellent 
agreement within the limits of the errors of meas- 
urement. Quite a different picture is obtained for 
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Binding energies per nucleon in the range 186 = M= 210. 
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comparison of the same quantities computed eee 
The 


divergences in a number of cases exceed 2 —2.5 
mMu. Analysis of the data of the present research 


the values of the mass given by nuclear data.® 


and of reference 3 shows the error of measurements 


of the masses of the isotopes Os!®, Os!87, O58, 
Os189, and Pt! advanced in reference 6. 


Additional measurements of the masses of the 


isotopes Hg!®®, Hg?, and Hg?! with “internal con- 


Isotope 


Qs186 
Qs187 
Os188 
Qs189 
Os198 
Os191 
Qs192 
Qs}93 


[1190 
[r191 
[r192 
[r198 
[r194 
[r19 


Pti92 
pti93 
ptis4 
Pt95 
Pti96 
pt197 
Ptl98 
Pti99 


Aut 
Aut 
Autsé 
Au?9?7 
Apis 
Aue? 
A200 
Awol 


Hg195 
Hgi9s 
Hgl97 
Hg198** 
Hgi# 
Hg200 
Hg? 
Hg202** 
Hg203** 
Hg204%* 
Hg205%* 


76 


uu 


78 


79 


80 


[eae 


117 


113 
114 
115 
116 
117 
118 


114 
115 
116 
117 
118 
119 
120 
124 
115 
116 
alg 
118 
AS, 
120 
124 
122 


115 
116 
ANT 
118 
119 
120 


122 
123 
124 
By | 


Binding en- 
ergy of the 
nucleus, * Mev 


isotopic masses. 


TABLE VI 


Binding en- 
ergies of the 
nucleon, 


E/A, Mev | 


.9792 
.9708 
9694 
9602 
9582 
. 9464 
9466 
9328 


9474 
9435 
9346 
9346 
9254 
9157 


.9380 
-9303 
9326 
9224 
9214 
9138 
.9166 
8992 


9154 
.9170 
-9128 
9136 
.9058 
9042 
8962 
.8900 


-9070 
Qin 
9086 
. 9096 
9025 
9037 
8936 
8945 
8820 
-8805 
8702 


SS) SSNS) Sp Sh es) SPS) Sa) SIS ESSER SCR) aS) SS] SS) ay SES REST CS hh SS aa SE SD? SSS) ESS les 


5.538 
5,144 
5.673 
5,634 
6.499 


6.896 
Tose! 
7.544 
7.355 
9.034 


6.142 
4.894 
6.026 
6.379 
6.243 
5.450 
7.289 


Grau 
6.770 
7.098 
Mes 
7.239 
7.820 
7.376 
8.789 
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sistency” for Hg?” made it possible to carry out a — 
comparison of the values of Q obtained from nu- | 
clear reactions with the corresponding values com- i 
puted according to the current measurements of 
Thus, for example, the value for 
the mass of the isotope Hg", according to the data 
of the present work is equal to M (Hg 
= 200.031913 + 68 Mu. This quantity is in excellent 
agreement with data obtained from nuclear reac- 


706 
906 


1,752 
1.438 


-924 | 1.913 


0.856 


*Errors in the values of the binding energy do not exceed 0.2 Mev and corre- 
spondingly in By and B, —0.3 Mev and P, and P, — 0.4 Mev 
**Data taken from reference 1. 
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tions according to which (see Table V) M (Hg?) 

= 200.031910 + 3010 Mu. Moreover, the mass dif- 
ference Hg??? — Hg? obtained in the data of ref- 
erence 1 and in the present work, is AM = 2.003039 
+ 180, which is in good agreement with the corre- 
sponding value obtained from mass-spectrometric 
measurements by Johnson and Bhanot® (AM 

= 2.002900 + 150). Because of this we can con- 
sider that the value for the mass of Hg?”*, obtained 
in reference 1, is sufficiently reliable. Moreover, 
there is good agreement between the values obtained 
from the cycle of mass-spectrographic measure- 
ments! and the data of nuclear reactions in the cal- 
culation of the mass of Tl?" by means of the reac- 
ton He “=e: oThe agreement of the value for 
the mass of Tl?" obtained from the reaction 

TI? (y, n) TI? by means of the chain Hg?” — T1202 
— T1?8 leads to a discrepancy for the mass of T1?" 
~ 1.7 mMu. Thus, joint considerationof nuclear and 
mass-spectrographic measurements leads to the con- 
clusion thatin all probability the assumed value of the 
quantity Q for the reaction Tl? (y, n) TI? !° is in 
error and it would be desirable to repeat the meas- 
urement of this quantity Q. 


BINDING ENERGY OF NUCLEONS IN THE 
NUCLEUS 


The mass values of the isotopes of osmium, 
iridium, platinum, gold and mercury obtained in 
the present research make possible a more accu- 
rate determination of the binding energy of nucleons 
in the nucleus over the mass range 186 = M < 200. 
In addition to the results of the present research, 
the masses of 18 radioactive isotopes were com- 
puted by means of the values of Q obtained from 
nuclear reactions and beta decay energies. In this 
case the values of the masses of stable isotopes 
obtained in the present research were used as 
standardizing values. 

Evidence on the general characteristics of nu- 
cleon binding can be obtained from a study of the 
binding energy per nucleon. The binding energy 
per nuclecon E/A is plotted in the drawing in Mev 
as a function of A. For completeness of the pic- 
ture, the region of values of A is expanded over 
the range of values used in reference 1. In the 
drawing the solid lines connect the binding ener- 
gies of stable (measured) isotopes with the same 
Z. The binding energies of nuclei with odd Z (Ir, 
Au, Tl) are denoted by circles and are connected 
with odd A of elements with even Z. As is seen 
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from the figure, a certain periodicity in the bind- 
ing energy of stable nuclei in this mass region is 
indicated. The peculiarity noted in reference 1 of 
the isobaric pair of nuclei Hg? and Pb? is pre- 
served and even expanded to the isobars Pt!%—Hg!%; 
Pe ea te 2t and Os!**—pt!*2_ In the isobaric pairs 
shown, the binding energies of the nucleus in which 
two protons are replaced by two neutrons is larger 
than in the opposite case. Values of the binding en- 
ergy of nuclei, the binding energy of the last neu- 
tron Bn, of the last proton Bp, the pair energies 

of neutrons Py and protons Pp are shown in 
Table VI. Analysis of the data of Table VI shows 
that nuclei having N=116 for both even and odd 

Z possess an increased stability. This is evident 
from the values of By and Py. In contrast to this, 
nuclei with N=115 are distinguished by a lower 
value of coupling energy in comparison with other 
nuclei of odd N. For even-even nuclei, an increased 
value of the pair energies of protons Pp occurs for 
N= 116 (iret; ond selio! 9. 

In conclusion the authors express their gratitude 
to E.E. Baroni and their co-workers K. A. Kovyrzina 
and V. M. Soifer for preparation of the organic com- 
pounds and also to M. I. Dzkuya and G. A. Dorokhova 
for help in the research. 
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The problem of the angular and energy characteristics of secondary particles produced in 
collisions between protons and nucleons is considered. 


Ayn emulsion camera was used to study interac- 
tions of 9-Bev protons with nucleons. It consisted 
of layers of NIKFI type R emulsion and was irra- 
diated with the internal proton beam of the proton 
synchrotron to the high-energy laboratory of the 
Joint Institute for Nuclear Research (see also 
references 2 and 3). Scanning was carried out 
along the tracks of the primary protons, with 600- 
fold magnification. All stars and scatterings through 
angles larger than 5° were detected. In track length 
of 978 m, 2623 cases of nuclear interaction were 
found. The mean free path was 37.3 + 0.3 cm, in 
agreement with results obtained earlier.” 

1. In order to segregate proton-proton (p-p) 
and proton-neutron (p-n) interactions, cases 
having no more than two slow protons (with ioni- 
zation I= 1.4 Inlateau) were chosen. Lack of a 
recoil nucleus and, in cases with an even number 
of prongs, lack of a B -electron were also required. 
The subsequent selection was carried out accord- 
ing to the criteria: 

(1) The slow proton should have a track length 
1=>4mm (Ep = 31 Mev). This makes it possible 
to exclude cases of proton-nucleus interaction with 
evaporation of a single proton. 

(2) For a given energy of the proton, its angle 
of emission should not exceed the angle of elastic 
proton-proton scattering. 

(3) For a given multiplicity n the angle of pro- 
ton emission should not exceed some dmax(n), 
corresponding to the kinematics of the proton- 
nucleon (p-N) collision. 

(4) The following inequality* should be fulfilled: 


i (E; — pi cos 9) < M + Eo — po, 
*Some results of this work were contained in the report of 


V. I. Veksler to the International Conference on Peaceful Uses 
of Atomic Energy, Geneva, August 1958.' 
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where Ej, pj and Jj are the energy, momentum 
and angle of emission of the i-th secondary charged | 
particle in the laboratory system (l.s.), M is the 
proton mass, Ey and py are the energy and mo- 
mentum of the incident proton in the l.s. Since no 
measurements were made of the momenta of the 

fast particles, in applying this criterion, particles 
having a blob density b = 1.4 bplateau were con- 
sidered to be m mesons. The values 196 Mev and — 
137 Mev/c were employed for these as lower limits 
of energy and momentum, respectively. 

In this way, 170 cases with an even number and 
110 with an odd number of prongs were chosen. 
Cases with an even number of prongs were con- 
sidered to be interactions with free protons or with 
quasifree protons in the photoemulsion nuclei. Cases | 
with an odd number of prongs were considered to be 
interactions with quasifree neutrons. In addition, 
20 cases of elastic p-p scattering were found. 
Criteria of selection of these cases and the effi- 
ciency of detecting them were taken from the work 
of reference 2. 

The total cross section for elastic p-p scatter- 
ing turned out to be ofp = (10 + 3)mb, consistent 
with values found in other works.2»° 

2. In selecting cases of inelastic interactions of 
nucleons with nucleons in the photoemulsions, the 
question of the purity of selected events arose, 
since the criteria indicated above are necessary, 
but not sufficient. 

First of all, it is necessary to make sure that 
the cases discarded by criterion (1) are practically 
free of p-N interactions. If p-N interactions 
were contained among cases with one slow proton 
(1 =4 mm), one would expect a forward-backward 
asymmetry for these protons. We present the data 
on the number of slow protons emitted into the for- 
ward and backward hemispheres in the l.s. for the 
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cases discarded because of criterion (1) only: 


Number of slow protons 


forwards backwards 
Cases with an even number of prongs: 26 aT 
Cases with an odd number of prongs: 28 26 
Total: 54 53 


From this it can be seen that the same number 
of slow protons were emitted into the forward and 
backward hemispheres. This is evidence that the 
overwhelming proportion of slow protons comes 
from the evaporation process. 

In interactions with quasifree nucleons, it is 
possible for a neutron to be emitted by the residual 
nucleus. In order to estimate the importance of 
this, let us consider the p-n interaction. In the 
emission of a single neutron from a photoemulsion 
nucleus, one should see a £-electron in more than 
75% of the cases. In the selected p-n cases, B- 
electrons. were observed in 43% of the cases. This 
indicates the possibility of emission of two neutrons 
by the photoemulsion nucleus, with the residual nu- 
cleus being stable. Experimental data® on the cross 
sections for (p, pn) and (p, p2n) reactions do not 
contradict the above assumption. Apparently the 
emission of the second neutron is mainly connected 
with the evaporation process. This is confirmed by 
comparison of characteristics of the interactions 
with a $-electron and without a 6-electron. The 
mean multiplicity of these two types of interaction 
(2.54 + 0.15 and 2.67 + 0.22, respectively) and 
their angular distributions, given in Fig. 1, do not 
differ. 

The ratio of p-p to p-n collisions was 1.55 
+ 0.12. The cross section for inelastic p-p inter- 
actions turned out to be approximately 21 mb, and 
the ratio O5p yi ph ~ 0.5. In evaluating the cross 


Number of particles, % 


70 60 90 tb 10 


, degrees 


10 20 30 40 S50 60 


220 130 


section for inelastic p-p interactions, it was as- 
sumed that the interactions with quasifree protons 
and quasifree neutrons were equally probable. This 
is confirmed by the equality of numbers of cases 
with even and odd numbers of prongs, and having 
one evaporation proton. The value opie agrees 
with the experimental data obtained in references 

2 and 7 and with the theoretical estimates.®»? 

All of the facts mentioned testify to the purity 
of selected cases. However, it should be empha- 
sized that in work with photoemulsions, some ar- 
bitrariness always remains in the choice of inelas- 
tic proton-nucleon interactions. In particular, on 
account of secondary interactions inside the nu- 
cleus, p-p collisions can sometimes be taken to 
be p-n ones, and vice versa. 

8. The distributions with number of charged 
secondary particles are given in Tables I and II 
for p-p and p-n collisions. In the lower lines 
of the tables are given results of calculations car- 
ried out with the statistical theory, taking the iso- 


TABLE I. Distribution of p-p interactions 
with number of charged particles 


Number of in- 


teractions, % 


Experiment | 45.34-5.2 | 44.745.1 | 8.842. 1240.8 
Theory [935.8 58.5 8.6 04 


TABLE II. Distribution of p-n interactions 
with number of charged particles 


Number of in- 
teractions, % 


val ial 


Experiment 


33.6-45.5 | 52.7+7.9 
Theory | 14.5 | 


FIG. 1. Angular distributions of the secondary 
particles in the l.s. for p—n interactions accompa- 
nied by a B-electron (dashed line) and without a 
B-electron (solid line). 
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baric states into account.* The mean number of 

charged particles in p-p interactions was equal 

to 3.22 + 0.12, and for p-n interactions, to 2.62 
+ 0.13. The corresponding theoretical values are 
3.53 and 3.25. 

Some of the variance between experimental and 
theoretical data may be connected with a possible 
discrimination in selection of cases of interaction 
with quasifree nucleons for high multiplicities. 

4. Identification of particles and measurement 
of their energy was carried out for only the slow 
particles (b = 1.4 Dplateau). For particles com- 
ing to rest, the energies were determined from 
the range-energy curve. Ionization measurements 
were carried out on the tracks of particles not 
stopping in the camera. In this case the ionization 
was determined from the density of blobs!® for par- 
ticles with b = 2bplateau» and according to the 
method outlined in reference 11 for particles with 
b > 2bplateau- In this way the energies of 53 pro- 
tons and 9 7 mesons in p-p interactions and 22 
protons and 5 7 mesons in p-n interactions were 
determined.t 

From these data it is possible to obtain some 
information about the angular distribution of sec- 
ondary protons in the center-of-mass system 
(c.m.s.) and about the energy losses of the pri- 
mary protons in production of mesons. In the 
case of p-p interactions, 53 protons came off in 
the angular interval between 155 and 180° in the 
c.m.s. If the protons are assumed to have an iso- 
tropic angular distribution in the c.m.s., then we 
can expect 


18\® 

53/—- \ sin9d9 = 53 / 0.047 = 1230 protons 

155° 
in the 170 interactions. 

This estimate shows that the angular distribu- 
tion of protons is strongly anisotropic in the c.m.s. 
If one assumes that in each interaction, one or two 
secondary protons are produced, the half-angles 
for protons emitted into the backwards or forwards 
hemispheres are equal to ~ 20° or ~ 30°, respec- 
tively. The mean momentum in the c.m.s. of the 
selected protons in p-p and p-n interactions 


*The authors are grateful to V. S. Barashenkov and V. M. 
Maksimenko for acquainting them with the results of their cal- 
culations. 

tIn cases in which the particle did not stop in the camera 
and its momentum was not determined by multiple scattering, it 
was taken to be a proton with velocity calculated from the 
ionization. The possible admixture of 7 mesons and deuterons 
in these cases was probably small, since in the 22 particles 
identified (by scattering and ionization) only one turned out to 
be a 7 meson, and no deuterons were observed. 
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was equal to 


(e)op = (1380440) Mev/e and (pc) pn = (125050) Mev/c. 


Knowing the energy of the protons emitted be- 
tween 155 and 180° in the c.m.s. and assuming 
symmetrical emission of nucleons, it is possible 
to evaluate a lower limit for the energy loss. The 
energy transferred to 7 mesons is, in the L.s., 


Exp = 2%c (Eoc ame Eas) 


where Epc is the energy of the protons in the 
c.m.s. before the interaction, Epc is the mean 
energy of the protons after interaction, Yc 
=(1 — pV, where Bc is the velocity in the 
c.m.s. The proportion of energy transferred to 
m™ mesons in p-p interactions was Eqj/E, © 30%. 
If it is assumed that, on the average, there is 
one secondary proton in each interaction,* then 
24 of all protons emitted into the backwards hemi- 
sphere were identified. Assuming that in the re- 
maining cases the protons give up all of their ki- 
netic energy in the c.m.s. into production of 7 
mesons, it is possible to find an upper limit for 
the energy loss, which turned out to be 45%. How- 
ever, this value is much too high for the actual 
loss. In fact, within the interval 155 — 180° in the 
c.m.s. the mean momentum does not change ra- 
pidly with changing angle (see Table III) and, con- 
sequently, it might be supposed that at angles less 
than 155° the momentum will not differ much from 
the values given above. Therefore the mean loss 
is apparently equal to 30%. 


TABLE III 


Angular in- 


interval, | Pc, Mev/c 
degrees 

180—169 1380-+-60 
169—155 1380-+-60 


This corresponds to a mean energy for the 7 
mesons (under the assumption that in each inter- 
action there is one secondary proton) of Ey 
~ 800 Mev in the l.s. and Ege ~ 340 Mev inthe 
Cm.s: 

5. In order to obtain the angular distributions 
of secondary particles in the c.m.s., it is neces- 
sary to know the momenta of all particles. The 
momenta of the fast particles were not measured, 
and it was assumed that their velocity in the c.m.s. 
Bic was equal to the velocity of the c.m.s. Bg. For 
the particles whose momenta were measured, the 
transformation of emission angle was carried out 


*This follows, for example, from the statistical theory. In 


any case, the mean number of protons in the interaction is less 


then 1.7 (see the later footnote + on page 875. 
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according to 


tan 9. = — 


The angular distributions of secondary particles 

in p-p interactions are given in Fig. 2. The dis- 
tributions obtained were roughly symmetrical. As 

a measure of asymmetry, one can employ A 

= Z(nf—np)/N, where ng and np are the number 
of particles going forwards and backwards, respec- 
tively, in the c.m.s. in a given interaction, and N 

is the total number of interactions. For all p-p 
interactions, App = 0.16 + 0.13, i.e., was practic- 
ally zero. This indicates that the assumption 

Bic = Bc in our case is a sufficiently good approxi- 
mation. In Fig. 2 it can be seen that for small mul- 
tiplicities (n = 2) the angular distribution is sharply 
anisotropic. With increasing multiplicity the degree 
of anisotropy decreases, and for n=6—8 the dis- 
tribution is practically isotropic. It can be shown 
that the observed anisotropy cannot be produced 

by an erroneous transformation to the c.m.s. if the 
initial distribution in the true c.m.s. is isotropic. 


Number of particles, % 


n=6-8 


20 iad 
FIG. 2. Angular distribu- 
0 tions of secondary particles 
in p—p collisions in the 
c.m.s. for various multipli- 
g cities n. 
30 n=Z 
20 
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It has been shown earlier that the protons have 
a strongly anisotropic distribution. It seems natu- 
ral to relate the anisotropy obtained for all second~ 
ary particles to them. Then the 7 mesons should 
have a substantially broader distribution than the 
protons. This is confirmed by the following con- 
siderations. Within the angular interval 155 — 180° 
in the c.m.s. there are 53 protons. In the asymmet- 
rical interval 0 — 25° there should be, on the average, 


the same number of protons; in fact, 72 particles 
were observed. The remainder, equal to 72-53 
=19+11, is an upper limit to the number of 7 
mesons in the interval 0 — 25°.* 

In addition, in those cases ina p-N collision 
with a slow proton, it is possible to evaluate a lim- 
iting angle in the l.s. by kinematical considerations‘ 
inside which a second nucleon can be emitted.f All 
particles emitted outside this angle are m mesons. 
Since the calculated limiting angles in the l.s. were 
roughly equal to 15 — 20°, it is possible to construct 
the angular distribution of 7 mesons emitted into 
the backwards hemisphere in the c.m.s. Angular 
distributions are given in Table IV for two assump- 
tions about Bic. 


TABLE IV 
cos oe 0——0,5 | —0.5--—1.0 
Number of particles 
Bic= Be 18 32 
ee al 24 | 20 


Thus, it is possible to conclude that the distri- 
bution of a mesons in the c.m.s. is broader than 
that of the protons. The data obtained also are not 
in contradiction with an isotropic distribution of 7 
mesons in the c.m.s. 

6. The angular distributions of secondary par- 
ticles in the c.m.s. for p-n collisions, constructed 
in the same way as for p-p interactions, are given 
in Fig. 3. In the case of p-n collisions, a notice- 
able forwards-backwards asymmetry was observed.? 
The value of Apn for all p-n interactions was 
Apn = 0.60 + 0.15. 

First of all, one must make sure that the ob- 
served asymmetry cannot arise from an erroneous 
transformation to the c.m.s. The distribution of 
charged a mesons in the c.m.s. should be sym- 
metrical, because of the symmetry of the initial 
state with respect to isotopic spin (just as many 


*As noted earlier, the transformation to the c.m.s. is carried 
out under the assumption 8; = 6, in the case of fast particles. 
However, for particles emitted at small angles in the c.m.s. the 
true value of 6, . hardly affects the transition from I.s. to c.m.s. 
The effects of throwing slow particles into the interval consid- 
ered from the backwards cone by an incorrect transformation 
would be quite small. 

tThis makes it possible to evaluate an upper limit to the 
mean number of protons in p—p interactions. In 36 out of 53 
interactions with a slow proton, at least one fast charged par- 
ticle — which might be a proton — is emitted within this limit. 
Thus np < (53 + 36)/53 ~ 1.7 

tFor cases with n =1 there was a substantial discrimina- 
tion, since only scatterings through angles greater than 5° 
were considered. Therefore, the angular distribution in the 
c.m.s. was strongly distorted in the small-angle region. 
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m™ mesons should go into the back hemisphere as 
m* mesons into the front and vice versa). The 
asymmetry of the m mesons may be due to the 
fact that their velocity Bzcq in the c.m.s. is much 
less than Be, whereas in the transformation it has 
been assumed that Bre = Be. This would show up 
as a marked difference between the energy spectra 
of secondary particles for p-p and p-n interac- 
tions. It has been shown above that the mean value 
of the momentum in the c.m.s. (calculated from 
the slow protons in the l.s.) and, consequently, 

the lower limit of the energy loss, is approximately 
equal in the cases of p-p and p-n interactions. 
Therefore, it is difficult to assume that the energy 
spectra of secondary particles are different in 
these interactions. The most marked asymmetry 
shows up in p-n interactions with three second- 
ary particles (A; = 0.83 + 0.23). It is useful to 
compare the angular distribution of three-pronged 
events with the summed angular distributions of 
two- and four-pronged events (Aj.4 = 0.12 + 0.14), 
since the energetic characteristics of these groups 
do not appear to differ. The angular distributions 
for n= 2-—4 for all particles and, consequently, 
for m mesons, is symmetrical. Therefore, the 
angular distribution of mesons for n=3 should 
be symmetrical. The observed asymmetry can 
come only from the protons. However, the mean 
energy of secondary nucleons in p-p and p-n 
interactions in the c.m.s. is the same. Therefore, 
it follows that the asymmetry in p-n interactions 
arises because protons go mainly forwards in the 
c.m.s. and neutrons, backwards. 


7. Thus, the analysis of p-p and p-n interac- 
tions makes it possible to draw the following con- 
clusions. 

(a) The angular distribution of nucleons in p-p 
interactions is strongly anisotropic in the c.m.s. 
The angular distribution of all particles in p-p in- 
teractions is anisotropic for small multiplicities 
and becomes approximately isotropic with increas- 
ing multiplicity. 

(b) The proportion of the energy of the initial 
proton which is transferred to mesons is ~ 30% 
in the lL.s. 

(c) The observed asymmetry in the angular dis- 
tribution of secondary particles in p-n interac- 
tions comes from the fact that in the c.m.s. the 
protons are emitted preferentially into the forward 


hemisphere, and the neutrons into the backward one. | 


Experimental data on p-p interactions at lower 
energies!* also show the nucleons to be anisotropic 
in the c.m.s. Some proton asymmetry in n-p in- 
teractions was observed at 1.7 Bev.!? In recent 
papers!4*!5 on p-p interactions at 6.2 Bev, the 
authors came to conclusions, confirmed by our 
results. 

The totality of data seems to indicate that pe- 
riphery nucleon-nucleon collisions play an impor- 
tant role.* One of many possible theoretical mod- 
els of such collisions is the scheme considered by 
Tamm,f in which it is assumed that the interaction 
goes by way of exchange of one mt meson, with 
formation of two isobars. Such a model makes it 
possible to explain qualitatively both the anisotropy 
of the nucleons in p-p collisions and the asymme- 
try of protons in p-n collisions in the c.m.s. A 
more detailed analysis of experimental data and 
comparison with the theory would only be possible 
with a substantial increase in statistics. 
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*This was emphasized by V. I. Veksler in discussion of 
the results of the present work. Analogous considerations 
were presented in references 16 and 17. 

tWe are very grateful to I. E. Tamm for detailed information 
about calculations connected with various models of periphery 
collisions. 


INTERACTION OF 9-Bev PROTONS WITH FREE AND QUASIFREE NUCLEONS 877 


(In Russian). Vol. 1, M. 1959, p. 260. 

Bogachev, Bunyatov, Merekov, and Sidorov, 
Dokl. Akad. Nauk SSSR 121, 617 (1958), Soviet 
Phys.-Doklady 3, 785 (1959). 

3 Barashenkov, Belyakov, Bubelev, Wang Shou 
Feng, Mal’tsev, Ten Gyn, and Tolstov, Nuclear 
Phys. 9, 74 (1959). 

aNeGe Birger and Yu. A. Smorodin, JETP 36, 
1159 (1959), Soviet Phys. JETP 9, 823 (1959). 

> Lyubimov, Markov, Tsyganov, Cheng P’u-Ying, 
and Shafranova, JETP 37, 910 (1959), Soviet Phys. 
JETP 10, 651 (1960). 

® Kuznetsova, Mekhedovy, and Khalkin, JETP 34, 
1096 (1958), Soviet Phys. JETP 7, 759 (1958). 

: Wright, Saphir, Powell, Maenchen, and Fowler, 
Phys. Rev. 100, 1802 (1955). 

8V.G. Grishin and I. S. Saitov, JETP 33, 1051 
(1957), Soviet Phys. JETP 6, 809 (1958). 

°v.S. Barashenkov and Huang Nen-Ning, JETP 
36, 1319 (1959), Soviet Phys. JETP 9, 935 (1959). 

10N. M. Viryasov and L. P. Pisareva, IIpu6opsi 


M TEXHUKAa 9kKCHepuMeHtTa (Instrum. and Meas. Engg.) 
No. 2, 17 (1958). 

‘1p. H. Fowler and D. H. Perkins, Phil. Mag. 46, 
587 (1955). 

2 Fowler, Shutt, Thorndike, Whittemore, Cocconi, 
Hart, Block, Harth, Fowlér, Garrison, and Morris, 
Phys. Rev. 103, 1489 (1956). 

13 Fowler, Shutt, Thorndike, and Whittemore, 
Phys. Rev. 95, 1026 (1954). 

'4Kalbach, Lord, and Tsao, Phys. Rev. 113, 325 
(1959). 

'5Kalbach, Lord, and Tsao, Phys. Rev. 113, 330 
(1959). 

16D. I. Blokhintsev, CERN Symposium 2, 155 
(1956). 

'’ Blokhintsev, Barashenkov, and Barbashov, 

Usp. Fiz. Nauk 68, 417 (1959), Soviet Phys.-Uspekhi 
2, 505 (1960). 


Translated by G. E. Brown 
251 


SOVIET PHYSICS JETP 


VOLUME 37 :(10i)5 


NUMBER 5 MAY, 1960 


SPUTTERING OF COPPER BY HYDROGEN IONS WITH ENERGIES UP TO 50 kev 


N. V. PLESHIVTSEV 


Institute of Chemical Physics, Academy of Sciences, U.S.S.R. 


Submitted to JETP editor June 10, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 1233-1240 (November, 1959) 


The dependence of the sputtering ratio S (atoms/ion) on energy, angle of incidence, and mean 
ion current density was investigated by means of an ion gun. The angular distribution of sputtered 
particles and the microrelief of the surface were also studied. S~(ln E )/E was found for ion 
energies E=15—55 kev. The sputtering ratio grows with increase of the angle of incidence and 
within a certain range is independent of the mean beam current density. For both normal and 
oblique beam incidence the angular distribution of sputtered particles differs significantly from 

a cosine law. Grooves are formed along the direction of incidence when the beam strikes the 
surface at an oblique angle. The data indicate that at intermediate energies momentum transfer 
plays the most important part in the elementary sputtering act. 


INTRODUCTION 

In several recent investigations!!! cathode sput- 
tering has been studied by means of an ion beam 
instead of a gas discharge. Heavy ions were used 
for the most part to study the dependence of the 
sputtering ratio on ion energy and mass! >»8)!! and 
on target temperature,’ as well as to study the mass 
and velocity spectra of the sputtered particles’? and 
their angular distribution.'! Most of the investiga- 
tions were performed with low-energy heavy ions, 
but in a few instances?’®*" the energy was carried 
to 25 — 30 kev. However, in some electric vacuum 
devices, experimental apparatus and accelerators 
light ions are employed with energies measured in 
tens of kev or in Mev. In such cases sputtering is 
accompanied by many undesired effects which must 
be suppressed. Information concerning sputtering 
by light ions has been limited to energies up to 2 
kev. The sputtering of copper by hydrogen ions of 
10 — 50 kev and higher is therefore of decided in- 
terest. 


1. EXPERIMENTAL TECHNIQUE 


The experimental apparatus is shown schemat- 
ically in Fig. 1. The hydrogen ion beam was pro- 
duced by an ion gun containing a source with a 
doubly-confined plasma.!2?!3 Commercially pure 
hydrogen passed through the walls of a heated 
nickel tube into the gas-discharge chamber of the 
source. After ionization in an arc from a hot cath- 
ode, in an inhomogeneous magnetic field, the hydro- 
gen ions were drawn from the chamber, and were 
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a 50100 ' 
to diffusion pump 
FIG. 1. Diagram of apparatus. 1—nickel diffusion leak, 
2—ion source, 3—ion beam, 4 —electrodes of univoltage 
electrostatic lens, 5 —target for angle of incidence 4= 60°, 
6— Faraday cup, 7—copper-kopel thermocouples, 8—collec- 
tor of sputtered copper. 


then focused and accelerated by a univoltage (sym- 
metrical) electrostatic lens. The accelerating po- 
tential was measured by a class-1.5 electrostatic 
kilovoltmeter. 

The ion gun produced hydrogen ion beams with 
currents up to 30ma at U = 55kv. However, 
smaller currents of 3—10ma were used in order 
to keep the beam from striking and consequently 
sputtering the lens electrodes. The ion beam was 
observed distinctly and measured visually by means 
of the radiation from excited and recombining atoms, 
through openings in the electrodes. Difficulties of 
experimental design prevented a mass-spectro- 
graphic analysis of the beam, since a high voltage 
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0,x,0,4 (reference 15) 
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e Present experiments 


FIG. 2. Sputtering ratio as a function 
of hydrogen ion energy and angle of inci- 


+ (reference 9) 


dence. The numerals on the curves indi- 


cate the number of experimental runs. 


Sputtering ratio, atoms/ion 
S 
~s 


was applied to the Faraday cup, which was followed 
directly by the vacuum apparatus. In order to main- 
tain a beam of constant composition the source was 
operated under steady conditions. The arc voltage 
and current were 100v and 0.5amp; the pressure 
was 3x 107mm Hg; the current in the constraining 
magnetic coil was 2 amp. 

The number of ions striking the target was meas- 
ured calorimetrically since electric measurements 
by means of a cutoff potential give current values 
which are often too high by a factor of 3 or 4. Inlet 
and outlet temperatures of the target-cooling water 
were measured by thermocouples with 1°C scale 
divisions, with a consequent error of 10 — 25%. 

The targets varied in design. At angle of inci- 
dence a=0° the target was usually a copper disk 
70 mm in diameter and 2— 4 mm thick, to one side 
of which three thermocouples were attached. This 
surface was cooled by water. The target used at 
a = 60° was an ellipse 1 mm thick produced by a 
60° intersection of a plane with a cylinder 70 mm 
in diameter. A cooling tube was soldered to the 
target perimeter and three thermocouples were 
also attached in this instance. The target surfaces 
were washed in alcohol before the first experiment 
and were subjected to no further treatment. 

The collectors of sputtered copper were made 
of 260 x 200 x 0.1 mm nickel foil held by two snap 
rings against the inside surface of a water-cooled 
Faraday cup 80 mm in diameter. 

The quantity of sputtered copper was determined 
from the changes of target and collector weights, 
using an ADV-200 analytical balance for double 
weighing to eliminate random errors. The weigh- 
ing was accurate to within 0.1 or 0.2 mg. In some 
instances an assay balance accurate to within 0.02 
mg was used. The sputtered material weighed from 
3 to 35 mg. 

The experimental error is estimated at 15 — 30% 
depending on the beam energy. The sputtering ratio 
was calculated by means of the formula 


a= l£5i 772). O; 
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Hydrogen ion energy, kev 


where m is the weight of sputtered copper in mil- 
ligrams and Q is the quantity of ions striking the 
target measured in coulombs. 

The vacuum for the ion gun was produced by a 
1000-liter oil diffusion pump with a standard water 
trap. A vacuum of 6 x 10°°mm Hg was attained, 
while the working pressure was 3—5 Xx 10-° mm Hg 
according to a LM-2 air gauge, or 1—2 X10 °>mm 
Hg when converted to hydrogen. 

Measurements of the several experimental pa- 
rameters (ion current, accelerating voltage, target 
temperature, pressure etc.) were obtained in 5 — 10 
minutes, with a single measurement requiring 5 
minutes. 


2. DEPENDENCE OF SPUTTERING RATIO ON 
ION ENERGY; ANGLE OF INCIDENCE AND 
MEAN CURRENT DENSITY 


The sputtering of metals by hydrogen and deuter- 
ium ions has not been investigated very thoroughly. 
The available data are shown in Fig. 2. Gunther- 
schulze and Meyer obtained data on copper sputter- 
ing in a gas discharge for the energy range 0.3 —2 
kev.15 

When an ion beam interacts with a metal surface 
residual gas molecules may form surface films of 
different colors and shades (black or blue). A 
similar effect, which is probably polymerization, 
is produced by electron bombardment of specimens 
in electron microscopes. Investigations of this phe- 
nomenon are reported in reference 16. Experiments 
on copper sputtering using an ion gun (10—55 kev) 
and in an accelerator tube (300 —600 kev) provide 
a basis for a few remarks concerning the building 
up of such films. The formation of a film depends 
on the ion current density, sputtering ratio, and tar- 
get temperature and on the*presence of a diaphragm 
in the path of the beam. With 20 — 600 kev ion en- 
ergies at normal incidence, when the copper sur- 
face temperature is 50 —100°C a film is not formed 
if the density of Hj or D3 exceeds 0.5—1.5 ma/cm? 
At @=60° with Hy ions of 15—55 kev and the 
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Data from experiments to determine the sputtering ratio as a 
function of ion energy and angle of incidence | 


| De- | Cor- 


| Cae Quan- crease| rec- vous | 
No. of:| Ion Ion | Mean ion maid tity of Weight of| of tar-| tion ee Sputtering | 
experi-energy,| Cur- current pera- ions,Q, copper on get [for ion i # ratio, Cu | 
ment | kev rent, | density, ture, | cou- collector, weight|weigh PPEr,| atoms/ion 
| ma | ma/cm? | o@ |} lombs mg mg mg mg 
Angle of incidence #= 0° | 
23 10 1.5 0.2 Psy. | a6) 3.0 Zell Oh 2.3 | 0.28—0,36 
B) 20 5.0 0.2 5o0 | 55 — 36.6 | 0.8 | 37.4 | 1.04 | 
6 20 D.2 0.2 690 | 27.5 — Ai) Oa | Wil eS) | Oates 
4 30 8.6 0.45 250 | 100 — 230} Moa. | LAs | Ossy 
U 29 el eORO 0.6 80 | 50 — Maa | Ooi | 4Ooil | Ona7g 
8 2) 9.3 dha 80 | 93 — 23.4|1.4 | 24.8 | 0.40 
2 39 dat 0.4 z50 | 67 _ 13 NAO) ESO Oech 
4 40 6.2 0.9 400 | 415 _ Dall) Onan |) a0" || O20 
9 Ay) AO 0.8 80 | 125 _— Wry aS) WP oe || 2a! 
20 48 4.5 1.6 AIO |, ake old) 4.2} 0.25] 4,5 | 0,40—0,3f 
2 49 9.3 1.3 100 | 75 9.4 No) aah 17.5 | 0.35—0,19 
\ | 
Angle of incidence “= 60° 
13 14 3.0 0.07 60 | 15.1 14 13.0 | 0.2 13.2 | 1.30—1.40) 
14 20 D.3 0.13 80 | 19.0 EA) PEP Ni Mees |p Zale) |) al eS 
14 Pails iil 0.18 40 | 23.0 = NO Oeay NWO. || whoa 
Ae 26 7.0 0.22 LOOM ode — 12 ORO NALS | OO) 
16 30 5.6 0.30 1005) 2021 ee 10.4 | 0.3 10.7 | 0,80—0.54 
17 30 Sal 0.16 100 | 20.5 8.3 9.7 | 0.3 10.0 | 0.73—0.64 
18 30 5.8 0.22 100 | 21.0 7.4 9.3 | 0.3 9.6 | 0.69—0,53 
10 31 6.9 0.23 NODS |More T — 10.6 | 0.3 10,9 | 0.80 
15 2 7.0 Oe 150°] 29.5 13.3 15.3 | 0.45 | 15.8 | 0.81—0.68 
19 40 itl 0.21 150 | 42.2 6.3 13:0 | 0.65 | 13.7 | 0.49—0.23 
22 54 7.3 0.42 240 | 55.0 16.0 34.4 | 0.80 | 35.2 | 0.96—0.44 
same temperature range a film is not formed with curve. Therefore the column for “Mean ion cur- 


0.2—0.4 ma/cm?. Diaphragm apertures in the beam 
path assist the production of films, which do not ap- 
pear, however, when the target temperature exceeds 
400— 450°C. The longest experiment yielded ~ 0.5 
mg as the weight of the film at the periphery of the 
spot burned by the beam. 

The experimental conditions and results are 
given in the table. In most instances the weight of 
sputtered copper leaving the target was approxi- 
mately equal to the weight of the copper deposited 
on the collector. Figure 2 shows the sputtering 
ratio as a function of energy and angle of incidence. 
S as a function of energy is quite well approximated 
by the relation S ~ (In E)/E, where E is the ion 
energy. 

In experiments 1 and 2 it was established by 
means of a divided target consisting of nine copper 
foils that the radial distribution of beam current. 
density can be represented by a Gaussian error 


S 4 FIG. 3. Sputtering 
% E 06 ratio as a function of 
we % ion current density 
Be J. | (=0°), o— E= 30 
3% | kev, T = 80—250°C 
o 9 tbe 0 6 | CX~E = 40 kev, 

T = 80—400°C 


Hydrogen ion current density, ma/cm? 


rent density” in the table gives the total current to 
the target divided by the area of the beam spot. 
Figure 3 shows the relation between S and the 
mean ion current density. 


3. ANGULAR DISTRIBUTION OF SPUTTERED 
PARTICLES 


The angular distribution of sputtered particles 
was investigated by Seeliger and Sommermeyer,'" 
who were the first to use ion beams to study cathode 
sputtering. When silver and gallium were bombarded: 
at a =45° by argon ions with 5—10 kev a cosine- 
law angular distribution of the sputtered particles 
was observed. Guntherschulze!® observed a depar- 
ture from the cosine law in the sputtering of silver 
by hydrogen ions with 0.5 —3 kev. A departure from 
the cosine law was also reported in reference 11. 

For the purpose of studying the angular distri- 
bution at @ = 60°, 14 nickel foils of dimensions 
20 x 20 x 0.1 mm? were attached to the nickel col- 
lecting cylinder (Fig. 4). These were weighed to 
within 0.02 mg. The experimental results are rep- 
resented in Figs 4a and 4b, where the numerals 
inside the squares denote the identifying numbers 
of the collecting foils and the quantity of sputtered 
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FIG. 4. Distribution of sputtered copper on square collect- 
ing foils (= 60°), a~E = 40 kev, T= 150°C; b—E = 54 kev, 
4026. 


copper in milligrams. In Fig. 4b the bright spot of 
deposited copper is represented by crosshatching. 
The distribution of sputtered copper at a = 0° was 
studied by means of strips attached parallel to the 
Faraday cylinder axis. Figure 5a —d shows the 
angular distributions of copper for a = 60° and 
a@=0°, which in all cases deviate considerably 
from a cosine law. This is especially marked in 
the case of 54-kev ions. In this case, at a = 60°, 
the angular distribution peak is shifted from the 
normal to the target by approximately half the 
angle of incidence. 


4. SURFACE CONDITION 


After each experiment it was almost always pos- 
sible to observe four clearly defined regions. The 
granular structure at the center of the beam spot 
was visible even with the naked eye. After pro- 
longed bombardment the copper begins to flake off 
in this area; strong etching separates the grains 
from the surface. The second region, which is a 
ring around the center, has the bright red color of 
reduced copper. The next ring is light red in color, 
while the peripheral region is covered with a trans- 
lucent dark film. These regions result from the 
nonuniform lateral distribution of current density. 

The targets were studied and photographed using 
a MS-51 comparator and a MIM-6 metallurgical 
microscope. Targets which were bombarded at 
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FIG. 5. Angular distribution of sputtered copper. a, b— 
E = 40 kev, ®= 60°, T = 150°C; c,d—E = 54 kev, @= 60°, 
T = 240°C; e—E = 49 kev, = 0°, T= 100°C. The numerals 
on the curves denote the collecting foils as shown in Fig. 4. 


a=0° clearly showed the usual etch figures, cones 
and pits* (Fig. 6a). The numbers of cones and de- 
pressions increase with the ion current density. 
Estimates based on the sharpness of focusing and 
resolution of the microscope gave a cone vertex 
diameter of ~3y and height ~30y. Targets posi- 
tioned at 30° with respect to the beam exhibited 
grooves ~5yu wide and ~ 30 long instead of cones 
and pits (Fig. 6b). The grooves indicate the direc- 
tion of beam incidence and increase in number to- 
ward the beam center. 


5. DISCUSSION OF RESULTS 


The reduction of the sputtering ratio with in- 
creasing energy? can be accounted for by several 


*The presence of pits was pointed out to the author by 


V. E. Yurasova. 

t Indirect confirmation of this relationship can be found 
in the data obtained by B. V. Panin for the behavior of the 
ion-ion emission ratio, where a peak is observed at 8-10 kev 


(private communication), and also in reference 11. 
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FIG. 6. Microrelief of copper surface after sputtering by 
hydrogen ions (x 130); a—E = 30 kev, j = 1.6 ma/cm?, t = 194 
min; b—E = 14-54 kev, j = 0.07-0.8 ma/cm’, t = 842 min. 


factors, principally 1) increased ion range in the 
target material and the resulting greater depth 
from which the diffusion or ejection of displaced 
atoms occurs; 2) increased ion energy loss due to 
ionization and excitation in the region where the 
ion velocity is approximately equal to the velocity 
of orbital electrons. The sputtering curve peak 
was predicted by Keywell® while the monotonic de- 
cline following a (In E)/E law was derived by | 
Goldman and Simon’ for ion energies above 50 
kev. 
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FIG. 7. Comparison of the number of displaced copper 
atoms with the number of sputtered atoms produced by deuter- 
ons with energies of 0.3-10 Mev. 


Preliminary results for copper sputtering by 
300 — 600 kev deuterons and in a cyclotron at 
1—10 Mev indicated that the sputtering ratio in- 
creases with energy (Fig. 7). These data show 
that the theory of Goldman and Simon’ for deu- 
teron energies above 300 kev leads to results 
which are too low by 3 to 4 orders of magnitude 
and that their law is not correct in general. 

At the present time the most widely accepted 
theory is that of Keywell,® which is based on the 
technique proposed by Seitz”? for computing the 
number of displaced atoms, but which was devel- 
oped only for energies up to 5— 6 kev. We have 
therefore attempted to establish a relationship be- 
tween the number of displaced atoms and the num- 
ber of atoms sputtered by a single incident hydro- 
gen or deuterium ion in the energy range 0.6 kev 
—10 Mev. Data on the proton-stopping power of 
copper were taken from reference 21 and were 
extrapolated to the 0.6 —6 kev region. The stop- 
ping power for deuterons was computed from 
Warshaw’s data”? for protons with the same ve- 
locities as the deuterons. Figures 7 and 8 show 
the results of the computations and preliminary 
runs, which indicate that about 5% of the displaced 
copper atoms are sputtered in the entire investi- 
gated energy range. 


atom/ion 


Sputtering ratio S, atom/ion 


Number of displaced Cu atoms, 


Proton energy, kev 


FIG. 8. Comparison of the number of displaced copper 


atoms with the number of sputtered atoms produced by protons 
up to 100 kev. 


It is necessary to discuss the possible experi- 
mental errors. The composition of the beam was 
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known only very approximately because of the lack 
of a mass-spectrographic analysis. The beam in- 
cluded nitrogen and oxygen ions, resulting from 
charge exchange with hydrogen ions, which were 
able to induce additional sputtering; we shall now 
estimate the corresponding error. The charge- 
exchange cross sections for these vapors have been 
thoroughly investigated by a number of authors (see 
reference 23, for example) and the value ~5 x 107!6 
em” has been obtained for the maximum at 5 kev. In 
the univoltage electrostatic lens the mean free path 
of ions with this energy did not exceed 6 — 8 cm. 

It was easily computed that under the given working 
conditions N; and O} could not comprise more 
than 1% of the total beam current. This was con- 
firmed experimentally by Orfanov,”4 who studied 

the mass spectrum of a beam in a similar gun. 
Under the given operating conditions of the ion 
source the beam was found to consist of H; (40— 
50%), Hy (30—40%), H3 (30—10%), Nj and 

O; (1—3%). The sputtering ratio of copper by 
nitrogen ions is 2 atom/ion.'! Therefore N} and 

Oz should not produce an error greater than 6 — 
10% in the value of S for hydrogen ions. 

The author is deeply indebted to Professor B. K. 
Shembel’ for suggesting this research and for his 
continued interest. He is also indebted to D. V. 
Karetnikov, S. N. Popov, I. F. Kvartskhava, and P. P. 
Dmitriev, who made it possible to perform the ex- 
periments using the ion gun and the cyclotron. 

The author wishes to thank V. I. Lisovskii for 
assistance in preparing and conducting some of the 
experimental runs; I. N. Slivkov for valuable discus- 
sions; and Professor N. D. Morgulis and M.I.Guseva 
for discussions of the results. 
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FIELD OF A CONSTANT CURRENT 


RUDENKO 


The temperature dependence of the change in the concentration of liquid mercury isotopes 

upon passage of a constant electric current through the liquid has been studied experimen- 

tally. In the stationary case the change in the concentration was found to be independent of 

the temperature. Some possible mechanisms of the phenomenon are discussed. | 
| 


shit change in the isotopic composition of liquid 
metals in the passage through them of a constant 
electric current has recently been investigated for 
a whole series of metals: Hg,!~4 Ga>® kK," In,® Li,? 
Cd, Zn, Sn,!? and Rb.!! It is characteristic of all 
these metals that the heavy isotopes are always 
concentrated at the cathode and the lighter ones 
at the anode; the process of the change of concen- 
tration continues until a certain stationary state 
is reached that determines the equilibrium be- 
tween the process of enrichment and the reverse 
one of diffusion; the coefficient of enrichment 
reaches several per cent per volt. 

The phenomenological theory of the process, 
both in the stationary and non-stationary cases, 
has been developed by Bresler and Pikus.!?)8 
and also in previously published researches of 
the authors.’ This theory was completely sub- 
stantiated in the previous work of the authors. 

The processes described by the nonlinear dif- 
ferential equation: 


alae 


where c is the concentration of one of the iso- 
topes, D is the diffusion coefficient, E is the 
electric field intensity, T is the temperature, 
€) is the electronic charge. Equation (1) pre- 
serves its form outside of the dependence on the 
assumed mechanism of separation; however, the 
constant y entering into the equation will have a 
different physical meaning in each case. 

Bresler and Pikus!?>® assume two different 
mechanisms of separation. The first of these was 
based on the assumption that the reason for the 
separation was the difference in the mobilities of 
the heavy and light isotopes. In this case, the 
more mobile ions, carried along by the electric 
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field, congregate about the cathode. Here, y 

= Au/u, where Au =p"y—bMe; My and py are the 
mobilities of ions of the one and the other iso- 
tope. To obtain the correct direction of the 
effect, it is necessary that the mobility of the 
ions of the heavy isotope be greater than those 
of the light. 

The second mechanism takes into account the 
difference in the interaction of the electric cur- 
rent with ions of one or the other isotopes. If the 
probability of scattering of the electrons by ions 
of the different isotopes is characterized by the 
corresponding values of the electrical resistance, 
Pp; and p», and the scattering by each ion takes 
place independently, then the isotope possessing 
the larger electrical resistance is carried along 
in greater degree by the electric current and con- 
centrates at the anode. In this case, y = Ap/p, 
where Ap = p;—/p. It follows from the direction 
of the effect that the electrical resistance of the 
light isotope must be greater than that of the 
heavy. 

A thermodynamic consideration of the phenom- 
enon of the change of concentration of isotopes in 
the stationary case was given by the author® under 
the assumption that the separation appears as a 
result of the different molar volumes of the iso- 
topes, which leads to a difference in the charges 
of the ions of the different isotopes per unit volume. 
The separation of the ions in this case takes place 
in a way similar to the separation of particles of 
different mass in the gravitational field. Here Y 
= AV/V, where AV =V,-—V2; Vy and V, are the 
molar volumes of the isotopes. 

Gennes“ also assumes that the separation is 
brought about by the presence of a strong interac- 
tion of the electronic current with the ion and, 
applying the relations for a solid for the micro- 
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scopic description, he obtains the value 


Zn Oa 
2G), 
for y, where © is the Debye temperature, z 
= number of charges on a single ion, M = mass 
of the ion, AM = M,-—Mb), C = coefficient of the 
order of unity. 

Thus there are several assumptions regarding 
the mechanism of the change in concentration of 
isotopes in an electric field of a constant current. 
However, the experimental data currently avail- 
able do not make it possible to examine critically 
the assumptions that have been made. For such 
considerations additional experimental investiga- 
tions are necessary. 

One of the experimental possibilities is the 
study of the temperature dependence of the effect. 
Actually, the presence of such a dependence makes 
it possible to consider the assumptions from the 
point of view of the validity of the temperature de- 
pendence of the coefficient y. 

Unfortunately, the information in the literature 
on temperature dependence®**»!%!1 is quite contra- 
dictory and unreliable because of its low accuracy, 
inasmuch as the authors of these papers used for- 
mulas for the computation of the quantity kx 
= y/(AM/M) which do not take back diffusion into 
account. This compels them to carry out their in- 
vestigations for short times of current transmis- 
sion (at the beginning of the process), and conse- 
quently to use for mass spectrometric measure- 
ments slightly enriched specimens which have a 
strong influence on the accuracy of the measure- 
ments. An increase in the time of transmission 
of current increases the accuracy of the mass 
spectrometric measurements but lowers the ac- 
curacy of calculation of the value of k because 
of lack of knowledge of back diffusion. 

In the experiments described below, a method 
based on the phenomenological theory of Bresler 
and Pikus is employed which has already been 
used by the authors in reference 4. 


EXPERIMENTS 


The investigation of the temperature depend- 
ence of the change of the isotopic constitution of 
mercury in the passage through it of a constant 
current was carried out in glass capillaries of 
internal diameter 0.4 —0.5 mm and external di- 
ameter 5 —6 mm (Fig. 1). The sample consisted 
of two sections of capillary each of length 73 mm, 
joined together through a reservoir. Since the con- 
centration of isotopes in the middle of the speci- 
men remains unchanged, the presence there of a 


mercury reservoir had no effect on the change of 
concentration. From the mathematical point of 
view, such a specimen corresponds to a homoge- 
neous Capillary of length 146 mm with closed ends 
at both electrodes. 

The comparatively small length of the capillary 
was chosen for reasons of experimental conven- 
ience, because the time for establishing the sta- 
tionary state in such a capillary amounted to about 
20 days for the very low temperatures used in the 
experiments. The danger of the appearance of 
convection currents in the mercury for the short 
length of capillary was eliminated by the fact that 
the capillaries were horizontal at the time of the 
experiments (experiments carried out with capil- 
laries in a vertical position showed that for such 
a length of capillary the convection currents ap- 
preciably lowered the value of the concentration 
change, beginning with a temperature of about 
150°C). 

The specimen was pumped out through the 
reservoir to a pressure of 107° mm mercury, 
heated and filled with mercury by means of dis- 
tillation. A constant stabilized voltage main- 
tained with an accuracy of 2 —2.5 percent was 
applied to molybdenum electrodes soldered to the 
ends of the capillary. The decrease in the voltage 
on the specimens at a temperature of —34°C 
amounted to about 1 volt, for all other tempera- 
tures, about 2 volts, and was measured sepa- 
rately for each specimen with an accuracy no 
worse than 0.5 percent. 

For the maximum range of temperature of 
liquid mercury, a succession of baths were em- 
ployed in which the specimens were submerged 
at the following temperatures (in degrees C): 
acetone, —37 +1, water, 30 + 5; lubricating oil, 
105 + 5; and tin, 210 + 5, 250 + 5, 30045. The 
drop in temperature between the bath and the 
mercury in the capillary was determined by means 
of a calculation in which the coefficient of thermal 
conductivity of the glass used for the specimens 
was measured for the corresponding temperature 
range. For a number of specimens, the tempera- 
ture of the mercury was estimated by the change 
in the electrical resistance. The results of the 
measurements coincided with the computed data. 
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The parts of the capillary close to the elec- 
trodes, of length about 7 mm, were cut off after 
the lapse of a definite time of transmission of cur- 
rent between the specimens, and the mercury drawn 
off from the cut-off capillary was analyzed by a 
mass spectrometer. The coefficient of separation 
P existing at a difference of potentials of 1 volt 
was computed by the formula 


P = (Aa/a)/U, 


where Aa =a,—493 a1, a, aq are the ratios of 
the concentration of Hg!*® to the concentration of 
Hg?" in the mercury close to the anode, close to 
the cathode, and in standard mercury, respectively; 
U = voltage on the electrodes. For each tempera- 
ture, the dependence of the coefficient P on time 
of transmission of the current was measured, and 
the coefficients of separation P,, corresponding 
to the stationary state (t — ©) were computed 
from these dependences, and also the coefficients 
vy = (KT/e)) Py. 

From the equations describing the process, it 
is simple to obtain 4 
Poor =P |i Yaa 


n= 


wD (2n +1)? , le (2) 


45 exp| erent 
for y<K1 and Aa/a) «1, where €, = electronic 
charge, l = length of the capillary (73 mm). Under 
such conditions, Eq. (2) is valid not only for a two 
component mixture, but also for any pairs of iso- 
topes of a mixture consisting of many components. 
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The dependence of the change of concentration 
of Hg!®® and Hg? on the time of transmission of 
the current is plotted in Fig. 2 for different tem- 
peratures. The reduced time t/t is plotted along 
the abscissa, where T = 4/?/r’D is the time re- 
quired to establish the steady state. Here, the 
coefficient of self-diffusion D was computed ac- 
cording to the empirical formula‘® 
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D = 1.260-10-4exp [—1160/ RT]. 


It is seen from the graph that for equal times the 
coefficient P does not depend on the temperature. 
It also follows from the graph that the maximum 
change in the concentration (for large time of 
transmission of current) Pj remains constant 
for the whole temperature range of liquid mercury. 


yo" 
20 


200 300 400 500 
FIG. 3 


600 T, °H 


The dependence of the coefficient y on temper- 
ature is shown in Fig. 3. Points corresponding to 
temperatures 318°K and 388°K were obtained from 
the results of the previous work of the authors ae 
As is seen from the graph the coefficient y in 
which we are interested increases in proportion 
to the increase in temperature. 


DISCUSSION OF RESULTS 


The observed linear growth of y with increase 
in temperature permits us to evaluate the assump- 
tions of the nature of the process. 

The temperature dependence that is obtained 
contradicts the assumption of Gennes inasmuch 
as it is necessary to assume that the product zC 
increases proportionally to T® in order that the 
condition y~ T be satisfied. The density of 
charges per ion can increase with temperature; 
however, one does not have to rely on its rapid 
increase. The change of the coefficient C with 
temperature depends on the difference in activa- 
tion energy of diffusion and viscosity and it is un- 
certain that it can depend so strongly on the tem- 
perature. 

The assumption that the determining role in 
the process of concentration change is played by 
the difference in the molar volumes of the iso- 
topes AV/V is also not capable of explaining the 
dependence y ~ T. Although the molar volumes 


*A mistake was made by the authors in reference 4. In Eq. 
(12) the quantity L/2 should appear for L/4 in front of the 
brackets. For this reason, the quantity » computed for mer- 
cury from the results of the research and given in the Table 
is twice too large, and one must regard the values of L and 
Au/u as referring to the mercury isotopes Hg'®® and He 


THE VARIATION OF THE ISOTOPIC COMPOSITION OF LIQUID MERCURY 


for metallic isotopes were not studied experimen- 
tally, experiments with isotopes of hydrogen and 
helium show a decrease, and not an increase, in 
the relative difference of molar volumes, with in- 
crease in temperature. Some further support can 
be found from the fact that the theoretical esti- 
mates of AV/V carried out with reference to the 
solid state also show a decrease in this quantity 
with increase in temperature. 

The temperature dependence of the relative dif- 
ference in mobilities Au/y is still not clearly es- 
tablished; however, there is an experimental fact 
which does not support the use of the assumption 
of Au/y as the reason for the effect. Lazarus 
and Okkerse’® measured the coefficients of diffu- 
sion for two isotopes of iron Fe and Fe” in 
silver and found that the light isotope of iron Fe™® 
possessed the greater mobility. At the same time, 
as was pointed out above, for a correct explanation 
of the direction of the change of concentration in 
the electric field of a constant current by such a 
mechanism, it is necessary that the lighter iso- 
tope possess a smaller mobility than the heavier. 
The fact that in one case we are talking about self 
diffusion in a liquid metal, and in the other about 
diffusion in a solid material is evidently not de- 
cisive for the sign of the difference of mobility of 
the isotopes. 

An excellent opportunity of testing the assump- 
tions connected with the difference in the electrical 
resistance of the isotopes is provided by a com- 
parison of the value of Ap/p and its dependence 
on temperature, obtained from experiments on the 
concentration change in the electric field of a cur- 
rent, with the value and temperature dependence 
of Ap/p determined directly for the same iso- 
topes. Such investigations, which also possess 
an interest in their own right, were carried out 
by the authors for the isotopes of mercury. The 
results of preliminary experiments do not elimi- 
nate the possibility of the explanation of the effect 
of the change of concentration in the electric field 
of a current by the presence of a difference in the 
electrical resistances of the isotopes. 

In the present work we have not considered the 
mechanism proposed by Klemm, ‘T inasmuch as the 
large number of parameters coming into considera- 
tion do not permit us to confirm this mechanism by 
an experimental test. 

We can thus make the following comments re- 
garding the assumptions discussed here. The as- 
sumption connected with the difference in the mo- 


887 


bilities of the isotopes, the assumption on the dif- 
ference in the molar volumes, and the consideration 
of Gennes, contradict the measured temperature 
dependence. The assumption connected with the 
difference in the specific electrical resistances 

of the isotopes represents the most probable of 

the mechanisms discussed; however, it requires 
further verification. 
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The behavior of electrical charges produced in liquid helium with the aid of a 8 source has 
been investigated. An attempt has been made to observe “flushing” of the charges by a ther- 
mal current. The suggestion is advanced that the hysteresis effects observed arise from the 
presence of impurity particles suspended in the liquid helium. 


The behavior of charges in superfluid helium is 
of considerable theoretical interest. It can be as- 
sumed that due to the small polarizability of helium 
atoms an electron in liquid helium will interact 
weakly with the thermal excitations, and that its 
effective mass will be close to the mass of a free 
electron. In the case of positive charges two points 
of view are possible. It may turn out, for example, 
that positive charges in liquid helium move as 
“holes,” and have, therefore, an effective mass 
close to that of negative charges. The possibility, 
however, cannot be excluded that, as a consequence 
of the appreciable binding energy of a positive 
charge, the helium ions may form about themselves 
“solvate” shells. In this case the interaction of the 
positive charges with the bulk of the superfluid 
liquid helium would naturally be considerably 
stronger. In particular, analogously to what occurs 
with a He? impurity, there should then be observed 
effects associated with the “flushing” of the charges 
by a thermal current. 

In connection with the experimental investigations 
begun in 1954 by Shal’nikov to study the interaction 
of electrical charges with a thermal current in 
helium II, one of us! constructed a theory of the 
mobility of charged particles of small effective mass 
in superfluid helium. For the theory thus developed 
to be correct, in addition to the requirement of 
small effective mass m* « kT/S*, where S is 
the velocity of sound, the quasiclassicality conditions 
must be fulfilled — the impurity mean free path 
1 must be much greater than the corresponding de 
Broglie wavelength (1 > h//mkT ~ 10° cm), 
since in the alternative case it is impossible to 
write the kinetic equation for the problem, and the 
approach to the problem changes completely. 

This quasiclassicality condition must absolutely 
be fulfilled for a sufficiently weak interaction of 
the impurities with the thermal excitations. How- 
ever, the measurements published to date on the 


mobility of charged particles in superfluid helium 
sharply contradict the ideas presented above. The 
first publication on this problem was that of 
Williams,” who observed the current pulses arising 
in liquid helium in fields of 10 to 50 kV/cm under 
the action of a polonium source. The method em- 
ployed by Williams, as is evident, is in practice 
quite unsuited to the measurement of ion mobility 
in the case of helium. In actuality, the ranges of 


the a@ particles in this low-density liquid are com- 
parable with the distance between the electrodes of © 


the pulse ionization chamber, the dimensions of 
which could not be further increased for a variety 
of reasons, which makes observation of even the 
pulses themselves impossible. Williams’ results 
are insufficiently definitive, and not only by rea- 
son of the scatter in his experimental data; thus, 
for example, the mobility of the negative ions as 
determined in his experiments (uv = 2.0 x 10°? 
em?/y-sec ) turned out to be less than the mobility 
of the positive ions (u* = 8.8 x 10 2? cm*/y-sec), 
which seems to us in the highest degree improb- 
able. 

Unfortunately, we do not know all the details of 
the experiments of Careri et al. These authors 
also used an @ -source, but the value of the mo- 
bility was obtained from the “flushing” of the 
charges by a thermal current. In a second com- 
munication by Careri et al.,? the agreement of 
their previous observations with Williams’ re- 
sults is confirmed. 

In 1958, Meyer and Reif! published the results 
of mobility measurements obtained by them using 
the electric shutter method of Tyndall and Powell. 
They found that the mobility is independent of the 
magnitude of the electric field intensity for weak 
fields (50-200v/cm), and confirmed again the 
closeness of the mobilities of the positive and neg- 
ative carriers. 

The results of Meyer and Reif seem to us 
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surprising in the highest degree. Most astonishing 
is the number (10!) of successive current maxima 
observed on the curve showing the dependence of 
the current upon the frequency of the voltage ap- 
plied between the grids. It is known that even in 
gaseous helium at low pressures, at densities a 
hundred times smaller than the density of liquid 
helium, it has proven impossible to observe maxi- 
ma of such high orders, as a consequence of scat- 
tering effects. The equidistant spacing of the maxi- 
ma in the work of Meyer and Reif indicates, more- 
over, that the charge carriers in liquid helium have 
one single effective mass. 

Although the experiments we have undertaken 
have not led us to any wholly definite conclusions, 
we think it appropriate to report them briefly, in 
view of the general obscurity of the problem of the 
motion of charges in liquid helium. 

In our first experimental arrangement we pro- 
posed to observe the interaction of currents pro- 
duced with the aid of a radioactive source with a 
thermal or mechanical current in liquid helium II. 
As an ion source we used a thin layer of Zr or Tl 
(~0.5u), treated with tritium to obtain a compound 
of the type AT., and applied to a polished tungsten 
plate. The dielectric layer thus obtained was cov- 
ered, by evaporation or by cathode sputtering, with 
a thin film of metal (Pt, ~0.1yu), providing a good 
electrical contact between the surface layer of the 
emitter and the material of the substratum. Such a 
source (dia. ~3 mm) emits 8 particles having a 
maximum path in liquid helium ~ 5y and allows 
4.4 x 10° ion pairs/sec to be obtained. 

In Fig. 2 is presented the dependence of current 
upon distance between the electrodes of apparatus 
a, illustrated in Fig. 1, on one of which is located 
the 8 -particle source, for various values of field 
intensity; Fig. 3 shows the dependence of current 
upon field for separations of 40 and 640y. In these 
first measurements we encountered hysteresis ef- 
fects which, it would seem, should not occur at all 
under the conditions of our experiments, and which 
were completely absent in gaseous helium. These 
hysteresis effects were partially present even when 
the most careful measures were taken to purify the 
helium, and were the more strongly evident, the 
weaker the currents being measured. In Fig. 4 are 
presented two voltage-current characteristics ob- 
tained, under conditions of maximum purity within 
our system, successively within 1.5 hours. The dis- 
placement of the characteristics is quite evident 
even for a current ~107'! amp. 

Despite these complicating circumstances we 
nevertheless made an attempt to observe “flushing” 
of the charges by a thermal current in liquid heli- 
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FIG. 1. Diagram of the apparatus: a) 1 — electrometer elec- 
trode, 2 — guard ring, 3 — electrode with B-particle source, 
4 — electrode, 5 — differential screw; b) 6 — 8 source, 7 — grid 
electrode, 8 — electrometer electrode, 9, 10 — thermometer 
heaters. 
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um, in the apparatus depicted in Fig. 1b. The idea 
of this experiment consisted of observation of the 
displacement of the voltage-current characteristic 
by a thermal current flowing in the liquid helium 
from the heater through the screen electrode into 
the surrounding bath. In the event that the charge 
current flowing in the space between the electrodes 
of the chamber was being entrained by the thermal 
current, we should have observed an effect opposite 
to the well-known ion “wind” effect. The instability 
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of the characteristics of the system, however, aris- 
ing from hysteresis in the region of limitingly small 
currents (for electric field intensities not exceed- 
ing tens of v/em), prevented us from arriving at 
any definite conclusions. 

Making use of the circumstance that in a suffi- 
ciently strong electric field, recombination of the 
ions virtually ceases at a certain distance from the 
emitting electrode (Fig. 2), we made yet another at- 
tempt to measure the mobility. For this purpose we 
placed in the apparatus la, at a distance of 300yu 
from the emitting electrode, a grid, in the space be- 
yond which we could work with a constant charge 
current of one or the other sign (depending upon 
the sign of the grid potential). From calculations, 
the dependence of charge current upon field should 
be linear for small values of the electric field in- 
tensity, and then follow an EY? law. 

Plotting the dependence of the measured current 
upon field intensity on a log-log scale, it is possible 
to determine from the location of the break in the 
curve (field Ey ~ 3000v/cem), the quantity 1/m*/2, 4, 
which, from our data, amounts to 10° both for posi- 
tive and for negative charges and indicates that the 
premises of the theory are not fulfilled.* 

In addition to the experiments described above 
in which a 6-source served as a source of charges, 
we used the extraction of electrons from the elec- 
trode surface with the aid of light to obtain negative 
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*The conductivity of liquid helium is naturally negligibly 
small, even in fields close to the breakdown value, which from 
our measurements, amounted to 700 kv/cm over a 10y gap. 
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charges. Using a ~ 50-watt low-pressure mercury — 
lamp we were able to obtain currents of the order of | 
1078 amp from one square centimeter of the surface) 
of a zinc electrode, which, however, proved insuffi- | 
cient for the measurements, in particular as a re- 
sult of the strong influence of hysteresis effects. 
An attempt to obtain large currents with the aid of 
a pulsed light source (a quartz lamp filled with 
helium) completely submerged in the liquid helium 
was likewise unsuccessful. 

All of the above-cited experiments have forced 
us to the conclusion that the task of studying the mo- 
tion of charges in liquid helium meets with serious _ 
difficulties, evidently arising from the presence of 
the suspended charged particles of solidified gases 
invariably present in liquid helium. The movement 
of these charged particles in the electric field and 
their deposition upon the electrodes leads to a va- 
riety of polarization and hysteresis effects. The 
presence of suspended solids in the liquid helium 
appears to be, not merely possible, but, apparently, 
certain. Actually, helium, liquified and subjected 
to adsorptive purification on charcoal at liquid ni- 
trogen temperature, can contain up to 107'% of im- 
purities, which thereafter remain in the liquid prin- 
cipally in the form of submicroscopic particles. If 
the dimensions of these particles are ~ 107° y3, 
then their concentration can reach 10°— 10% par- 
ticles per cubic centimeter. 

We were able to reduce significantly the hyster- 
esis effects by condensing the helium directly into 
the apparatus through specially treated charcoal at 
liquid nitrogen temperature and at the same time 
employing special ultrafilters. Unfortunately, how- 
ever, we did not succeed completely in avoiding the 
harmful action of the suspended particles. 

It is impossible to doubt that the presence in liq- 
uid helium of a suspension of solid impurities was 
also manifested in the most decisive fashion in the 
previously-published experimental results. 

We thank D. I. Vasil’ev and I. P. Shmelev for 
their aid in the experiments. 
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Experimental data on the possible existence of narrow beams of 4 mesons (diameter in ob- 
servation plane < 0.5 m) have been obtained with the aid of apparatus which permits one to 
study simultaneously extensive atmospheric showers on the surface of the earth and under- 
ground. Data on extensive atmospheric showers obtained at the surface of the earth can be 
used to construct a picture of generation of narrow p meson beams. 


INTRODUCTION 


ie experimental study of » meson flux of high 
energy in the composition of an extensive atmos- 
pheric shower is of great interest from the view- 
point of the study of nuclear interactions at super 
high energies. The yu mesons are themselves the 
“tracks” of nuclear interactions which reflect both 
the angular distribution of secondary particles and 
their energy spectrum. The connection of the quan- 
titative characteristics of the » -meson flux of high 
energy with the quantitative characteristics of the 
event of interaction of nuclear-active particles of 
an extensive atmospheric shower is simplified, 
since the decay of the high energy uu mesons plays 
almost no role, while the ionization losses in the 
atmosphere are small in comparison with the en- 
ergies of the “ mesons. 

This permits us to assume that the flux of high 
energy p mesons belonging to the extensive at- 
mospheric shower reflects at sea level the whole 
set of nuclear interactions which have taken place 
in the atmosphere in the development of the shower. 

It can be expected that the separate acts of nu- 
clear interaction can also leave a track in the lat- 
eral distribution of » mesons of high energy. Ac- 
tually, against the background of the equilibrium 
density fluctuations of » mesons, irregularities 
can appear as the result of groups of » mesons 
which maintain approximately the direction of the 
u. mesons given by the last nuclear interaction in 
the event. Thus the study of the lateral distribution 
of the p-meson flux of high energy can give experi- 
mental information bearing on the events of nuclear 
interaction at super high energies. 

We have carried out an investigation of the high- 
energy p-meson flux underground on apparatus, 
which makes it possible to obtain simultaneously 
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the identical data on the extensive atmospheric 
shower on the surface of the earth. The arrange- 
ment described below forms part of the installa- 
tion at Moscow State University for the exhaustive 
investigation of extensive atmospheric showers. 
The work was carried out during 1957-1958. 

The present work is devoted to a study of the 
peculiarities in the lateral distribution of high- 
energy mw mesons. Other problems will be taken 
up in subsequent papers. 


DESCRIPTION OF THE APPARATUS 


One of the most important difficulties in the 
simultaneous study of » mesons of high energy 
underground and extensive atmospheric showers 
on the surface of the earth is the necessity of re- 
cording the extensive atmospheric shower over a 
large area. Actually, a large region of possible 
positions of the axis of the shower on the surface 
of the earth, the dimensions of which are deter- 
mined by the angular distribution of the axes of 
the extensive atmospheric shower in the depths 
of the earth, corresponds to a fixed position of 
the axis of the shower under the earth. Therefore, 
apparatus which studies the showers individually 
and which possesses a sufficient aperture ratio 
should permit us to determine the axis and the 
number of particles in the shower over an area 
comparable with the area of the region indicated. 

The arrangement we used on the surface of the 
earth made it possible to record the showers in- 
dividually within a circle of radius 25m. Ata 
maximum depth in the earth of 40m and with the 
location of the meson detector directly under the 
center of this circle one could effectively study 
the central region of showers with a number of 
particles from 104 to 10°. 
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For counting the extensive atmospheric shower 
and the meson flux in it we used the well-known 


method of correlated hodoscopes (see reference 1). 


The total number of Geiger-Miiller counters con- 
tained in the hodoscope on the surface of the earth 
amounted to 1680. The geometry of the location 
of the counters on the earth’s surface is shown in 
Fig. la. The underground chambers were along 
the vertical under the central chamber of Fig. la. 
The geometry of the position of the counters in the 
underground chamber is shown in Fig. lb. The 
cross section of the arrangement along the vertical 
to the line {—} marked in Fig. la is shown in 
Fig. 2. The amount of material on the underground 
chamber was determined by a vertical profile of 
the ground and the building (the density of the 
ground amounted to 1.7 g/em®). Moreover, for 
the same purpose, controlled measurements of 
the vertical intensity of cosmic rays were carried 
out in the underground chambers with the aid of a 
telescope of counters separated by 10 cm of lead. 
The measured intensity amounted to (1.5 + 0.05) 
x 1073 1/em? sec. sterad in chamber 1 and (0.8 

+ 0.1) x 107°1/cm? sec. sterad in chamber 2. 

The resultant intensities were compared with 
the data given in reference 2 on the dependence 
of the vertical intensity of cosmic rays on depth 
underground. The depth of the ground determined 
in this way amounted to: for chamber 1 — 20m of 
water equivalent, for chamber 2 — 40m of water 
equivalent along the vertical. The minimum en- 
ergy of mesons necessary for penetration to 
this depth along the vertical amounts to 5 and 10 
Bev. 

Recording of mesons in the underground cham- 
bers was carried out by means of Geiger-Miiller 
counters included in the hodoscope and screened 
by lead and iron. Figure 3a shows a group of 
counters which, together with the screen, forms 
a meson recording unit. The dimensions of the 
counters beneath the screen were 60 X 550 mm. 
The total number of counters was 120 in chamber 
1 and 144 in chamber 2. In other setups the num- 
ber of counters in chamber 2 was increased to 480. 

An iron covering on the ceiling and walls of the 
chamber, the thickness of which amounted on aver- 


G FIG. 1. Geometrical arrangement of the 

counters: a) on the surface of the earth, b) in | 

the underground chamber. a— group of 24 coun- < 

ters with counter area 330 cm?, m—group of 24 

U counters with counter area of 100 cm’, @— group 

of 24 counters with counter area 24 cm’. The 
dashed lines indicate the contours of the under- 
ground chambers. The open rectangles are banks | 

b of detectors of » mesons of the type Fig. 3a. 
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FIG. 3. Blocks of 
detectors of » mesons. 
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age to 7.5 cm of iron or 4.7 t -units, served as an 
additional screen in chamber 2. 

Hodoscopes with cold-cathode thyratrons of the 
Korablev type? were used in the research. The 
resolving time of the units in the underground 
chambers amounted to 15 — 20 microseconds; the 
number of random coincidences became comparable 
with the number of true ones at a meson density of 
0.01 particles/m?. This density was the lower limit 
of the recorded range of densities and made possible | 
the study of the central region of the shower with a 
number of particles up to 5000. The upper limit 
was determined by the density at which the number 
of fired counters drew close to the total number of 
counters. For the total number of counters in the 
underground chamber this limit amounted to 100 
particles/m?, and for the chamber as a whole was 
not achieved experimentally throughout the whole 
time of operation of the apparatus. However, cases 
were observed in which the density at isolated points 
in the chamber exceeded this limit. During the en- 
tire period of operation of the apparatus, a control 
was maintained of the resolving time of the indi- 
vidual hodoscopic components and of the operation 
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of the counters. We also note that the possibility 
of parasitic coupling (induction) between the in- 
dividual components of the applied hodoscope was 
eliminated. 

Operation of the apparatus was carried out by 
various means. In the present paper experimental 
material is used which was obtained in the operation 
of the apparatus with coincidences of six groups of 
counters each of area 0.132 m?. These groups of 
counters were located in the central chamber at 
ground level practically on the same vertical with 
the underground chambers. In the particular vari- 
ant that is described the apparatus was operated 
over a period of 1740 hours. 


METHOD OF RECORDING THE yw -MESON FLUX 


The method of recording yu -meson flux with the 
use of Geiger-Miilier counters that we have de- 
scribed possesses the advantage that it permits 
the use of a large area for the recording. How- 
ever, the hodoscopic pictures thus obtained need 
special analysis for the separation of cases actu- 
ally connected with the u-meson flux. Unscreened 
counters can be triggered by the electron-photon 
component in equilibrium with the w-meson. 

The former arises as a result of formation of 6 
electrons by » mesons, and also due to the radia- 
tion retardation of 1 mesons and to the direct crea- 
tion by them of electron-positron pairs. The pu 
meson can therefore be accompanied (with a defi- 
nite probability) by a current of electrons which 

is also recorded by the unscreened counters. The 
iron jacket of the ceiling in chamber 2 leads to 
an increase of particles in such a flow, although it 
decreases the mean energy of particles in it. 
Therefore, in the investigation of rare events (for 
example, the passage of the axis of the extensive 
atmospheric shower through the underground cham- 
ber) the frequency of which is comparable with the 
frequency appearance of 6 showers, screening of 
the counters appears necessary. 

Let us estimate the probability that a 4 meson 
with energy W will have an electron-photon accom- 
paniment, which passes through the filter we have 
used (12 t-units of lead and 4 t -units of iron). We 
obtain an upper estimate of this probability if we 
assume that the filter contains 16 t -units of lead. 
The probabilities of exciting an electron-photon 
shower capable of giving three particles under a 
filter with energies >0 to one meson with energy 
W is equal to 


Ww 
CWh= \ MAE) expl—N (E)]U (W, E) dE, 
0 


where N(E) =3 X ier (E/Bpp)!? is the result 
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of approximation for cascade showers in lead de- 
veloped in reference 4; N°(E) exp[—N(E)]/3! 
is the Poisson distribution; U (W, E) is the equi- 
librium spectrum of electrons and photons accom- 
panying a ~ meson with energy W iniron; B is 
the critical energy: 

* 
U(W,E)dE = \ (Cs (W, E') dE’ + Ciy (W, B') dE’ 


EB 


+ CW, E') dE) = aE. 


Here C6(W, E’), Chy(W, E’) and Ce(W, E’) 
are the probabilities of transfer through one t - 
unit of energy E’ to a6 electron, Bremsstrahlung 
photon and an electron -positron pair, respectively. 
For a » meson with energy W = 10!" ev, we ob- 
tain C ¥ 3x10 and for W=10!*% ey, we obtain 
Cx 1. 

Thus, introduction of a screen above the counters 
permits a significant decrease in the probability of 
recording electrons and photons arising from the 
ground. But, on the other hand, » mesons create 
6 electrons and 6 showers in the screen itself, 
which can mask the groups of mesons. It is easy 
to differentiate such showers from groups of me- 
sons if the mesons are recorded simultaneously 
above the screen by means of an additional row 
of counters. For p mesons with W <« 10!% ey, 
the requirement of correspondence of the firing of 
the counters of the upper and lower rows practic- 
ally eliminates the ambiguity in interpretation in 
the triggering of counters by mesons. 

With the aim of investigating the pattern of 
the distribution of mesons in an individual 
shower, four units of type a of Fig. 3 were 
changed in chamber 2 to a two-row unit of type b 
of Fig. 3. In the upper row, counters were used 
with a smaller diameter (30 X 550). The frequency 
of appearance of 6 electrons and 6 showers 
under the screen classified according to the num- 
ber of fired counters, was determined frém the 
results of the action of units of type b and is 
plotted in Table I. 

The frequency of appearance of 6 showers 
was shown to be less than for particles which 
arise for detectors at the surface of the earth,! 
owing to the low altitude of the cavity of the block. 


RESULTS 


In the present work results are given of the 
work with the apparatus described, pertaining to 
the possible existence of irregular spatial distri- 
bution of p-meson flux of high energy in an ex- 
tensive atmospheric shower. 

In eight hundred hours of operation of the two- 
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TABLE I 
a 2 3 4 5 6 4 
b 3800 3800 3800 3800 3800 | 
c 105 23 8 4 ae 
d | 4.00.4 0.6+0.4 | 0.2+0.08 | 0.40.05 | 0,08--0.05 


a is the number of fired counters in the 5 shower; b is the 


number of mesons which penetrate the unit, c is the number | 


of & showers, d is the percent of 5 showers per meson. | 
BN eg a at PO A 


aan 
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row units of total area 3.1 m’, we recorded 17 
events of simultaneous firing of three and more 
counters in a line in an upper or lower row (see, 
for example, Fig. 4). 

The readings of the upper row of counters es- 
tablish the fact that the events recorded were not 
connected with electron-photon showers from the 
ground which are found close to the maximum of 
their development (the mean density of mesons 
obtained on the upper row of counters py and 
the density of mesons determined by the lower 
row p, are the same: pu = 2.7 + 0.3 particles/m? 
and pj = 2.2 + 0.3 particles/m?). It is possible 
that such events can be connected with very “young” 
electron-photon showers from the ground, perhaps 
with the simultaneous generation of a young shower 
in the ground and a second shower in the screen 
by a single meson. A precise estimate of the prob- 
ability of appearance of such events is made diffi- 
cult by the fact that the number of particles in the 
assumed 6 showers is unknown experimentally. 
Moreover, data are lacking on the spectrum of pu 
mesons in the region W > 10!* ev in the compo- 
sition of extensive atmospheric showers. We shall 
consider below the set of experimental data which 
takes into account events that follow a group of u 
mesons. 

The following data can be compared for each 
group: 1) the minimum number of mesons in the 
group, equal to the number of counters of the upper 
row fired in the group; 2) the total amount of me- 
sons recorded in a given shower in the underground 
chambers; 3) location of the axis of the shower on 
the surface of the earth and the number of particles 
in the shower. A summary of these data with re- 
spect to all recorded events is given in Table II. 

The location of the axis and the number of par- 
ticles in the shower was determined by the method 
suggested in reference 5, and with the aid of the 
arrangement of reference 6, which employs the 
knowledge of the spatial distribution function of the 


FIG. 4. Hodoscopic pictures for recording groups of 
y. mesons. Fired counters in units of the type of Fig. 3b 
are denoted by the circles. 


electrons in the shower. The accuracy of the de- 
termination of the axis and the number of particles 
in the shower were, respectively, 1 m and 20% close: 
to and inside the surface chamber, and 4—5 m and 
40% at distances of the order of 20 m from the 
surface chamber. 

We shall show that the chosen groups of » me- 
sons cannot be the random accumulation of mesons 
connected with the Poisson statistical fluctuations 
of the particle flux. Bearing in mind that the char-_ 
acteristic phenomenon in the passage of a group 
of mesons is the successive firing of the 
counters in a row of unit b of Fig. 3, we shall con- 
sider each picture as consisting of group firings of 
the following classes: first class, 0@0;second class, 


| 
| 
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TABLE II 

Ne a b re || iG e f 
“l 2-108 8 4 — 3 5) 
Meese slic: 
& Die Ait 4 — 6 o 
425408 bag |g yee Bas 
: Baie ce 1 — 10 ad 

Oye De 4 _ 9 Pn 
vf 4-408 10 1 _ 5 6 
8 2-108 sl P} 1 ae 4Me} 
9 8-105 20 4 — 6 8 
- soe 20 / — 6 Ait 

: Ul — 4 i 
12 1-108 25 4 — ry 11 
13 7-108 “lif 2 2 4:6 8 
14 3.5-108 “[f5) Pi if ede AS 


a—number of particles in the shower; 
b —distance in meters from the axis of the 
shower on the earth’s surface to the verti- 
cal passing through the point of observa- 
tion of the group of mesons; c—number 
of groups of mesons in the shower; d— 
distance in meters between groups; e— 
number of fired counters in the vertical 
row of unit b of Fig. 3 at the point of 
passage of the group of mesons; f—num- 
ber of mesons recorded in a given shower 
apart from the group of mesons (on an 
area of 4.35 m’), 
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0@@o0; third class, 0eeeo, etc. We assume that 
of the total number n of counters, m were fired 
and the distribution of mesons in the plane of ob- 
servation is uniform on the average. We shall cal- 
culate with what probability a given picture of fired 
counters can be observed if the trajectories of the 
mesons are independent. 

A formula was derived in reference 7 for the 


probability which is of interest to us; it has the form 


oe p! 


W (n, m1, ¥, p) = 
( p) Ty cm 
4 


Here p is the number of groups of all classes in 
the given shower, vj is the number of groups of 
the i-th class. However, practical use of this for- 
mula is difficult because of the roughness of the 
calculations for large n. Moreover, we have it in 
mind to extend the same approach to the treatment 
of the data of single row units, making use of a 
knowledge of the frequency of appearance of 6 
showers. Therefore, we apply another approach 
to the determination of the probability of the given 
picture of fired counters by classes, based on a 
comparison of the theoretically expected number 
of groups of a given class with .the experimental 
observations. 

Under the observed conditions, the probability 
is m/n that a chosen counter fires, and 1— m/n 
that it does not fire. Consequently, the probability 
of the event of first class is (m/n)(1—m/n)?; of 
the second class, (m?/n?)(1—m/n)?; of the third 
class, (m?/n*)(1—m/n)?; etc. The appearance 
of an event of an arbitrary class, generally speak- 


ing, changes the probability of the remaining events, 


but if m <n, then the change is probably small. 
For m <n, the number of events of different 
classes is given by 

m\2. 

| : 


M, =n (1 
M, =n (1-4) etc. 


For each shower, we have theoretical and ex- 
perimental distributions of the events over the 
classes. Calculating the consistency criterion of 
Pearson 


r= > (Mi exp — M:)?/ Mz. 

we find the probability of appearance (connected 
with the statistical fluctuations) of a given picture 
of the distribution of mesons in the plane of obser- 
vation. 

Let us compare the frequency of appearance of 
pictures with groups of mesons (as a group of 
mesons we take events of third and higher classes ) 
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with the frequency of events expected because of 
statistical fluctuations. For this purpose, we ana- 
lyze all pictures of fired counters in chamber 2 
according to the total number of counters fired. 
The number of groups of mesons expected be- 
cause of statistical fluctuations and the observed 
number of groups is shown in Table III. 


TABLE III 
a |5—8| 9-14 | 15—26 | >26 
b | 264 69 29 7 
c 4 0,5 0.3 0.4 
d 3 5 7 Z 


a—total number of discharge 
counters (m) under the screen in 
chamber 2; b—number of show- 
ers with given m; c—expected 
number of groups of mesons be- 
cause of statistical fluctuations; 
d—observed number of groups of 
mesons. 


Comparison shows that the observed groups of 
# mesons cannot be accounted for by statistical 
fluctuations in the meson distribution. Conse- 
quently, the observed groups of mesons are peculi- 
arities of the lateral distribution of » mesons of 
high energy. 

We now attempt to determine the role of such 
groups in the general lateral distribution of me- 
sons of high energy. It is seen from Table II that 
in showers with a number of particles N ~ 10°, 
one group of mesons is observed, while in showers 
with N~ 10° cases are encountered with two 
groups on an area of 3.1m?. It is possible that 
in showers with different N, the groups of me- 
sons play different roles in the lateral distribu- 
tion of the mesons. Therefore, let us consider 
separately showers with N ~ 10° and showers 
with N~ 10°. From Table II we can obtain the 
mean density of the meson accompaniment of a 
group of mesons for showers with N <5 x 10° 
and N >5 x 10°: 


o(N = 2-10) = (1.00.2) particles/m? 
o(N = 1.3-10%) = (2.3-40.3) particles/m? 


It follows from the geometrical arrangement in 
chamber 2 (Fig. 1b) that these densities relate 

to a distance of 3-—4m from the group of mesons. 
The densities of mesons measured by the same 
apparatus at a distance of 14m from the axis of 

the extensive atmospheric shower (description of 
this experiment will be given in subsequent papers ) 
amount to (0.22 + 0.03) particle/m? and (1.6 

+ 0.6) particles/m?, respectively, for showers with 


N=2.x10° and with N=1.3 x 10°. It is thus seen 
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that in showers with N ~ 10° a sharp increase in 
the density of 4 mesons is observed upon approach 
to a group of mesons, while in showers with N 

~ 10° this increase is less marked. 

In this connection, it is of interest to compare 
the frequency of appearance of groups of 4 me- 
sons with the frequency of passage of the axes of 
the extensive atmospheric showers through the de- 
tector of 4 mesons. 

Let us now calculate the number of axes of ex- 
tensive atmospheric showers with a different num- 
ber of particles passing through the area of the 
double-row units in 800 hours of operation for the 
experimental setup that has been described. The 
intensity of the axes of extensive atmospheric 
showers with a number of particles N and with 
angles @ and g inthe underground chamber is 
equal to 


(A /N*™) dN -cos’ 8 sin 6d8do. 


The probability of recording such a shower at the 
surface of the earth is 


[LSexp{—=kNj(r er; 


where kNf(r) is the density of electrons at the 
surface of the earth in the extensive atmospheric 
shower, o = 0.132 m*. The connection between the 
angle @ and r is the following: r = H tan@, where 
H_ is the distance between the surface and under- 
ground chambers measured along the vertical. Then 
the number of axes passing through the area of the 
double row units is 


on ™/2 
dN { | cos” 9 sin Udod9 


0 0 


A-3,1-800 
Jo eee 
x[1 — exp {— RN} (A tan 6) 5}]°. 


Taking v=8 in accord with reference 8, and in- 
tegrating numerically, we obtain the results shown 
in Table IV. It is seen from the table that the fre- 
quency of the groups in showers with N ~ 10° cor- 
responds to the frequency of the axes of the showers 
while the frequency of the groups of mesons in 
showers with N ~ 10° is much greater than the 
frequency of axes of such showers. 

It is quite probable that in showers with a num- 
ber of particles N< 10°, there are no groups of 
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4 mesons of three or more mesons, for the mesons | 
in these groups have a smaller lateral divergence. . 

Up to now we have been discussing data obtained 
by double-row units. If we analyze the data from 
single-row units, it is possible to broaden the sta- 
tistical material for chamber 2 and obtain data on | 
chamber 1 at a depth of 20m under the screen. | 
This permits us to trace the dependence of the 
number of groups of mesons on the depth. The | 
simulation of groups of mesons by the 6 showers 
from the screen serves as an obstacle to this | 
course. However, the frequency of appearance of 
the 6 showers is known from the experiment with 
double row units. We include the probability of 
appearance of the 6 showers, determined experi- 
mentally, in the consideration of pictures of the | 
discharge of counters in single-row units, simi- 
larly to what was done for double-row units. Then 
the probability of appearance of an event of the 
first class does not change, of the second class 
becomes (m?2/n2)(1—m/n)? +W6,, where W6, 
is the probability of appearance of the 6 electron; 
for the third class, (m°/n*)(1—m/n)? + Ws; 
where W6, is the probability of appearance of the . 
6 shower with three discharge counters, etc. The 
values of W6,, W6,, Wo, are shown in Table I. 
Further, we obtain new theoretical values of Mj; 
and find the probability of pictures of discharges 
for individual showers, just as for double-row 
units. Table V lists the results obtained from an 
analysis of the pictures in single-row units for 
chambers 1 and 2. As is seen from the table, the 
expected value of 6 showers for pictures with 
m =9 is small in comparison with the number of 
observed groups of discharges of counters, and at 
the same time the frequency of the groups of me- 
sons determined according to double-row units 
corresponds to the frequency observed on single- 
row units. Consequently, in both cases we observe 
the groups of mesons (for m => 9). One can draw 
the conclusion from Table V that the ratio of the 
frequencies of appearance of groups of mesons 
at depths of 20 and 40 meters under the screen 
amounts to 1+ 0.5. For groups of mesons ob- 
served in chamber 1, a mean density of mesons 
accompanying the groups for showers with 
10°<N<5 x 10° was obtained. 

This density amounted to p(N = 2 x 10°) 


TABLE IV 


a ee 


a 
b 4-5 
é 


| 4-404—1-105 | 
ee 


| 


1-105—5 - 105 
3 0.5 


ai 5 | 


| 5- 105—108 | 


a—number of particles in the shower; b—expected number 
of axes of showers; c—number of observed groups of f£ mesons. 
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TABLE V 
seen na ae a lla i cr a al 


Chamber 1* 


Chamber 2** 


Number of discharging counters 
in the chamber (m) 


Number of showers with given m 400 120 


Expected number of § showers 
and groups of mesons connected 
with statistical fluctuations 3.4 4 

Observed number of groups of 
discharged counters (class 4 
and higher, see text) 4 7 


15—26|>26 | 5—8 


9—14 | 15—26 |>26 
30 20 450 | 4170 37 22 


an 
nN 
cS 


*For chamber‘1 the data are given on showers with m < 26 after 700 hours of 
operation, for showers with m > 26, after 1740 hours. 
**For chamber 2, data are given for showers with m < 26 after 1070 hours of 
operation, and for showers with m > 26 after 1740 hours. 


= (0.9 + 0.1) particles/m? and is equal to the 
density of accompaniment of the groups in the 
same showers in chamber 2. 


DISCUSSION OF RESULTS 


Thus the study of the flux of high-energy pu 
mesons in extensive atmospheric showers points 
to the possible existence close to the axis of the 
showers of beams of » mesons, the number of 
which increases with increase in the intensity of 
the shower. 

Let us return to the problem of the possible 
nature of the observed phenomenon. First of all, 
we consider the possibility of generation of groups 
of mesons in the ground above the apparatus. 

As a result of the nuclear-active components 


of high energy of the extensive atmospheric shower, 


formation of beams of a mesons in the ground is 
possible; these decay with finite probability with 
the formation of mesons. 

The number of » mesons is determined by the 
expression 


dxkm_c? 


f \ na eee ee eS (1) 


Ny (> Pie PT CE’ 


where n(x, E’)dE’ is the number of 7 mesons 
in the shower at a depth x, expressed in path 
lengths for the interaction A pos rere ne energies 
from E’ to. E’ + dE’, p= 1.7 g/cm® is the den- 
sity of the earth, T)=2%x 107° sec is the half-life 
of the meson, and m, is the mass of the 7 
meson. The limit of integration of E for cham- 
ber 1 amounts to 5 x 10? ev, for chamber 2, 101° 
ev. Consideration of the cascade process by the 
method of successive generations leads to the 
equation 

& 


—Xx 
hn (El, dE’ = >) 


‘=0 


1; (E’) dE’, 


where i is the number of the generation, II; is 
the spectrum of ma mesons of the i-th generation. 
Substituting this expression in (1), we obtain 


Ena co x 2 
moc 


OS ie Py Tl; (E’) dE’ Pee (2) 
In Appendix 1 it is shown that in the case of not too 
high an energy loss of the nuclear-active particles 
of the avalanche (which is evolved upon the forma- 
tion of the electron-photon component), Eq. (2) has 
the form: 

Ny = KE na / E’, (3) 


where K is connected with the character of the 
acts of nuclear interaction in the avalanche. Ac- 
cording to the estimate given in the Appendix, the 
energy of the nuclear-active particle responsible 
for a group of u mesons of three particles must 
amount to 4 x 10!8 ev. The experimental data on 
nuclear-active particles of high energy in.exten- 
sive atmospheric showers at sea level show’ that 
the appearance of such particles in showers with 
N~ 10° is very unlikely. A comparison of experi- 
mental data at depths of 20 and 40m below the 
screen also contradicts the picture we have given 
of the generation of y-meson groups. Actually, if 
the energy Eyng which exists in showers with a 
number of particles N, suffices for the forma- 
tion of a group of » mesons with a given number 
of particles n, recorded at a depth of 40m below 
the screen, then for the formation of a group ob- 
served at a depth of 20m below the screen, the 
energy Esna = E1na/4 is sufficient [see Eq. (3)]; 
this exists in showers with Ny =N, /4. Then the 
frequency of appearance of groups at a depth of 

20 m below the screen will exceed the frequency of 
appearance of groups at a depth of 40 m below the 
screen by a factor q, and this ratio will amount to 
(taking into account the spectrum of the showers in 
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terms of the number of particles and the effective- 
ness of the separation of the showers) 


1/2 


co 

ri teas 

\ \ we cos® @ sin 0 [1 — exp {— RN (Hi tanO) o}]® dN dO 

N. 0 ~ 
q=san ‘ aA. 

\ \ qutT Cos* O sin O [1 — exp {— AN} (Hatand) 2)]* dV d0 

Nt 0 


The ratio 1+ 0.5 is observed experimentally 
(Table V), which contradicts the given picture of 
the generation of groups of ~ mesons. 

The observed group of 4 mesons can also 
arise in the atmosphere because of decay of 7 
and K mesons generated in acts of nuclear inter- 
action. In this picture of the generation of groups 
of mesons, the character of the distribution of 
transverse momenta of secondary particles in the 
nuclear interaction is extremely important. Recent 
research!”!! on the study of nuclear interaction in 
photoemulsions shows that the distribution of trans- 
verse momenta of secondary particles in nuclear 
interactions with energies 10!2 — 1013 ey can be 
represented in the form 


dp 


o(p.)dp1 =zags and 108 ev/e; <p, < 10° ev /c; 


and p, > 10°ev/c. p, <108%ev/c. (4) 


¢(pi) =9 


It can also be shown (see Appendix 2) that with 

such a distribution of transverse momenta, the 
generation of a group of » mesons of five particles, 
which cover a region with linear dimension d= 0.5m 
at sea level in a single act of nuclear interaction, is 
highly improbable according to present-day repre- 
sentations. Let us therefore consider the possibil- 
ity of the excitation of a group of 4 mesons be- 
cause of the decay of m mesons in the passage 
through the atmosphere of a complete nuclear ava- 
lanche of an extensive atmospheric shower. Such a 
group of » mesons can be formed inthe coreof an 
extensive atmospheric shower. We shall find the 
number of t mesons at sea level in an avalanche 
with primary energy E, which is diverging at a 
distance d from the axis of the shower: 

1033 Ey P max 
fy = \ ( | Mx (Ey E, x) dE - 


% Emin P{ min 


(5’) 


Bdx 
z 9 (p,) dpi, 


x 
where x is the depth of the atmosphere in g/cm?, 
n, (Eo, E, x) is the differential spectrum of 7 
mesons at a depth x, B=1.39 x 10!! ey is the de- 
cay constant of the mesons. Here it is assumed 
that the u meson acquires a transverse momen- 
tum p, in the decay of the 7 meson, which up to 
this point preserved the direction of the primary 
particle. Such an approximation gives an upper 
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bound to the number of » mesons in the circle d. 
In the case of a distribution of transverse momenta | 


according to Eq. (4), we have | 


ame die 1 (a de aa 
ce x (apa E /’ 


(5”) 


tn Ex) ae 


xX H(x)-108/d 


hin 


where H(x) is the distance above sea level cor- | 
responding to a depth x in the atmosphere. | 

For the calculation of ny according to Eq. (5”), | 
it is necessary to give the energy spectra of the 7 
mesons which have not yet been experimentally in- 
vestigated with sufficient completeness. We shall 
consider only the theoretical models of the devel- 
opment of the nuclear cascade in the atmosphere | 
which are considered in references 12 and 13. | 
Numerical calculation carried out with the spectra | 
of m mesons from the research of reference 12 
according to Eq. (5”) gives the number of yp mesons; 
in a circle with d= 0.5m, ny = 0.2 for Ey) =2 
x 1015 ev. However, we note that this model of the 
development of a nuclear cascade in the atmos- 
phere does not give the number of nuclear-active 
particles of high energy at sea level corresponding ~ 
to experiment. According to this model, 
Nna (E > 10! ev)/N = 2 x 1078, while experiment? 
gives Nna(E > 10! ev)/N=2—5%x10°. The cal- 
culation carried out in reference 13 gives better 
agreement with experiment on the number of 
nuclear-active particles of high energy at sea level 
in an extensive atmospheric shower [here 
Nna (E > 10! ev)/N =5 107°]. In this calculation 
the following assumptions were made: 1) In the 
collision of the nucleon with the nucleus of air, 
one-half of its energy goes into the formation of 
n=2(0.5 E,)” - secondary particles; 2) secondary 
particles obtain equal energy; 3) the 7 mesons 
interact according to the same model; 4) charged 
& mesons consist of 70% of all a mesons; 5) the 
path for the interaction A = 90 g/cm?. 

Using n7(E, x) calculated under these assump- 
tions by Eq. (5”) for E) =2 x10! ev, we obtain 
ny = 5, which corresponds to observation of a 
group of mesons in the core of the shower. In 
this case 3 or 4 uw mesons in a group possess en- 
ergies Ey ~ 10‘! ev and 1 or 2 mesons possess 
energies of Ey ~ Tes 

From the point of view of such a picture of the 
generation of groups of y mesons, the appearance 
of several groups of » mesons in showers with 
high primary energies corresponds to the appear- 
ance of additional m-meson cores in the extensive 
atmospheric shower. The energy contained in the 
additional core can be many times smaller than 
in the original. Actually, in the additional group 
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of uw mesons, for a shower with E, ~ 10!8 ey, 
as Many mesons are observed as were in the 
fundamental group for showers with E, ~ 10! ey 
therefore such an additional core can be con- 
nected with the emission of individual nuclear- 
active particles of high energy (Ena ~ 10! ev ) 


cascade process, in which the a mesons deter- 
mine its development. We assume that in the col- 
lision of a nuclear-active particle with a nucleus 
of the earth, na mesons are produced while an 
of them are nuclear active; in the collision of 7 
mesons with the nuclei of the earth, nat mesons 


from the original core. However, the observed are again produced, etc. Then 

distances between groups of mesons in showers any of E 

with E)~ 10'% ey (~2m) require very large trans- 1 (E, x) = > = «ll: (E); Il; (E) = (an)‘s (E oe 
z * nh 


verse momenta for the nuclear-active particles gen- Sait 


erating the additional core: 


on es 10% ev/c = 104 ev/c. 
Therefore, the existence of several groups of 
mesons in showers with N ~ 10° particles is im- 
probable within the framework of the picture of 
the generation of 4 mesons given here. The ap- 
pearance of several groups of 4 mesons ina 
single shower can be explained if it reduces the 
energy of the nuclear-active particle responsible 
for the group of 4 mesons. It can be assumed 
that the total number of particles created in the 
act of nuclear interaction and also their energy 
and angle distributions undergo very large fluc- 
tuations. Then such acts of nuclear interactions 
are found which give narrow beams of 7 mesons, 
which yield in turn beams of 4 mesons. 

It can also be assumed that a process exists 
of much more rapid multiple production of u 
mesons than the decay of m mesons (see, for 
example, reference 14). A substantially smaller 
energy of the nuclear-active particle (Eng « 101° 
ev) then suffices for the formation of the group 
of » mesons. The rapid increase in the number 
of groups of » mesons in a Single shower in this 
case that is observed experimentally is explained 
by the increase in the flux of nuclear-active par- 
ticles of the necessary energy (Nna ~ Ey). The 
fact that only a single group of » mesons is ob- 
served in showers with E, ~ 10 ev means, in 
this interpretation, that the cross section of inter- 
action with multiple production of ~ mesons is 
significantly smaller than the total cross section 
of nuclear interaction. 


The foregoing consideration shows that the final 


explanation of the nature of the particles which 
caused the events observed by us — the group dis- 


charge of counters screened by a filter under large 


thicknesses of earth in the passage of an atmos- 
pheric shower — is very important. 


APPENDIX 1 


For the calculation of the number of » mesons 


observed underground and originating from 7 me- 


sons reaching the ground, we consider a nuclear 


We are interested in the number of mesons 
from the decay of a mesons in the ground with 
energies > E. It is equal to 

Ena 


nS lass ( 
E 
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where k is determined from the relation E 
= Ena/n*; k= log(Ena/E)/log n. Thus, 
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where 


y= 2-+ (log«/log n). 


It follows from the form of the dependence of ny 
on E that ny, ~ KEna/E’ for sufficiently small 
leakage of energy from the nuclear cascade proc- 
ess. If we take n=5 (a value which was deter- 
mined experimentaliy for energies Eng = 10'! ev, 
see reference 10) and @=0.7, then a nuclear- 
active particle on the surface of the earth must 
possess energies of 4 x 10' ev for the production 
of a group of » mesons of three particles. 


APPENDIX 2 


For the act of nuclear interaction with energy 
of the nuclear-active particle E) which takes 
place at a depth H above the level of observation, 
we have 


E, pilmax Date 
int 
Hee \ | me (E) dE9 (91) dp, Tj, + Etoim,6 


Emin plmin 


Wee peal 


where n7,(E)dE is the energy spectrum of 1 
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mesons, ¢(p |) dp, is the distribution of trans- 
verse momenta of 7 mesons, Lint is the path 

length for the interaction of + mesons in centi- 
meters, 
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We assume that the distribution of transverse 
momenta of t mesons has the form (4). The en- 
ergy spectrum of the a mesons produced in the 
act of nuclear interaction is given in two variants: 

1. Interaction proceeds according to the Fermi- 
Landau theory; then the spectrum of 7 mesons 
has the form (see reference 19) 


No [In E/pc]?) dE 
V2nv { 27 \ Ee: 
No = k(n + 1) (E,/10%)*, kR~I, n~4, 


¢ = 0.56 In (E,/10°) + 1,6 In [2/(# + 1)] 


Mn (E) dE = 


ae 126; 
pic =3-108 ev. 


2. The interaction proceeds according to the 
Heisenberg theory; then the spectrum of 7 me- 
sons has the form 


tn (E) dE = E, \E In YW F Ba dE for mac? 


one <E<E. 


Results of the calculation of ny are given in 
Table VI for three values of H and the maximum 
energy of nuclear-active particles appearing at 
these levels in showers with the number of par- 
ticles at sea level N ~ 10°. 
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Lead was irradiated with accelerated oxygen and carbon ions. Isotopes emitting 11.8 + 0.4 
and 9.0 + 0.3 Mev particles with half-lives of approximately one minute and 35 + 10 seconds 
respectively were detected among the reaction products. Certain ideas are advanced con- 


cerning the identification of these isotopes. 


Ir has been noted many times that the use of accel- 
erated heavy ions offers broad possibilities of ob- 
taining new neutron-deficit isotopes of practically 
all elements.”»? For elements in the beginning and 
middle of the periodic table it is evidently possible 
to obtain the lightest isotopes, i.e., those near the 
boundary of the region of radioactive nuclei. Heavy 
ions are a particularly convenient means of obtain- 
ing and investigating the properties of light isotopes 
of elements from At to Ac. Many of these nuclei 
are difficult to prepare with the aid of beams of 
light particles (nucleons, deuterons, or a@ parti- 
cles), since they do not have sufficiently stable 
isotopes capable of serving as targets. When 
heavy ions are used this difficulty is eliminated, 
for the target used can be an element (bismuth, 
lead, mercury, etc.) that differs greatly in atomic 
number from the final nucleus. 

In the present investigation we studied unknown 
a emitters among the products of reactions caused 
by accelerated oxygen and carbon ions in lead. 


1. EXPERIMENTAL PROCEDURE 


The experiments were carried out with the 150-cm 
cyclotron of the U.S.S.R. Academy of Sciences. We 
had at our disposal intense beams of quintuply - 
charged ions of o!* and quadruply-charged ions of 
c!2 and C!3, accelerated to 102.77 and 83 Mev re- 
spectively. To avoid overheating of the target, the 
particle beam intensity was kept below 0.2 or 0.3 pa. 


The irradiation took place inside the cyclotron cham- 


ber. The short-lived a -active reaction products 
were investigated with special apparatus shown 
schematically in Fig. 1, making use of the method 
of gathering recoil nuclei, as described in refer- 
ences 4 and 5. This method enabled us to use the 
same target in various experiments, which facili- 
~*A brief report of the results of the present investigation is 
contained in a paper by G. N. Flerov.’ 


901 


FIG. 1. Arrangement for the registration of a decay of the 
reaction products 


tated considerably the comparison of the results. 
The ion beam 1 was incident on a lead target 2, 
deposited on an aluminum foil (5—6y). The re- 
action products, with large momenta, were emit- 
ted from the target and struck a thin (~ 2p) alu- 
minum receiver 3. After passing through the tar- 
get and receiver, the bombarding particles were 
stopped by the current collector 4. The collector 
was connected to the current meter, so that the 
intensity of the beam could be monitored during 

the irradiation process and the total ion current 
through the target could be measured. The receiver 
was periodically moved, with the aid of kapron 
thread 5, two meters away from the target and 
placed near photographic plate 6, which regis- 
tered the a decay of the reaction products. All 
these devices were placed in a vacuum container 
connected to the cyclotron chamber. The kapron 
thread was driven by an electric motor through a 
special seal, since the motor was outside the vacu- 
um system. To estimate the half-lives of the nu- 
clei, provision was made for measuring the times 
t;, t), and ts during which the receiver was under 
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the target, near the emulsion, and in motion from 
the target to the emulsion, respectively. The time 
could be measured over a wide range. In our ex- 
periments the first two time intervals were chosen 
to be equal to each other and could be set at 10, 25, 
50, 100 and 250 seconds. The value of tz could be 
set at 3, 10, 50, 100 and 250 seconds. In all the ex- 
periments the receiver moved from the photographic 
plate to the target within 3—5 seconds. Thus, the 
apparatus used was suitable for the investigation 
of q@ decay of nuclei with lifetimes from approxi- 
mately one second and above. An electronic time 
relay was used to set the selected operating mode 
of the apparatus. 

The lead targets were deposited on aluminum 
foil by precipitation from an aqueous solution of 
Pb(NO3), with addition of a certain amount of tetra- 
ethylene glycol.® The solution was dried for 5 —6 
hours under a lamp (500 watts) with gradual in- 
creasing of heating, after which the layer was 
roasted at approximately 500°, causing the lead 
nitrate to change to the lower oxide form. The tar- 
gets thus obtained were sufficiently homogeneous 
and strong. The target thickness was 200 — 300 
ug/cm?. This thickness is evidently optimal when 
the recoil-nuclei gathering method is used. In the 
experiments described below we used targets of 
natural lead and targets containing essentially the 
isotopes Pb?"8 and Pb2"’. The isotopic composi- 
tion of the substance in the latter two cases is 
given in Table I. 


TABLE I 
Isotopic composition, percent 
Target 
204 | £06 | 207 | 208 
Pp208 0.4 0.4 0,69 99-3 
Pb2o7 Ont OA 97.4 PAS 


We used NIKFI-T1 emulsions to register the @ 
decay of the reaction products. These emulsions 
have good discrimination for a -particle and pro- 
ton tracks and have low sensitivity to B and y 
radiation, so that they could be used in the direct 
vicinity of the cyclotron for sufficiently long ex- 
posures. 


II. RESULTS OF THE EXPERIMENTS 


1. Experiments on Irradiation of Lead with 018 
Ions 


a) Figure 2 shows the a -particle spectrum ob- 
tained by irradiating a target of natural lead with 
of ions of ~97 Mev. In this experiment, t, = ty 
= 10 sec and t3 = 3 sec. The spectrum was plotted 


after scanning a small part of the photographic plate. 
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Figure 3 shows the “hard” part of the a -particle 
spectrum, observed by irradiating lead with oxy- 
gen. This spectrum was obtained by selective 
scanning of photographic plates obtained in several 
experiments. For a better energy resolution we 
selected only the a -particle tracks that entered 
the emulsion at dip angles from 15 to 45°. The 
abscissas represent the ranges of the a particles 
in the emulsion and the corresponding particle en- 
ergies. In the calculation of the a@ -particle energy © 
we took into consideration the fact that the nuclei — _ 
the reaction products due to a certain “recoil” mo- 
mentum — are distributed in depth in the receiver. 
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FIG. 2. Energy spectrum of « particles obtained by irradiat- 
ing lead with oxygen ions. 


70 Ree, ft 
Ex, Mev 


No 


40 


20 


Ieee = 80 Kew, 
7 8 9 10 /] 12 ye Mev 


FIG. 3. o-particle spectrum, obtained by irradiating lead 
with oxygen. 


Owing to the slowing down of the particle as it is 
scattered from the receiver, the measured energy 
is found to be less than the true one by an average 
of approximately 100 kev (experimental estimate). 
The first to attract attention in the examination 
of the spectrum are the two groups of a particles, 
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one with a maximum at 9.0 + 0.3 Mev and the sec- 
ond with a maximum at 11.8 + 0.4 Mev. We note 
that the energy resolution of the method employed 
is not so great as to permit stating with assurance 
that each of these a -particle groups is connected 
with a single monochromatic line. The appearance 
of such radiation in our experiments is a somewhat 
unusual fact, since as a rule in the Po—Th region 
the lifetimes of a -active nuclei with decay ener- 
gies exceeding 8 Mev is very short. 

Another interesting fact is the magnitude of the 
energy of the second a -particle group — 11.8 Mev. 
Not in one case of the decay of the heretofore known 
radioactive nuclei were a particles of so high an 
energy registered. In the spectrum shown in Fig. 2, 
the most intense are the groups of a particles 
whose maxima lie near 6.2 and 7.3 Mev. 

After extracting the target from the cyclotron, 
the half-life of the qa emitter that produced the 
first group of particles was measured with an ioni- 
Zation chamber. This value was found to be approxi- 
mately 25 minutes. In all probability this group is 
due to Em?!2, produced in reactions of the type 
Ph207-208 (O86 x@3 or 4n)(x = 0 to 2). 

The bulk of the q@ particles comprising the 
group near 7.3 Mev is obviously due to decay of 
an isotope with an approximate half-life of one 
minute. 

b) The experiments described below were aimed 
essentially at an investigation of the properties and 
mechanism of formation of @ emitters the decay 
of which leads to particles with energies ~ 11.8 
and ~9 Mev. 

Table II lists the results of the experiments per- 
formed to estimate the half-lives of these q@ emit- 
ters. The same lead target was used and the total 
current of the oxygen ions was the same. All that 
differed was the operating mode of the apparatus 
shown in Fig. 1. The third and fourth columns of 
the table list the total number of high energy @ 
particles registered by the photographic plate. The 
calculation of the half-lives yields values of 35 + 10 
sec and ~1 min for the @ emitters with Eg ~ 9 
Mev and Ey & 11.8 Mev respectively. 


2. Experiments on Irradiation of Lead with Carbon 
Ions 


a) The interaction between accelerated o!® ions 
and lead can give rise to unknown isotopes of the 
elements from At to Th. If carbon ions are used 
for the bombardment, the heaviest elements among 
the products can be Ra. Experiments on irradia- 
tion of lead with carbon were undertaken to estab- 
lish whether the radiation of interest tous (Eq © 9 
Mev and Eg ® 11.8 Mev) is connected with the de- 
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periment ae | ~9Mev) |~11-5 Mev) 
1 10 360 80 
we 50 180 46 
& 1CO 26 14 
4 250 3 3 


cay of Ac and Th. It was found that the a@ -particle 
spectrum obtained by irradiation of natural lead with 
Cc! ions is similar to that observed in the case of 
oxygen ions. Thus, this radiation is not connected 
with the decay of Ac or Th. It has been established 
that on going to C!® ions the yield of @ radiation of 
energy ~ 9 Mev and * 11.8 Mev increases. 

b) To ascertain the type of reactions that lead to 
the appearance of the isotopes emitting the high en- 
ergy a@ particles, separated lead isotopes were ir- 
radiated by C'® ions of different energies. 

Figure 4 shows the total a@-particle spectrum, 
obtained after a brief irradiation of Pb? with c! 
ions of ~ 70 Mev (t, = t, = 25 sec, tz = 3 seconds). 
A comparison of this spectrum with those of Figs. 2 
and 3 indicates a substantial change in the ratio of 
the densities of the a-particle groups near 12 and 
9 Mev: the former group has become more intense. 

Figure 5 shows the cross sections for the pro- 
duction of high-energy a -particle emitters as a 
function of the C!%-ion energy in the irradiation of 
Pb?%8, The relative course of the curves is deter- 
mined by the statistical errors indicated in the dia- 
gram. The accuracy of the determination of the 
absolute values of the cross sections is not better 
than 50%. The energy of bombarding particles was 
measured by displacing the target along the radius 
of the cyclotron chamber (after first establishing 
the dependence of the ion energy on the radius). 

It is seen from Fig. 5 that, independent of the en- 
ergy of the bombarding particles, the yield of a 
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FIG. 4. Spectrum of « particles obtained by irradiating 
Pb?” with C*® ions. 
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FIG. 5. Yield of a emitters with following particle energy: 
1 —~ 11.8 Mev, 2 — ~ 9 Mev, as a function of the energy of 
the C’* ions; a, — fission cross section, approximately equal to 
the cross section of production of the compound nucleus; the 
arrows indicates the threshold of reaction with emission of six 
neutrons. 


particles of energies near 11.8 Mev is greater. 
Upon changing to a Pb?” target, the situation 
changes: for the maximum ion energy, the more 
probable reaction becomes the one that results in 
@ radiation near 9 Mev (see Table III). 

c) The comparatively longer lifetime of the a 
emitter of ~ 11.8-Mev particles has allowed us to 
perform an experiment to detect the a@ decay that 
is genetically related to this radiation. After a brief 
irradiation of a Pb?" with a beam of C!® ions, the 
receiver of the recoil nuclei was rapidly extracted 
from the cyclotron chamber and placed in prolonged 
contact with the emulsion surface. Against the back- 
ground of a large number of particles with energies 
less than 8 Mev, six tracks from the first group of 
high-energy a particles (Eq ~ 9 Mev) and 64 
tracks belonging to the second group of particles 
(Eq © 11.8 Mev) were registered. Not a single 
pair of correlated tracks was observed. 


III. DISCUSSION OF THE RESULTS 


1) On the basis of the Rasmussen and Perlman’ 
classification of @ emitters, it appears little likely 
for a particles of energy near 12 Mev to be emit- 
ted inthe decay from the ground state of nuclei of 
elements from At to Ra. It is known that the en- 
ergy of q@ decay increases with decreasing mass 
number, reaching a maximum for nuclei with 
N = 128 neutrons, and then rapidly decreases. 

At the present time, two isotopes with N = 128 
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TABLE III 
| NQF | Ney 
Ni/Nz 
Target | ee Mev) | ~9 Mev) | / . 
pps | 589 | 235 res 
P20? | 96 148 0.65 


neutrons are known: Po?!? (Eq = 8.78 Mev, Tip 
= 3x 107'sec) and tees (Eq = 9.2 Mev). Extrapo- 
lation of the dependence of the a@ -decay energy on 


the mass number for Em, Fr, and Ra shows that in © 


these elements the maximum a -particle energy 
(at N= 128) evidently does not exceed 10 Mev. It 
appears most probable to us that the a radiation 
with energy ~ 11.8 Mev is emitted from the excited 
nucleus produced during the decay of a certain par- 
ent nucleus, i.e., we deal here with the so-called 
“long-range” a particles. An analysis of the 
properties of the isotopes that can be formed as 

a result of interaction of carbon ions with lead 
shows that the main competing processes in the 
decay of these nuclei are q@ decay and K capture. 


The negative result of the experiment on the detec- | 


tion of genetically-related a@ particles indicates 
that the emitter of particles with energy ~ 11.8 
Mev cannot be produced by a@ decay. It is thus 
proposed that the parent nucleus experiences K 
decay, while the daughter nucleus is most probably 
in the excited state (E* * 2.5 Mev) and decays 
with emission of a high-energy a particle. The 
half-life of the q@ activity is determined here by 
the lifetime of the parent nucleus. For the nuclei 
now known, the intensity of the “long-range” par- 
ticles is many orders smaller than the intensity of 
a radiation from the ground state. This is due to 
the small probability of production of a nucleus in 
the excited state and with the fact that the decay of 
the excited nucleus with emission of a high-energy 
a particle takes place in a smaller fraction of 
cases (the nucleus experiences principally radia- 
tive transition to the ground state). 

In our case (see Fig. 4) the group of “long- 
range” a particles is more intense than the group 
with energy near 9 Mev; this can partially be as- 
cribed to the decay of the same nucleus from the 
ground state. This circumstance can be explained 
by the fact that the probability of emission of an a 
particle increases very rapidly with energy. Esti- 
mates show that the lifetime of the Po —Ra nuclei 
relative to the “allowed” q@ decay with energy on 
the order of 12 Mev is 107!8 to 10711 sec, i.e., in 
our case the decay of the excited state by emission 
of a high-energy a@ particle can compete success- 
fully with radiative transition. 

It is most probable that the parent nucleus is an 
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isotope with N = 127: At?!2, an) 


Em?233 | Fr2!4 | or Ra 


The last two nuclei must be excluded from considera- 


tion in view of the fact that to produce them by bom- 
bardment of Pb? with C!® ions we must have the 


reactions (C}3, p6én) and (C!%, 6n), which are ener- 


getically impossible at Eci3 < 70 Mev. In addition, 
the decay of Ra?!® should lead to the appearance of 
two-pronged a -particle stars 
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which has not been observed experimentally. The 
energy dependence of the cross section for the 
production of the a radiation of interest to us 
does not contradict the assumption of production 
of At?!2 Go p4n) reaction] and Em*2{(C*, xa4n) 
reaction (x =0,1)]. There are still not enough 
grounds for giving preference to any of these iso- 
topes. 

It must also be assumed that these nuclei are 
produced in a metastable state — an assumption 
which is quite sensible, since the known nuclei with 
127 neutrons (Bi?!° and Po?!!) have isomer levels. 
In the case of At?!* this is necessary, if for no other 
reason than that the half-life of q@ particles of en- 
ergy ~11.8 Mev does not coincide with the half-life 
of decay of At?! from the ground state (0.2 second). 
The metastability assumption allows us to explain 
the value of the excitation energy (~ 2.5 Mev) of 
the daughter nucleus and the small value of the 
cross section for its production. Let us consider 
the latter circumstance in greater detail for the 
case of Em?® production. The cross section of the 
(c!8, xa4n) reaction (x = 0, 1), which leads to the 
appearance of Em?" in the ground state, is ~107” 
cm? at the maximum C!® ion energy (according to 
an estimate of the yield of Em?” from irradiation of 
Pb2"8 with C!* ions). The low yield of the daughter 
nucleus in the excited state (At?!°*) could be re- 
lated to the small probability of K capture of Em? 
compared with @ decay (Eq ~ 7.5 Mev). In this 
case, however, the portion of the a-particle spec- 
trum from 7 to 8 Mev should be hundreds of times 
more intense. In the case of Em?8™ production the 
yield of the a -particle emitter will be determined 
not only by the “fork” in the Em2!3™ decay, but also 
by the probability of production of this nucleus and 
the (c}3, xa@4n) reaction, which is less than that 
for Em?'?, 

The proposed mechanism for the appearance of 
“long-range” a particles is shown schematically 
in Fig. 6. This scheme should be considered as a 
working hypothesis, which will be verified and re- 
fined by further experiments. 

2. The identification of the emitter of qa par- 
ticles of ~9 Mev is more difficult. This may be a 
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FIG. 6. Proposed scheme for a decay that leads to high- 
energy a particles; IT — isomer transition. 


short-lived isotope in radioactive equilibrium with 
the parent nucleus, or else it may be a nucleus in 
the isomer state with a half-life 30 —40 sec, which 
emits a particles of ~9 Mev (hindrance factor 
~10'—108). A known example of such a decay is 
the isomeric Po*!! with a half-life of 25 sec, which 
emits 8.7-Mev a particles.’ The production of 
this very isotope in our experiments [via the Pb?% 
(Gi xa2n) reaction (x = 0 to 2)] is not to be ex- 
cluded. 

3. A study of the properties of emitters of high- 
energy @ particles, resulting from the interaction 
of oxygen and carbon ions with lead is of particular 
interest for those engaged in the production and in- 
vestigation of new transuranic elements. The point 
is that certain isotopes of the far transuranic ele- 
ments may have radioactive properties similar to 
the @ emitters described in the present paper. 
This means that lead impurities in targets may pro- 
duce a substantial background if physical methods 
are used to identify the new elements. This circum- 
stance was taken into account in experiments on the 
production of the 102nd element, carried out at the 
Institute of Atomic Energy of the U.S.S.R. Academy 
of Sciences in 1957 — 1958.‘ For a successful per- 
formance of these experiments a sensitive method 
was developed for activation analysis of lead impuri- 
ties, and special measures were undertaken to pur- 
ify the materials employed. 

We note again that the interpretation of the re- 
sults, suggested in Secs. 1 and 2, is tentative. Addi- 
tional experiments, which are under preparation at 
the present time, will permit a more definite identi- 
fication of the observed qa emitters. 

The authors express their gratitude to V. S. 
Zolotarev, for graciously supplying us with sepa- 
rated lead isotopes, and to A. M. Semchinova and 
D. M. Parfanovich for help with the work with the 
photoemulsions. 
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Elastic scattering of positive 5 —22 Mev pions by carbon was investigated in a propane bubble 
chamber. Phase-shift analysis of the angular distribution shows that a repulsive potential acts 


on the meson in the S state in the nucleus. 
INTRODUCTION 


yA investigation of the scattering of very slow 
positive pions yields interesting data on the inter- 
action between pions and nuclei practically in the 
S state, since the contribution of waves with 1 # 0 
is found to be small at ~10 Mev. Analogous infor- 
mation for negative pions can be obtained when 
measuring the level shifts in m-mesic atoms. 
However, the pion energy does not exceed 0.13 
Mev even at the K level of carbon and therefore, 
at energies greater than this value, a study of the 
scattering of pions by carbon is the only direct 
experimental method of investigating the interac- 
tion between pions and nuclei. 

Investigations of the scattering of slow pions 
(with energies on the order of 20 Mev and greater ) 
were undertaken with the aid of photoemulsions.!~4 
These papers give, in particular, data on the elas- 
tic and inelastic scattering cross sections. How- 
ever the accuracy of the data given, together with 
the fact that there scattering by a mixture of heavy 
nuclei (for which the Coulomb scattering is large) 
takes place in the emulsion does not permit an 
analysis of the character of the pion-nucleon inter- 
action in elastic scattering. 

In an earlier paper’ we reported preliminary 
data on the scattering of slow positive pions by 
carbon. The cross sections given in reference 5 
include nuclear scattering and interference between 
the Coulomb and nuclear scattering. 

In the present paper we give a data-reduction 
method and an analysis, based on greater statis- 
tical material, of the angular distributions of elas- 
tic scattering of positive pions at energies 5 — 22 
Mev. 


EXPERIMENTAL CONDITIONS 


The scattering was investigated in a propane 
bubble chamber. Some of the material was ob- 
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tained with the chamber described by Kotenko, 
Kuznetsov, and Popov.® Another portion of the 
material was obtained with the chamber described 
by Pershin,’ and was graciously made available to 
us by the author, for which we take this opportunity 
to express our gratitude. The material obtained 
with these chambers was used earlier to determine 
the correlation in —p-—e decay.®® The cham- 
bers were irradiated in the pion beam of the Joint 
Institute for Nuclear Research, the pions were pro- 
duced by the external proton beam on a polyethylene 
target 70 cm thick. The 170-Mev mesons emitted 
from the target at an angle of 70° were guided into 
the collimator by a deflecting magnet. In front of 
the chamber itself the pions were slowed down with 
an absorber so that most pions of the beam were 
stopped within the working volume of the chamber. 


PROCESSING OF THE EXPERIMENTAL DATA 


We investigated pions scattered and stopped in 
the chamber (the stopping of a positive pion was 
identified by the characteristic ™*—y*—e* de- 
cay). In scanning the statistical material, an im- 
portant role can be played by subjective errors, 
connected with miscounting of stopped positive 
pions. It can be stated that a positive pion stopped 
after prior scattering of the pion (particularly at 
a large angle) is observed in scanning more fre- 
quently than a stopping without scattering. Thus, 
the current of stopped particles may be underes- 
timated and the scattering cross section may be 
artificially overestimated. To avoid this error 
as much as possible, half of the entire statistical 
material was scanned three times, the first two 
times being scanned only for the purpose of de- 
tecting the stopping of a positive pion as identified 
by the m*—-y*—e* decay. The number of stopped 
positive pions after the first and second scannings 
was 5,306 and 6,670 respectively, i.e., the number 
of stoppings missed in the first scanning was 11.5% 
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TABLE I 
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Number of 
Observed |scattering 


Energy Angular number of |cases af- 


do/d@, mb/sterad 


inter- 


i tteri t intro- A 
vals, ees neueate or ueing the Experi- Solutions Data Gs 
rei , AN op pees ae I II | ro Byers 
s c ey 
mo=—8°, |=33,1 _ | nw=—3°, | 
m=—1°45' y= 11°35’ hia | 
45—20 25 20.8 |3612--754 2702 1335 as 2303 | 
, 20—60 18 18.4 | 393100 510 369 = 349 
a8 GORI eg 9.5 | 14147 72 157 = 39 | 
120—180] 4 1.1 16-116 25 3 = 24 
No=—7°30’, | o=5°, | No=20°, | No=—4°30’, 
M=—1° y1=—9° ee m1 =2°40' 
15—20 24 20.5 | 8534181 835 987 539 727 
paleo eeE0 26 30.3 | 15933 148 148 136 84 
$15 1° 60-100|° 4 6.2 227412 29 5 28 15 
120-180] 6 6.9 25410 22 19 5 23 
No=—4° no=12° | No=20°, | no =—6°20' 
m=2° My=—0°45') y= 0°45 m1=6° 
15—20 44 9.8 | 273+88 297 32 203 262 | 
99 | 20—60 7 10.5 36-15 46 60 27 22 
15—24 | 69120] 4 9.2 23412 9 16 20 13 
120—180| 3 4.5 11:7 | 11 45 19 29 


will decay in flight, W, the probability that the 
positive muon will enter the investigated range of 
angles in the a*—>u* decay, and Ws; is the prob- 
ability that the positive muon will imitate the 7* 
—u* decay at the end of its range (single scatter- 
ing greater than 15°). W,, W»2, and W3 can be cal- 
culated. 

c) Calculation of the error in the measurement 
of the angles and of the multiple scattering. In de- 
termining the limit of angle intervals and in plotting 
the angular distributions, it is very important to 
account correctly for the excess count of scatterings 
in a given angular interval due to the error in the 
measurement of the angles and due to multiple 
scattering. Assuming the distribution of the devia- 
tions in the angle measurement to be Gaussian 
within two standard deviations, the correction de- 
sired is obtained in the form 

lim © 
Wang= | Fle) te | eed: — 


Vin 
? lim—20 ?lim—? 


elimt 2° —oo 
oC 
~ V 2a 
*lim Flim 
where F(qg) is the function that determines the 
projection of the Coulomb scattering on the plane 
of the film, o = Vo} + 0%; o, is the mean-squared 
error in the measurement of the angle, o, is the 
mean square of the projection of the angle of mul- 
tiple scattering for a given energy interval. The 
integration was carried out numerically. 

d) Calculation of the error in the measurement 
of the energy. The correction for the additional 
number of events within a given energy interval 
was allowed for in plotting the energy dependence 


(4) 


of the scattering cross section by using a method 
similar to that described in case c). This correc- 
tion was found to be negligibly small. 

e) Scattering by hydrogen. The correction for 
Coulomb and nuclear scattering by the hydrogen 
contained in the propane was taken into account by 
the usual method used to determine the total cross 
section of scattering by a complex substance. 

f) Inelastic scattering. In the investigation of 
scattering of positive pions by nuclei at low ener- 
gies in a bubble chamber it is difficult to separate 
the elastic scattering from the inelastic one, since 
the positive pion has an increased track density 
long before stopping and a small (4—7 Mev) de- 
crease in energy cannot be noticed. However, from 
experiments on scattering of positive pions by 
emulsion nuclei at our energies! and by carbon 
nuclei at energies greater than 30 Mev!! it is known 
that the inelastic-scattering cross section dimin- 
ishes rapidly with decreasing energy and is prac- 
tically zero at energies less than 30 Mev. We 
therefore assume that the scattering measured by 
us is fully elastic. 


ANALYSIS OF THE EXPERIMENTAL DATA 


To plot the angular distributions, the energy in- 
terval investigated by us (5 —22 Mev) was broken 
down into three smaller intervals: 5—8, 8 —15, 
and 15 — 22 Mev. 

The results of making all the corrections for 
the angular distributions are presented in Table I. 
We also list there the experimental cross sections 
by angle intervals (Coulomb plus nuclear). 

It is known that the differential angular cross 
section for scattering by a nucleus of charge Z 
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of the number of cases observed in two scannings. 
The third scanning was to detect scattering of the 
previously found stopped positive pions. In this 
scanning, too, additional stoppings were observed, 
but their number was small compared with the 
total number of cases (less than 3% of the number 
found in the first two scannings). We believe that 
such a scanning of the material excludes the pos- 
sibility of predominant observation of stopping 
plus scattering cases. 

In the measurement of scattering we excluded 
from consideration stopped mesons with ranges 
less than 6 mm in the chamber prior to decay (the 
decay positive pion had a range of 3.15 mm), cases 
when the positive pion entered the chamber from 
the glass or at a large angle from the upper or 
lower walls of the chamber, and finally cases 
when the angle between the projection of the posi- 
tive-pion momentum prior to stopping and the di- 
rection of the momentum of the decay positive pion 
was less than 15° — in these cases the admixture 
of positive pions produced outside the chamber 
is large. 

In the third scanning we counted all single scat- 
terings by more than 10° (projected on the plane of 
the film). Measurement of the projections of the 
angles allowed us to accelerate the data reduction 
and to decrease the error in the determination of 
the angle. The angles were measured accurate to 
se il’, 

All scattering cases were scanned two more 
times. In these scannings we selected carefully 
all cases of single scattering by angles greater 
than 15°. Such a selection was necessitated by the 
large value of the Coulomb scattering at our ener- 
gies, and by the difficulty of separating single scat- 
terings from multiple scatterings at smaller angles. 

The second part of the statistical material was 
scanned carefully once more after the final reduc- 
tion of the first part of the material (the two parts 
were approximately equal statistically). The re- 
sults obtained with the second half of the material 
agreed, within the limits of statistical errors, with 
the results obtained in the reduction of the first 
half of the material. The statistics were then 
combined. Thus we selected 8,727 photographs 
of positive-pion tracks stopped in the chamber 
for our investigation of scattering. 

The particle energy at the point of scattering 
was determined from the residual range. The 
errors in the measurements of the energy did not 
exceed 10% for the selected energy interval from 
5 to 22 Mev. A total of 137 particles were scat- 
tered within the angle and energy intervals. 

To proceed with the calculation of the cross 
sections and to determine the angular distributions 
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of the scattering, it is necessary to introduce cor- 
rections for many factors, which we shall now dis- 
cuss. 

a) Geometric correction. The finite dimen- 
sions of the chamber cause some of the scattered 
particles to go into the walls of the chamber and 
become unobservable. The calculation of the cor- 
rection for such omissions, owing to the rectangu- 
lar form of the chamber, is similar to the problem 
of finding the probability that a segment of length 
l will fall in a random test on one of two parallel 
lines, the distance between whichis a (see, for 
example, reference 10). Taking into account the 
features of the chamber geometry and of the par- 
ticle scattering it is possible, using the solution to 
the above problem, to obtain the following value for 
the correction coefficient: 

2/sin® (+ +)+ 


Tw a 


(? sin? @ 
wT 


K corr = [: te Hae ’ (1) 
where @ is the three-dimensional angle of particle 
scattering, l the true length of the particle track 
after scattering, while a and b are the trans- 
verse dimensions of the chamber (in our case the 
height was equal to the depth). We used a correc- 
tion coefficient of somewhat simpler form 


Kecorr = (1 — 2/ sin ¢/ na), (2) 
where q is the projection of the scattering angle 
on the plane of the film. This results in a slightly 
overvalued correction, but by an amount which is 
much smaller than the statistical error, and is 
therefore insignificant. 

Corrections based on (1) and (2) are introduced 
for each individual scattering case and thus take 
automatically into account the spectrum of the 
scattered particles; (1) takes into account the dis- 
tribution in space, while (2) takes into account the 
distribution in the projection on the emulsion plane. 

The correction coefficients (1) and (2) disregard 
a certain inhomogeneity in the positive-pion current 
over the height and depth of the chamber, and also 
the dip angle of the entering positive-pion beam. 
Estimates show that these can be neglected in our 
case. 

b) Corrections for positive-pion in-flight decay 
identified as scattering of positive pions. A positive 
pion can decay in flight and the positive decay muon, 
which experiences scattering shortly before stopping, 
may imitate a 7*—w* decay. Such cases can be 
mistaken for a positive-pion scattering. 

The overall probability of registering a positive- 
pion decay as a scattering is 


VW = W,W.Ws, (3) 


where W, is the probability that the positive pion 
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is given, at small energies, by the following for- 
mula (see, for example, reference 12): 


do __—a@_ | exp {— fa In sin? (0 / 2)} 4%, ins | 
dQ 4k? sin? (0 / 2) i a (e ) 
si t+ia 
ey ese (e24™ — 1) cos 0 é (5) 


where @ = Ze*/fiv, v the velocity of the incident 
particle, k the wave number, e the electron 
charge, @ the scattering angle, * = 7) + ido the 
complex phase shift of the S wave, and n, the 
phase shift of the P wave. It is assumed here that 


in the investigated energy region the principal con- 


tribution to the scattering is made by the S and P 
waves and that only the S wave is absorbed (see, 
for example, the paper by Byers!?), Formula (5) 
is correct in the case of a target nucleus of infi- 
nite mass. In our case this condition is satisfied 


5 9 
cos (2 In sin? 5) =1—C,cos* >>; Cy ='Cy (@); 


0 
sin (a In sin? 5) = C,cos’> Ca= G2). 


A better agreement between the exact and approxi- 


mate functions was obtained for C, at @ = 20° 
and, for C, at 6 = 60° — the discrepancy in the 
remaining points did not exceed 10% in this case. 

It can be shown that in the geometry of our ex- 
periment the conical projections of the scattering 
angles on the plane of the film differ very little 
from the orthogonal projections. 

From the plotted experimental angular distri- 
butions we found the phase shifts n ) and ™. To 
determine the shifts we used a somewhat modified 
least-squared method, which took into account the 
errors in the experimental values. The method 
was used in this form by Fermi! and consisted 
essentially of a method of estimating parameters 


with high accuracy. 

We reduced the data by projection, i.e., we meas- 
ured the projections of the scattering angles of the 
positive pions on the plane of the emulsion. To 
compare the experimental angular distributions >( Sti Set \" Nae (6) 
with the theoretical formula (5), the latter had to Te Sey 
be projected on the plane passing through the pri- 
mary direction of the particle track. In machine 
computation, the formula was projected exactly. 
Here we give an approximate value of the projected 
formula. 

Omitting the intermediate computations, we can 
write for small phases 7, 69, and 7 (i.e., using 
the approximation sin 7, = 7, and sin dy = 6) 


by the minimum of yx? (reference 16). The phases 
were determined with a “Ural” digital computer, 
which evaluated the sum 


The value of N was calculated in the phase-shift 
range from +50 to —50°. This interval was spe- 
cified on the basis of the values of the phase shifts 
calculated in the paper by Byers’? for the scattering 
of negative pions by carbon and on the basis of anal- 
ysis of mesic-atom data. 

In Eq. (6), Ogj is the experimental scattering 
cross section in the i-th angle interval, ¢j is the 
error in the determination of the experimental 
value of the cross section, and o+; is the theoret- 
ical value of the cross section in the given angle 
interval. The cross section oj was calculated 
from the projected formula (5), neglecting also the 
absorption of the S wave. This assumption can be 
justified by the fact that the data on the absorption 
of positive pions in beryllium at 20 and 39 Mev,!” 
and also the data on the measured width of the 1S 
level in the 7-mesic atom from beryllium,!® would 
lead us to expect that, in the investigated energy 
interval, the phase shifts corresponding to absorp- 
tion 69 are one-third the scattering phase shifts 
No 3 Allowance for absorption phase shifts of this 
order of magnitude changes the differential scatter- 
ing cross section by not more than 5%, whichis much 
less than the error in the cross-section measure- 
ments. This allows us to neglect absorption of the 
S-wave. Unfortunately, it is very difficult to deter- 
mine experimentally in a bubble chamber the ab- 
sorption cross section at energies 5 — 22 Mev. 

In the indicated phase-shift interval we obtained 
for N three relative minima at 8—15 and 15 — 22 


ds or? he 
ere | ats (y) + 24 a 1 COS” @ 


2 2 
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-1 
— 29 Fy (g) — 2 mE a(g) + Arad, 
where r,)=f/uc, uw is the reduced mass, ¢g the 
projection of the scattering angle 9 on the plane 
passing through the initial direction of the scat- 
tered particles, 


F, = 16 (sing + (x — ¢) cos ¢)/sin®@. 
is the projection of the Coulomb scattering, 
2(x—o)—ZaSIi 
Fy = 4a asne [(1 — Cy) (Mo — 280% + 3%) 
— Co (Bo + 92+ 6am)1, 
Fs = cos 9 (Cia + 20°C, — 27), 
4r? 5 
A= ee [7% + 8) — Cye (9 — 285% + S771) 


— Coo (89 + 42 + 120%) + bax]. 


The constants C; and C, are determined from 
the conditions of approximate equality of the func- 
tion used in the projection 
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TABLE II. Relative minima of the values of N and the 
corresponding values of the phase shifts 


AE, Mev | 5—8 | 8-15 | 15—22 

Solution | ] | II | I | II | Ill | I II | III 
No —8° Son —7°30’ De 20° —4° NO 20° 
ent —1°45’ 17°30" |) —1° —5° 14° +2° | —0°45’ 0°45’ 
N D0 9.2 0.6 Pets Gn) 2.0 Pros Pye 

P,% 80.0 0.05 99.0 90.0 3 87.0 4 50 


Mev, and two minima at 5—8 Mev. The values of 
the phase shifts and the corresponding values of N 
are given in Table II. The sixth, seventh, and eighth 
columns of Table I give the cross sections corre- 
sponding to these solutions, calculated by formula 
(5); 

Inasmuch as the differential elastic-scattering 
cross sections of zero-spin particles permit a 
unique determination of the scattering amplitude,’® 
only one of the found solutions should be retained. 
The choice was made on the basis of an examina- 
tion of the values of N, of the agreement levels 
for the Kolmogorov criteria, and of the stability 
of solution under variation of energy. 

To avoid errors in the choice of a solution, 
which may be caused by insufficient statistics 
(which can lead in turn to a change in the profile 
of the function N(%, 7) in a repetition of the 
experiment), we estimated all pairs of solutions 
by the Kolmogorov agreement criterion. The 
agreement levels P for the Kolmogorov criteria 
are listed in Table II. Specifying, as usual, a 5% 
value level, we can discard solution II in the 5 —8 
Mev and 15 — 22 Mev intervals and solution III in 
the 8 —15 Mev interval. Among the remaining 
solutions, solution I has in each energy interval a 
definite stability under a small change of energy of 
scattering particles, while the other solutions have 
no such stability. Obviously these solutions should 
be chosen as the true ones. 

From the integrated cross sections for scatter- 
ing at angles greater than 15° we estimated the 
statistical errors of the obtained phase shifts. 
Final data are summarized in Table III. 


TABLE III 


AE, Mev | 5-8 | 8—15 | 15 —22 


No —8°+4° |—7°30'-29|—4°43° 
m  |—1°457449] —1°+3° | 2°t1° 
From the values of the phase shifts it is seen 
that in the scattering of 5 —22 Mev positive pions 
the principal role is played by scattering in the S 
state, and that the phase shift of the S phase is 
negative, corresponding to the presence of repul- 


sion in the S state. Since the P phase is small, 
it can be stated that in the investigated energy in- 
terval the nuclear forces between the carbon nu- 
cleus and the positive pion are repulsive in char- 
acter, in other words, there is a positive effective 
potential between the nucleus and the positive pion. 

This positive potential is in apparent contra- 
diction with the results of an entire group of in- 
vestigations of elastic scattering of pions by car- 
bon nuclei in the energy range from 30 to 125 
Mev.2°-*4 The results obtained in these investiga - 
tions (based on the optical model) indicate an at- 
tractive potential. However, there is no contra- 
diction here since in the 30 —125 Mev region P 
scattering predominates, with positive phase, and 
this yields an effective negative potential.* 


TABLE IV. Phase shifts cal- 
culated with allowance for 
the Coulomb interaction, 
based on data for 7 - 
mesic atoms? 


AE, Mev 5—8 | 8—15 | 15—22 


—6°20' 


No —3° —4°30' 
+6° 


nh 44° | 42°30 


Our result is qualitatively in agreement with 
data on the measurement of energy level shifts of 
negative pions in m-mesic atoms,”> where the 
rise in the levels is evidence of a repulsive poten- 
tial acting on the pion. Byers!® calculated, from 
an analysis of the level shift in m-mesic atoms, 
the possible phase shifts in scattering of negative 
pions by carbon at 5 and 10 Mev. Using the results 
of this paper, we calculated (with allowance for 
the Coulomb interaction) the expected phase shifts 
for the scattering of positive pions by carbon at 
our energies. These phase shifts are listed in 
Table IV, and the corresponding cross sections 
are given in the last column of Table I. The cal- 


*We can note in this connection that in the optical model 


the graph of the real part of the potential becomes positive at 
small energies, and does not vanish from the side of negative 
values, as shown by Frank et al.”° (Fig. 2b). 
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culated phase shifts deviate somewhat from those 
we obtained experimentally, but we do not attach 
too great a significance to this since, firstly, the 
statistical errors in our experiments are large, 
and secondly the data on 1-mesic atoms for the 
P wave are not reliable. 

Assuming additivity of the pion-nucleus inter- 
action potential, we can obtain from our phase 
shifts the connection between the phase shifts of 
the S waves in meson-nucleon scattering. Calcu 
lations yield 6, + 263;< 0 (where 6; and 63 are 
the phase shifts of the S wave at T=‘ and T 
= %) in the entire energy interval under investi- 
gation. This agrees both with conclusions drawn 
from mesic-atom data and with direct measure- 
ments of meson-nucleon scattering." 

We note that an analysis of the experimental 
data on nuclear scattering at low energies is dif- 
ficult because of the presence of a large Coulomb 
background, particularly at small angles, and the 
presence of interference between the Coulomb and 
nuclear scattering. The first difficulty can be 
eliminated by correct allowance for Coulomb scat- 
tering and by increasing the statistical material. 
Correct computation of the interference terms 
makes it desirable to obtain data on scattering of 
negative pions at the same energies. 

In conclusion, we wish to express our gratitude 
to Professor V. P. Dzhelepov for enabling us to 
perform the experiments on the proton synchrotron, 
to Professor A. I. Alikhanyan for interest in the 
work and for useful discussions, to A. V. Samoilov 
and L. L. Sabsovich for computations with the com- 
puter, to V. P. Kuznetsov for useful discussions, 
and to A. A. Bednyakov for help in running the ac- 
celerator. 
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The resistance anistropy of gold single crystals in a magnetic field has been investi- 
gated. It has been found that for certain directions of the magnetic field relative to the 
crystallographic axes of the single crystals the resistance increases as the square of the 
field, while for other directions it reaches complete saturation for values of the field 

H >> Hy. It can thus be concluded that an open Fermi surface exists in the case of gold. 

A stereographic projection of preferred directions of the magnetic field has been con- 
structed, and an analysis of it shows that the Fermi surface in the case of gold is a 
“spatial net” formed by “corrugated cylinders” whose axes are parallel to the [110] and 
[111] directions of the reciprocal lattice. The resistance of gold single crystals has been 
averaged over the angles. The values of the averaged resistance depend linearly on the 


magnetic field, thus explaining Kapitza’s law. 


1. INTRODUCTION 


Tae theory of galvanomagnetic phenomena based 
on the assumption of the quadratic form of the dis- 
persion of the conduction electrons in a metal 
e(p) =p?/2m* (e is the energy, p is the quasi- 
momentum, m* is the effective mass of electron 
was unable to explain such well known experimental 
facts as the linear increase in the resistance of poly- 
crystalline samples (Kapitza’s law? ) and the pro- 
nounced resistance anisotropy of single crystals in 
a magnetic field.4~® 

In 1955 I. Lifshitz, Azbel’, and Kaganov! carried 
out a theoretical investigation of galvanomagnetic 
phenomena in metals with an arbitrary dispersion 
law. A very important aspect of this investigation 
was the treatment of the conduction electrons in the 
metal as a gas of quasi-particles with a complex 
anisotropic dispersion law e(p) which may corre- 
spond to both closed and open isoenergetic surfaces 
€(p) = £9. It was shown that in the region of strong 
magnetic fields H > Hy (Hy is the field for which 
l/r =1, 1 is the mean free path, r is the radius 
of curvature of the electron trajectory in the mag- 
netic field) the characteristic features of the gal- 
vanomagnetic properties of metals are determined 
by the topology of the Fermi surface ¢€(p) = ) and 
do not depend on the interaction between the elec- 
trons and the lattice imperfections. 

In the case of metals with open Fermi surfaces 
the theory’ established in principle the possibility 
of saturation of the resistance of single crystals for 
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some orientations of the magnetic field, and the quad- 
ratic increase of the resistance for other orienta- 
tions. In the case of metals with closed Fermi sur- 
faces we should not expect pronounced anisotropy of 
the resistance in a magnetic field, and, moreover, 
for metals with n, =n, (n, and ny are the densi- 
ties of electrons and of “holes” ) the resistance 

will tend to saturation, while in the case n, =n, the 
resistance will increase quadratically with the mag- 
netic field. 

Thus, experimental study of galvanomagnetic 
phenomena enables us to obtain valuable informa- 
tion on the topology of Fermi surfaces in metals. 
However, this possibility was rendered doubtful as 
a result of the work of Chambers.’ By extrapolating 
the experimental results to H = ~ he concluded that 
the linear increase of resistance in the case of poly- 
crystalline samples of Au, Cu, and Ag will occur 
only at very high values of the magnetic field, while, 
according to Lifshitz, Azbel’ and Kaganov,’ the re- 
sistance in this case must either increase quadrat- 
ically with the field, or must be independent of the 
field. 

It should be emphasized that Chambers carried 
out his measurements using polycrystalline samples. 
It appeared to us to be probable that an investigation 
of single crystals would lead to an essentially differ - 
ent picture. In connection with this we undertook 
an investigation of the resistance of single crystals 
of gold in a magnetic field, for which the linear 
growth of resistance in the case of polycrystalline 
samples‘ and the pronounced anisotropy of resist- 
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ance in the case of single crystals® have been es- 
tablished most clearly. A preliminary communi- 
cation of the results obtained by us has been given 
earlier.!° 


2. SAMPLES AND THE MEASUREMENT METHOD 


As we have noted already, the modern theory of 
galvanomagnetic phenomena in metals has been de- 
veloped for the case of large fields H > Hy. In the 
case of monovalent metals Hy may be estimated 
from the condition I/r = H/pynec = 1, where e is 
the electron charge, n is the electron density, c 
is the velocity of light in vacuo, py is the specific 
resistance at H=0. 

The validity of the condition H > Hy) improves 
as py becomes smaller. Therefore, it is necessary 
to carry out the measurements at low temperatures 
utilizing samples of high purity. 

a) Samples. The material used for the prepara- 
tion of the samples was gold of purity 99.9999% (the 


impurities were Ag © 0.00008% and Cu ~ 0.00002%). 


Gold single crystals were prepared by a method 
due to Bridgman.'! The initial material in a quan- 
tity sufficient for obtaining one sample was melted 
under high vacuum in the wide portion of a quartz 
flask at the end of which there was a capillary of 
the required diameter and length (usually of 0.6 mm 
diameter and of length ~ 20 mm). 

After melting and outgassing, the metal under a 
small pressure (* 1 atm) of gaseous helium was 
made to fill the capillary. The capillary was de- 
tached from the flask and was placed inside a quartz 
tube which could be pulled through an oven. The 
oven temperature was of the order of 1200°C. A 
clockwork mechanism pulled the oven along the 
quartz tube. The length of time that the sample re- 
mained in the oven was varied from 2 to 60 min. 

After crystallization the quartz capillary was 
dissolved in hydrofluoric acid, and the sample was 
subjected to etching in aqua regia. A five minute 
etching period was sufficient to make the crystal 
sides produce sharp reflections, which permitted 
the optical method to be used for the determination 
of the orientation of the samples. The determina- 
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tion of orientations was carried out by means of a 
two-circle reflecting goniometer. As measure- 
ments have shown, in the case of gold which has a 
cubic face-centered lattice the planes giving the 
most intense reflections are the (111) planes. The 
shape of the reflected spots was that of three- 
pronged stars. Only the reflections from the (111) 


planes were used for the determination of the orien-_ 


tation. The accuracy of measurement was ~ 1°. 

The determination of the orientation of a large 
number (~ 20) of single crystals showed that with 
such a method of preparation the axes of the sam- 
ples were situated primarily in the binary plane of 
the crystal. In this plane the direction of the sam- 
ple axes was random. 

Eight samples were selected for the measure- 
ments. The characteristics of these samples are 
given in Table I (one can also infer the orienta- 
tion of the samples from Fig. 5). 

b) Mounting the samples. Particular attention 
was paid to the mounting of the samples. In refer- 
ence 12 it was shown that the relative position of 
the sample electrodes may significantly affect the 
results of the measurements. It is also necessary 
to take precautions against the deformation of the 
samples. 


We soldered the current electrodes (copper wire 


of 0.15 mm diameter) by means of Wood’s alloy to 
the ends of the sample. The potential electrodes 
(copper or‘gold wire of 0.05 mm diameter) were 
mounted at a distance of 44 of the sample length 
from its ends. 

The wire encircled the sample by a single loop 
and was drawn tight. The ring formed in this man- 
ner was in tight contact with the sample and was 
then soldered. 

The sample was then mounted in an ebonite 


holder which had the shape of a hollow half-cylinder. 


One end of the sample was glued to the inner wall of 
the half-cylinder while the other was completely 
free. A long metal needle could be inserted into the 
holder perpendicular to its axis (and to the sample 
axis), and a second determination of the directions 
of the crystallographic axes could be carried out 
with respect to it. By fixing the direction of the 


TABLE I 


Samples* | Au-t | Au-2 | Au-3 | Au-4 | Au-5 | Au-6 | Au-7 Au-8 
Orientation 9, 9’, in degrees | 23; 85] 45; 90] 45: 50] 42:4 45; 17| 45; 28) 40; 84 42: 84 
p (300°)/p (4°, 2) 1650 | 304 | 1456 | 945 | 1022 | 896 1178 1670 
Hy, koe 1.4 TAQ RS || PARA || 5 | De 5 4.95 1.38 


*p and J are polar coordinates of the sample axes in the stereographic projec- 
tion of the gold lattice (Fig. 5); ~ is the angle measured from the (010) plane, 
is the angle between the [001] axis and the sample axis. 
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needle with respect to the magnetic field it was pos- 


sible to determine the direction of the projections 
of the principal crystallographic axes on the plane 
in which the magnetic field was rotated and which 
was perpendicular to the sample axis. The error 
in determining the orientation with respect to the 
magnetic field could amount to not more than 2°. 

c) Measurements. For the measurement of re- 
sistance we utilized a potentiometer KL-48 with a 
galvanometric two-stage photoelectric amplifier 
FEOU-15. The sensitivity of this arrangement was 


1x 10° V/(mm/m). The measuring current through 


the sample was usually equal to 0.5 amp. 

To eliminate the effect of thermoelectric and 
Hall emfs both the measuring current and the mag- 
netic field were chopped. The magnetic field was 
provided by means of an electromagnet which en- 
abled us to obtain field intensities up to 24,000 o0e 
in a 20 mm gap, and up to 34,000 0e ina 12 mm 
gap. Most of the measurements were carried out 
at T =4.2°K, since when the temperature was 
lowered further the decrease in the resistance of 
the samples was insignificant. 


3. RESULTS OF MEASUREMENTS 


The dependence of the resistance p(#) on the 
angle was measured for all eight single crystals in 
a constant magnetic field of H = 23,5000e. The 
angle # through which the magnetic field was ro- 
tated was varied from 0° to 180°, and the resist- 
ance was measured at intervals of 2.5°. Fig- 
ures 1 —4 show rotation diagrams for four gold 
single crystals: 
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FIG. 1. Angular dependence of the resistance of the single 
crystal Au-1: H = 23,500 oe; o — T = 4.2°K (the values of 
Apy;/po are shown on the right); x — T = 20.4°K (the values 
of Ap,,/p. are shown on the left). 


FIG. 2. Angular de- 
pendence of the resist- 
ance of the single crys- 
tal Au-2: H = 23,500 oe; 
Aik 


FIG. 3. Angular de- 
pendence of the resist- 
ance of the single crys- 
tal Au-3: H = 23,500 oe; 
AES LYNG. 


-190° = - 80° g° +§0° go 


FIG. 4. Angular de- 
pendence of the resist- 
ance of the single crys- 
tal Au-5: H = 23,500 oe; 
TW 4.2 °K; 


Wi Kae 8 +50° +100° 
b 
A very sharp anisotropy characterizes the angu- 
lar dependence of the resistance of gold single cry- 
stals. In the range of angles 5 —10° the resistance 
varies by a factor of 10 or more. Very sharp max- 
ima and minima occur in the rotation diagrams. 
Their position corresponds to the crystallographic 
symmetry of the samples. 
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The directions of the narrow minima coincide 
with the special crystal directions [001], [110], 
and [111]. Narrow maxima are situated symmet- 
rically with respect to these directions at small 
distances from each other (not exceeding 26°). 
Very broad minima also occur (for example, in 
Fig. 1 at 0°). Considerable anisotropy showing all 
the characteristic features is also observed in the 
other gold samples. Table II gives the angular coor- 
dinates (with an accuracy of + 0.5°) of all the max- 
ima and the narrow minima occurring in the rota- 
tion diagrams. 


100 


FIG. 5. The stereographic projection of the directions of 
the maxima (@) and of the narrow, deep minima (0 ), observed 
for all eight gold single crystals. Dotted lines show the 
traces of the planes of rotation of the magnetic field for some 
samples (Au-2, Au-3, and Au-6), + — orientations of the sample 
axes. 


On the basis of all the rotation diagrams a stereo- 
graphic projection was constructed of those direc- 
tions of the magnetic field at which maxima occur 
(Fig. 5). The directions of the narrow minima are 
also indicated in the same diagram. Such a projec- 
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tion enables us to obtain a qualitative picture of the 
angular dependence of the resistance of a gold sam- 
ple with an arbitrary crystallographic orientation. 
The experimental points on the projection are 
grouped in a twofold manner: the directions of the 
maxima of the first type are situated on lines which 
surround small regions in the stereographic projec- 
tion. The centers of these regions coincide with 

the directions of the crystal axes [001], [110], and 
[111]. The basic dimensions of the regions are as 
follows: regions 001 and 110 — 26° and 15°, region 
111 — 12° and 10°. The directions of the maxima 

of the second type lie in the (110) and (111) planes. 
The rotation diagram for the Au-1 sample (Fig. 1, 
$= 0) enables us to conclude that there are no max- 
ima in directions lying in the (001) plane. 

Two characteristic features of the stereographic 
projection should be noted: 1) if the directions of 
the current and of the magnetic field both lie in the 
binary plane then, instead of there being a maximum 
in the rotation diagram, a minimum occurs (for ex- 
ample, Fig. 4, 3 = 90°). It is quite likely that the 
same is also true for current and field directions 
lying in the (111) plane. 2) In the direction of the 
intersection of the (110) and (111) planes the max- 
ima also disappear, and the minimum occurring in 
this case, in contrast to the minima in the direc- 
tions [001], [110] and [111], is not surrounded by a 
line of maxima (Fig. 2, % = + 55° and Fig. 3, 
od = + 30°; + 90°). 

The dependence of the resistance on the mag- 
netic field was investigated for the directions cor- 
responding to the minima and the maxima of the 
rotation diagrams. 

As may be seen from Figs. 6 and 7, complete 
saturation of resistance is observed in the direc- 
tions of the minima; in the directions of the max- 
ima the resistance increases without limit: 

Apyz/p) ~ H™, where n varies from 1 to 1.8 for 
different maxima (cf. Table II). 

Measurements in the region of low fields have 

shown that the difference in the character of the 


TABLE II 


Ce 


ae Directions of the maxima in degrees. Direction of the 
Samples gat Brackets contain the power index n narrow, deep 
Ap, /eo~ Ht minima in degrees 
Intersection 
Au-1 - +85 (1.5); -++78 (4.75); +58; +43 (1); +25 (1.25 —87 
with) the plane) 575116) 52) 20s cleo eels 355 a “ 
(001) 
Au-2 [110] +13 (1.8)+30; +38: +82; —40; —81 0; +35?; +55;+96 
Au-3 [011] +8; +35; +53; +70 0; +60 
Au-4 [010] +10; +38; +55; +82; —7 0; +45 
Au-5 [110] £8 (1.7); +85 (1)+48; +60 (1.5); —87; +80 (4) 0 
Au-6 [110] #7 (1.7); £33 (1.15); +50; +72; +78 (4.5) 0 
Au-7 [110] +7 (1.7); +25; +40; +55; +82; —62 0; +90 
Au-8 (110) +8; +380; +80; —15 (1.7); —32; +40; +63; —82 0; +35 
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© Au-1(#=0°) 
v Au-! (P=-§7°) 
OQ Au-d (a=* 999) 
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FIG. 6. Dependence of the resistance on the magnetic 
field in the direction of the minima in the rotation diagrams; 
O = F= + 35°, A — $=—- 45° x — SF = + 42° 


© Au=1 (d=-789) 
o Au= 5 (=-89) 
v Aus 7 (d=-18°) 
x Au=7 (h=+86%) 
Aue 1 (=-30%) 


ap 30 H,koe 
FIG. 7. Dependence of the resistance on the magnetic 
field in the direction of the maxima. 


variation of the resistance corresponding to a 
minimum and a maximum sets in at fields close 

to Hy. It may also be seen from Fig. 8 that meas- 
urements at a temperature of 20.4° do not differ in 
any essential way from measurements carried out 
at 4.2°K (naturally, the measurements at higher 
temperatures are equivalent to measurements in 
smaller effective fields ). 

It was of interest to study the change in the 
shape of the maxima as the magnetic field was var- 
ied. From Fig. 9 it is seen that the width of a max- 
imum of the first type decreases approximately as 
1/H with increasing field. It was also established 
qualitatively that the width of the maxima of the 
second type also decreases as the magnetic field 
is increased. 

The increase of resistance in a magnetic field 
in the direction of the maxima and a corresponding 
decrease in their width must lead to a decrease in 
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FIG. 9 


the power of the dependence of the resistance on the 
field after averaging over the angle # has been car- 
ried out. This was checked on samples Au-1 and 
Au-5. In the case of these samples rotation dia- 
grams were obtained at several values of the mag- 
netic field (from 5000 to 24,0000e). For each 

value of the field the resistance was averaged over 
the angle &. It turned out that the averaged resist- 
ance depends linearly on the magnetic field. The 
averaging of the resistance for an individual maxi- 
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mum of the first type (sample Au-l, ’ =—75° in 
the interval from — 85° to —69°) also leads to a 
decrease in the power index n, however, we do 
not obtaina linear dependence asaresult (n * 1.4). 
The results of averaging are shown in Fig. 10. 
Here are also given for purposes of comparison 
the curves for Ap/p) obtained by Kapitza® and 
Justi‘ for polycrystalline gold samples. 


0 b 10 15 AU 
dir 

FIG. 10. Dependence on the magnetic field (in units of //r) 
of the resistance averaged over the angle 3: 0 — Au-l (from 
—87° to 93°); o — Au-5 (from 0° to —106°); e — Au-1 (maximum 
of the first type from —87° to —69°); x — Justi’s results* for 
polycrystalline gold samples. The lowest straight line is an 
extrapolation of Kapitza’s results’ for polycrystalline gold 
samples. 


4. DISCUSSION OF RESULTS 


a) The Fermi surface for gold. A comparison 
of the results obtained by us with theory’ shows that 


the Fermi surface for gold is open. This finds its 
expression in the fact that the resistance increases 
in the magnetic field in quite a different manner 
(quadratic increase and saturation) for the differ- 
ent crystallographic directions. 

The galvanomagnetic properties of metals having 
open Fermi surfaces have been treated in the paper 
by Lifshitz and Peschanskii.!? One of the principal 
conclusions of this paper is that on the basis of an 
experimental study of the resistance anisotropy of 
a metal it is possible to determine those directions 
in which the Fermi surface is open. 

Figure 11 gives a stereographic projection of the 
special directions of the magnetic field in the case 
of gold which was constructed on the basis of the 
projection of the maxima (Fig. 5). For the di- 
rections of the magnetic field lying within the two- 
dimensional regions I of this projection and in the 
(111) and (110) planes one should observe accord- 
ing to the theory!® a quadratic increase in resist- 
ance 


Aou | 09 ~ H® cos* x, (1) 
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FIG. 11. The stereographic projection of special directions | 
of the magnetic field for the Fermi surface for gold. The shaded | 
regions (I) and the lines joining the regions I are directions | 
for which the resistance increases quadratically with the mag- 
netic field. In regions II the resistance does not depend on 
the field for H > H, (saturation). Points denote the directions 
of narrow deep minima. 


where a is the angle between the current and the 
direction of the open sections of the Fermi surface. 
However, the dependence of the resistance on the 
field observed experimentally for these directions 

is somewhat less than quadratic. This circumstance 
may be explained by the averaging of the resistances 
associated with the narrow maxima as the result of 
the single crystals not being perfect, the magnetic 
field not being homogeneous, etc. As has been 
shown earlier, an averaging of this type leads to a 
decrease in the power dependence of the resistance 
on the field. 

On taking this into account we may assume that 
the Fermi surface for gold, in accordance with the 
stereographic projection (Fig. 11), is represented 
(in a topological sense) by a “spatial net” formed 
by “corrugated cylinders” whose axes are parallel 
to the [110] and [111] axes of the reciprocal lattice. 
Indeed, the special directions situated in the (110) 
and (111) planes are formed by the “cylinders” [110] 
and [111]. The two-dimensional regions I arise as 
a result of the mutual intersection of these cylinders. 
Thus, the region 001 is formed by the cylinders 
[110] and [110] which intersect in the plane (001); 
the region 110 is formed by the cylinders [110], 
[111], [111], which intersect in the (110) plane; and, 
finally, the region 111 is formed by the cylinders 
[110], [011] and [101], which intersect in the (111) 
plane. The dimensions and the shapes of the two- 
dimensional regions are chosen in accordance with 
the experimental data. The basic dimensions of the 
regions 001 and 110 are 15° and 26°, while the 
corresponding dimensions of the 111 region are 
10° and 12°. (It is possible that the actual dimen- 
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sions of the regions are really somewhat larger, 
but in any case they cannot be smaller than the 
values indicated). 

In accordance with reference 13, a very narrow 
minimum should appear for the central direction 
[001], [110] and [111] of the two-dimensional region 
in the diagram of the angular dependence of the re- 
sistance, and the resistance should tend to satura- 
tion in that direction. This finds good experimental 
confirmation. For all the other directions of the 
magnetic field (the broad regions II in Fig. 11) 
lying in the Fermi surface of the type indicated 
above a saturation of resistance should be observed. 
This is also confirmed by measurements (in the ro- 
tation diagrams broad minima correspond to these 
directions ). 

Let us now discuss the two peculiar features of 
the stereographic projections (Figs. 5 and 11) noted 
above. 

1. Since the [112] direction is not surrounded by 
a two-dimensional region of special directions of 
the magnetic field (in contrast to the [001], [110] 
or [111] directions ) we can conclude that some of 
the “corrugated cylinders” of the Fermi surface 
for gold do not intersect (for example, for the [112] 
direction such “cylinders” will be [111] and [110]). 

2. Expression (1) enables us to explain the ab- 
sence of maxima in the rotation diagrams of sam- 
ples Au-5 and Au-6 in the directions ¥ = 90°, 
which are perpendicular to the axes of the “cylin- 
ders” [110]. In the case of these samples the di- 
rection of the current, as well as the direction of 
the field, lies in the (110) plane. As a result of 
this angle a@ = 90°, and minima should indeed 
arise in the rotation diagrams. 

An investigation of the resistance anisotropy 
in a magnetic field enables us to draw conclusions 
only with respect to the direction of the open sec- 
tions of the Fermi surface. 

The shape of the Fermi surface for a metal can 
be constructed on the basis of results obtained by 
other experimental methods (oscillation of suscep- 
tibility, anomalous skin-effect, cyclotron resonance ). 
Pippard!4 has constructed the Fermi surface for cop- 
per on the basis of a study of the anomalous skin- 
effect. Peschanskii!® has generalized the analytic 
expression for the Fermi surface for copper pro- 
posed in reference 16 and has investigated the pos- 
sible types of open Fermi surfaces for metals with 
a face-centered cubic lattice. The stereographic 
projection of the special directions of one of the 
Fermi surfaces discussed by him agrees very well 
with the stereographic projection for gold. On tak- 
ing into account the results of these papers it be- 
comes natural to represent the Fermi surface for 


gold in the form of “cubes.” In the space of the 
reciprocal lattice the “cubes” are joined at their 
vertices in such a way that open directions occur 
along the [111] and [110] axes, while the direction 
along the [001] axis remains closed.* 


b) Kapitza’s law. In the case of gold single crys- 


tals both a quadratic increase and a complete satu- 


ration of resistance in a magnetic field are observed. 


The resistance of polycrystalline samples of gold, 
as is well known,*»? depends on the field linearly. 
This forces us to conclude that Kapitza’s law is a 
result of the averaging of the resistance over the 
variously oriented (with respect to the field) crys- 
tallites which make up the polycrystalline sample.!” 
This conclusion is confirmed by averaging over the 
angle J the resistance of the single crystal samples 
Au-1 and Au-5. 

A theoretical explanation of Kapitza’s law (using 
as an example a metal with a Fermi surface of the 


“corrugated cylinder” type) is given in reference 13. 


From the same paper it may also be seen that the 
resistance of the single crystals averaged over the 
angles lying in the two-dimensional region I 

(Fig. 11) will not depend linearly on the magnetic 
field (Ap,,/p) must be proportional to H?). A con- 
firmation of this is provided by the results of aver- 
aging the resistance over a maximum of the first 
type (n* 1.4, Fig. 10). 

Since the dimensions of the two-dimensional re- 
gions are relatively small, then in fields, which ex- 
ceed Hy by a factor of only several fold, their con- 
tribution to the averaged resistance is not signifi- 
cant. Therefore, averaging of the resistance for 
single crystals of gold which has a Fermi surface 
of the “spatial net” type is equivalent to averaging 
the resistance of single crystals of a metal with a 
Fermi surface of the “corrugated cylinder” type. 
However, in the region of very high fields the role 
played by the two-dimensional regions is signifi- 
cant, and the resistance of single crystals aver- 
aged over the whole rotation diagram will no 
longer depend linearly on the field. 

For the reasons stated above one can expect 
that in the region of very high magnetic fields de- 
viations from Kapitza’s law will occur for gold 
polycrystalline samples (in contrast to the re- 
sults of reference 8). 

In conclusion the author considers it his pleas- 
ant duty to thank Academician P. L. Kapitza for 


*If we assume that we can use Eq. (1) of reference 13 to 
estimate the smallest diameter of the ‘‘corrugated cylinder’’ 
{110], then it is possible to form some idea of the area of mu- 
tual intersection of the ‘‘cubes’’ of the Fermi surface for gold. 
For the [110] ‘‘cylinder’’ the smallest diameter (in units of the 
reciprocal lattice constant b) is equal to 0.1b. 
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his close attention to this work and Prof. N. E. 
Alekseevskii for constant guidance. The author 
is also grateful to Professor I. M. Lifshitz and 
V. G. Peschanskii for discussion of the results 
obtained by him. 
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FRAGMENTATION ON BISMUTH NUCLEI 


V. F. DAROVSKIKH, N. P. KOCHEROV, and N. A. PERFILOV 
Radium Institute, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor June 30, 1959 
J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 1292-1295 (November, 1959) 
Fragmentation on bismuth nuclei induced by 660-Mev protons was investigated by imbedding 
small bismuth particles in a nuclear emulsion. Data are obtained on the cross section of the 


process, on the angular distribution (forward-backward ratio) of the fragments, and on the 
charge and energy distributions of multi-charged particles. 


lis explain the mechanism of fragmentation of between high energy protons and heavy nuclei. It 
heavy nuclei it is very important to know the de- was assumed here that the properties of nuclei 
pendence of many characteristics of this process with Z = 86, which are obtained on the average 
on-the atomic number of the target nucleus. Un- after the emission of the multiply-charged particle, 
fortunately, very little experimental data are avail- are similar to the properties of nuclei with Z = 86 
able in this field. The cross sections for the pro- produced as a result of the ordinary cascade proc- 
duction of heavy fragments when various elements ess. It may be that this assumption does not cor- 
are bombarded by high energy particles can be de- respond well enough to reality. 
termined principally radiochemically. This method We have attempted in this investigation to study 
makes possible determination of the yields of sev- the fragmentation phenomenon in pure form. Small 
eral radioactive isotopes, the number of which is grains of metallic bismuth (measuring ~ 8 —10,) 
very limited in the region of small Z. Yet itis were deposited on an emulsion layer 100 thick, 
known! that in the fragmentation process there and a second emulsion layer of equal thickness was 
are produced essentially stable isotopes, which poured over the first. The plates prepared were 
make the principal contribution to the yield of bombarded by 660-Mev protons in the synchrocy- 
fragments of given charge. The ratio between the clotron of the Joint Institute for Nuclear Research, 
isotopes may vary in going from one target to an- developed, and scanned for cases of fragmentation 
other. Therefore the variation of the yield of cer- on the bismuth grains. Simultaneously, all the 
tain nuclei cannot give a true idea of the variation cases of bismuth fission were counted, in order to 
of the fragmentation cross section with the Z of determine the relative fragmentation cross section, 
the target. ofr /Ofig. In some plates we counted the stars on 
By counting the fragments produced in thick the bismuth inclusions; this was necessary to de- 
targets placed over an emulsion layer, Lozhkin® termine the size of the uncertainty zone around the 
showed that the fragment yield increases with in- bismuth granules. (The uncertainty zone is the 
creasing atomic number of the target nucleus. For emulsion layer around the bismuth granule, the 
a more complete study of a fragmentation process disintegrations in which cannot be distinguished 
on nuclei heavier than silver, it is necessary toin- from the disintegrations on the bismuth itself. ) 
troduce suitable elements in the emulsion if the Fragments with charge Z=4 and range =20u 
photographic method is used. were registered. Since cases with a fragment- 
Perfilov and Denisenko* determined the cross range ratio greater than 2 and with a total range 
section for fragmentation on uranium, induced by greater than 30y are not encountered in practice 
660-Mev protons. However, since the uranium in the fission of bismuth, this criterion excludes 
was introduced into the emulsion by impregnation, the possibility of attributing fission events to the 
cases of fragmentation on uranium were identified fragments. Fragments with ranges less than 20 
only when the residual nucleus was fissioned after were attributed to fissions, even if the second 
the emission of the fragment. Thus, not all the fragment was missing, for it was assumed to be 
fragments produced on the uranium were investi- lost in the bismuth granule. In such an operation 
gated. The value of ofy(U) was calculated from a certain number of fragments enters into the fis- 


the quantity ofis(86)/onuc(86) for the interaction sion group, and the ratio ofr /ofig is underesti- 
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mated. There are grounds for assuming, however, 
that there will be few such fragments. Firstly, 
according to data on fragmentation on silver and 
bromine nuclei? and also on uranium nuclei,* much 
fewer fragments with range < 20 are produced 
than fragments with range = 20; in addition, the 
yield of fragments drops sharply with increasing 
fragment charge. Secondly, the energy of the frag- 
ments produced on the bismuth, with ranges < 20 
and charges Z=4 and Z=7, is less than 0.34 
and 0.46, respectively, of the magnitude of the 
nominal Coulomb barrier. Fragments of such 
energy have a negligibly small probability of 
penetrating through the Coulomb barrier, even if 
its true magnitude, as will be discussed below, is 
somewhat less than the nominal value. 

The fragment charge was determined by meas- 
uring the integral width of the track.°-® The meas- 
urements were made with an MBI-8 microscope at 
a magnification of 4800, which increased the meas- 
urement accuracy considerably. The calibration 
was based on the hammer-like tracks found in the 
disintegrations of the silver and bromine nuclei in 
the same emulsions. These tracks can be readily 
divided into three groups: Lig, Be’, and B8. In 
addition, we used the proportionality of the width 
of the track to the square root of the fragment 
charge, indicated by Nakagawa et al.° 


£5 29 45 54 
23 34 ai 80 
E M 25 35 
, Mev 26 58 
ds or 0, 
30 
39 
63 
Ee pri MeVa wus Al. iis 9) 4. 68 


The resultant fragment charge distribution is 
given in the table, which lists also the value of the 
nominal Coulomb barrier Eqoy] for fragments of 
various charges, calculated from the following for- 
mula 


Eeoul= (Zp — Zp — Litp) Z fp e?/t 9 (Ale + als), 


where Zp, Zp and Zfr are respectively the charge 
of the polonium nucleus, the number of cascade pro- 
tons penetrating the Po nucleus prior to the emis- 
sion of the fragment, and the charge of the fragment. 
A is the mass number of the residual nucleus, a is 
the mass number of the fragment, and ry = 1.47 
100" cn. 

The table indicates also the energies of the ob- 
tained fragments, determined by range and by the 
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range-energy curves’ for the Ilford G-5 emulsion, 
which has the same stopping ability as the P-9 
emulsion. 

In determining the ranges of the fragments, a 
correction was introduced in each case for the fact 
that part of the fragment range (~2—4y) les 
within the Bi granule. The point from which the 
fragment is emitted was determined by intersecting 
the prongs accompanying the fragmentation cases. 

To determine the cross section for fragmenta- 
tion on bismuth, a relative method was used: we 
determined the ratio of the number of the frag- 
ments on the bismuth granules to the number of 
fissions. With this method it was not necessary 
to know the bombarding proton current or the vol- 
ume of the bismuth introduced into the emulsion. 
However, to calculate the fragmentation cross 
section it was necessary to estimate the fraction 
of the fragments actually originating on the bis- 
muth, and how many fragments were produced 
on the emulsion grains in the uncertainty zone. 

To reduce the value of Vz/Vpi (the ratio of the 
volume of the zone to the volume of the bismuth 
granule) all the found fragmentation cases were 
reviewed in an emulsion wetted to increase its 
thickness seven-fold.? For fragments that re- 
mained on the granules, the size of the uncertainty 
zone was considerably reduced. Its value was de- 
termined from examination of the stars on the 
emulsion nuclei, which separated from the gran- 
ules during the wetting. The resultant value was 
Vz/VBi = 0.7. 

To calculate the cross section for fragmentation 
on bismuth, we set up the following system of equa- 
tions: 

Nfr. exp = Neepit N fez 3 
N fr. Bi = Noo fr (Bi) NpiV ai 5 
Nfr,z = No[sf (AgBr) Nagar + of (CNO) Neno] Vz : 
N tis = No? gisN BiV i. 


Here Nfr, Bi» Nfr.z» Nfr.exp, and Nfjig are 
the true number of fragments on the bismuth gran- 
ules, on the emulsion grains in the uncertainty 
zone, the number of fragments obtained experi- 
mentally, and the number of bismuth fissions; 
Ofr(Bi), ofy(AgBr), ofgr(CNO), and ogjg are 
the cross sections of fragmentation on bismuth and 
on the heavy and light nuclei of the emulsion, and 


the bismuth fission cross section. Np, Npi» NAgBr> 


and NcCNO are the current of incident protons, the 
number of nuclei per cubic centimeter of bismuth, 
and the number of heavy and light nuclei per cubic 
centimeter of emulsion. 

By solving this system of equations for ofr (Bi), 
we obtain 


fr. (Bi) = ogis N fr, exp IN tig =o, 


(1) 
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where 


V 2 of, (AgBr) N agBr ++ Sg, (CNO) N 


ENO 
J . 
V Bi N Bj 


55 = 


We found 21 fragments in 132 bismuth fissions. 


Inserting these values in (1) together with ofy(AgBr ) 


= 10 mb, ofy(CNO) =2 mb, ofjg = 200 mb, Npj 


= 2.8 x 107? nuclei/em?, NAgBr = 2.04 x 10” nuclei/ 


em’, NNO = 2.83 x 10” nuclei/em’, and Vz,/Vp;j 
= 0.7, we obtain ofy(Bi) = 25 mb. The possible 
error may amount to one-third of this quantity, 
since the result obtained agrees with the values 
of the cross section for fragmentation on uranium,' 
Ofr(U) = 22 mb, and is approximately twice the 
cross section for fragmentation on the nuclei of 
silver and bromine for bombarding particles of the 
same energy. 

To compare data on the fragmentation on bis- 
muth and on uranium? nuclei, we list several char- 
acteristics of this process: 


Bi U 
Fragmentation cross section, mb 25 22 
Average number of protons and @ particles in 
disintegrations with fragments 4.0 1.6 
Average charge of fragment 5 6 
Fragments with energy below the nominal 
Coulomb barrier, percent. TAAL 82 
Ratio of the number of fragments traveling 
with and against the beam 6 5 


From an examination of these data it is seen 
that the characteristics of fragmentation on bis- 
muth and uranium are remarkably identical. The 
discrepancy between the average number of pro- 
tons and a particles in disintegrations with frag- 
ments on bismuth and on uranium is quite natural. 
Only approximately 30% of the fragments (accom- 
panied by fission) are recorded in the case of 
uranium. Multiple-pronged events, in which the 
fission probability becomes smaller’ because of 
the reduced charge and, apparently, because of 
the increase in the initial excitation energy of 
‘the nucleus, were for the most part left out. 

The most characteristic feature of fragmenta- 
tion on bismuth and on uranium is the large num- 
ber of sub-barrier fragments. The fraction of 
fragments with Z =4 having energies below the 
nominal Coulomb barrier is 71% for bismuth and 
82% for uranium. Quantum-mechanical penetra- 
tion through the barrier makes no noticeable con- 


tribution to these numbers. It must be assumed 
that the true Coulomb barrier is lower than the 
nominal one, amounting to approximately 0.6 of 
its value. A similar reduction in the Coulomb 
barrier was observed by Fulmer and Cohen! in 
an investigation of the (pa) reaction on heavy 
nuclei. Their results can be interpreted as the 
knock-out of an alpha particle from the diffuse 
region of the nucleus, where q@ groupings exist 
with considerable probability.!! In our case, 
however, to explain the large fraction of sub- 
barrier particles it is not enough merely to ac- 
count for the fact that the fragments can be knocked 
out from the diffuse region of the nucleus. Frag- 
mentation of heavy nuclei, induced by high-energy 
particles, is apparently accompanied by consid- 
erable nuclear deformations as a result of the 
strong branching of the nuclear cascade. 
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A degenerate ideal Fermi gas in an arbitrary potential field is considered. It is shown that a 
sufficient condition for the applicability of statistical formulas to the problem of the change 
of the density under the action of the potential V(r) is that the motion of the particles with 


the maximum (Fermi limit) energy be a quasiclassical motion. This result is not invali- 
dated by nonapplicability of the quasiclassical approximation to the motion of particles with 


smaller energies, and in particular, for V <0, to that of bound particles. The corrections | 
to the statistical formulas in the one-dimensional and three-dimensional problems have op- 


posite signs. 
1. INTRODUCTION 


We. shall examine the limits of applicability of 
the well known expressions for the density of a 
degenerate Fermi gas with boundary energy @, 
in a potential field V(r), for particles of spin 3: 


— $2] 
(ie) 


(1 =2Km/t,  Apy = py —pyo = (2V 2 /z) (8 —V)* 


in the one-dimensional case and 


Sr / K 3 2V2 - : 
(52), Boe = pr 8—Vys— 8] (1.2) 


Oh 


in the three-dimensional case, where Ky is the 
local boundary wave number (we take h =m = 1) 


Kn (t) = V2(6—Ve)- 

The textbook derivation of these expressions in- 
volves counting up the numbers of states per unit 
volume in regions with given values of V(r). Let 
us think of a case with V(r) negative in a re- 
stricted region of space and zero everywhere out- 
side this region (potential well). Then it would 
seem that for the applicability of the formulas it 
is necessary for a large number of particles to be 
bound in the well. The question presents itself 
particularly sharply in the one-dimensional case. 
For V < @ we find 


Apy= San V 2Vie Vé. 


For definiteness let us consider a well, i.e., the 
case V <0, Ap; >0. With increase of @ the total 
change of the density of the gas over the well de- 
creases. The meaning of this result is clear: in 
the one-dimensional case the well always has at 


(1.3) 


(1.4) 
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least one bound level with E <0, which makes a 
positive contribution to Ap,. The free particles 
with E >0O travel more rapidly when over the 

well than elsewhere, and consequently their den- 
sity over the well is smaller. Therefore the quan- — 
tity Ap, is the difference of the positive contribu- 
tion of the bound particles (independent of ¢) and — 
the negative contribution of the free particles with 
OF<eRaad: 

Can the formula be applied when there is a single 
bound state? For small |V| the bound particle is 
localized in a region much larger than the well it- 
self. What is the localization of Ap, in this case? 

As will be shown below (Sec. 2), in the one- 
dimensional case the tendency of Ap, to zero as 
6 —o is an exact quantum-mechanical theorem, 
i.e., it is valid independently of the applicability 
of the statistical formula (1.4). This theorem is 
connected with the completeness of the system of 
eigenfunctions, both that in the unperturbed case 
(V =0; %), and also the system of eigenfunctions 
in the field [V(x); %]; from this property we 
have 


=-90 Loo 
| Ido, £)PdE = | id, (x, B)PdE 


(the integral is taken in the Stieltjes sense, includ- 
ing the discrete levels). 

As a result of this theorem, the change of the 
density that comes from the inclusion of the par- 
ticles with energies smaller than @ is equal in 
magnitude and opposite in sign to the change of the 
density of all the particles with energies larger 
than é@. 


If the quasiclassical approximation is valid for 
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the particles with energies equal to and greater 
than E inthe field V(x), then from this it is 
easy to get the expression (1.4). Thus the expres- 
sions (1.1) and (1.4) can be obtained independently 
of the number of bound levels and of the character 
of the motion of the particles with energies less 
than 6. This argument also provides an approach 
(Sec. 3) to an estimate of the accuracy of Eqs. 
(1.1) and (1.4). In fact, considering the particles- 
with energies larger than &, we convince our- 
selves that for small V 


Ap: (x) =\L(jx— ul) Vy) dy; 


the function L(|x—y]|) is different from zero in 
an interval of the order of 1/Km, where Ky is 
the wave number corresponding to the boundary 
energy é. 

The smearing out described by the function 
L(|x—y]|) does not change the total increase of 
the number of particles in the neighborhood of the 
region of action of the potential, and from Eq. (5) 
one gets 


(1.5) 


V2 
| Aes OL aa 
in exact agreement with Eq. (1.4). 

The deviation from the formula (1.6) is of 
higher order in V(x), whereas the deviations 
from the local formula (1.4) are of first order in 
V(x) and are due to the spatial distribution of 
V(x). Together with the leading correction term 
the expression (1.6) has the form [cf. Eq. (1.1)] 


\v (x) dx (1.6) 


(Bor (2) dx = 2V De (6 — Vy" 08") de 
+ 68” (aV dx)? de. 


Let us turn to the three-dimensional case 
(Sec. 4). From Eqs. (2) and (3) we get for small 
V 


Nog = — V 2n-V (r) 8”. 


This expression increases without bound with in- 
creasing &; from this it follows that for large ¢ 
the main contribution comes from the change of 
the density of the free particles. 

In the limit of small V the quantum-mechanical 
problem of the perturbation of the density of a plane 
wave is easy to solve in the Born approximation. 
Summing the contributions of all plane waves with 
energies smaller than E, we get the answer in 
the form 


Aog (r) = \M (ir —r’|) V(r’) dr’. 
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The function M found in this way also falls off at 
a distance of the order of 1/Kp. 

As is well known, in the three-dimensional case 
a sufficiently small well does not have any bound 
state at all. The application of the general argu- 
ments associated with the completeness of the sys- 
tem of eigenfunctions to the three-dimensional 
case requires an extremely careful definition of 
the procedure of passage to the infinite limit; thus 
this method is not an effective one. If, however, 
we have three-dimensional motion with a potential 
that allows separation of variables, for example a 
V(r) independent of 6 and g, ora V(x) inde- 
pendent of y and z, the completeness theorem 
can be unconditionally applied to each group of 
particles with fixed values of the conserved quan- 
tities — the angular momenta in the case of V(r), 
or ky, kz in the case of V(x). The completeness 
theorem then enables us to carry out the most dif- 
ficult part of the calculation — the summation over 
ky or kx — by going over to the range of energies 
above the boundary energy and using the quasi- 
classical approximation. All told, by using differ- 
ent methods in the one-dimensional and three- 
dimensional problems, we are able in both cases 
to get an idea of the degree of accuracy of the sta- 
tistical formulas and of the difference between the 
statistical expressions and the exact quantum- 
mechanical solutions. 

The main result is that everything depends on 
the quasiclassical character of the motion of the 
particles with the boundary energy ¢. For small 
V this result is a natural one, if we deal directly 
with the many-particle problem in the Fock repre- 
sentation in which the unperturbed eigenfunctions 
are antisymmetrized products, that is, Slater de- 
terminants, of plane waves. In such a treatment 
any perturbation V (including in particular a po- 
tential that has bound states) only causes transi- 
tions of the particles from the region E < @ into 
the region E > é. It seems to us, however, that 
only the examination we have made of the change 
of the one-particle states gives a completely intui- 
tive picture of the realization of the statistical 
laws, and in particular gives a possibility of pass- 
ing on easily to the case of a V that is comparable 
with the boundary energy &, for which one cannot 
use just first-order perturbation theory. 


2. THE COMPLETENESS THEOREM IN THE 
ONE-DIMENSIONAL PROBLEM 


Let us consider the motion of particles in a 
field V(x) that has the eigenfunctions %y(x), 


926 XY ais 


including both a discrete and a continuous spec- 
trum. 

Let us add to the potential a small perturbation 
6V. (with arbitrary dependence on x) and find the 
changes of %p(x) and pn(x) =|%n(x) |? by first- 
order perturbation theory. To abbreviate the writ- 
ing let us consider real nondegenerate functions; it 
is easy to verify that the results do not depend on 
this. 


! ‘ Ym N i 
oo = » EE. ens Con (x) 7 y Bh (x), (2.1) 
20 Ym V ani 
Vin =\ dm (2) 8V (x) bn (x) dx, nm = GM (2.9) 


Let the index n be monotonically related to the 
energy. We consider the total change of the density 
of all the particles with n< p, 


<y) = 2) 8p, = paps Ae (2.3) 


We now make use of the fact that Anm is anti- 
symmetric, Anm = —-Amn- Because of this the 
sum over all n from 0 to o is identically zero. 
This means that 

6o(n<v) + b0(n >v) = 0, 


co 


80 (n <v) = —89(n > v) = — )) bp... (2.4) 
ns 
Since Eq. (2.4) holds for an arbitrary small varia- 


tion 6V(x), with an arbitrary and not small V(x), 
the same relation also holds for an arbitrary change 
of V(x), in particular for the change of V(x) from 

0 to a given final V(x), 


For V=0, p(x) =const = py), and consequently 


co 
i] 
2) [o,, (*) — 


n=v 


Ao(n<v) = — Pon (*)1. (2.5) 


The meaning of this transformation is that the sum 
over n<v_ gives the essential contribution of the 
discrete states, and also the contribution of states 
for which E is small and the wavelength is large; 
for each of these states individually a potential 
V(x) that is different from zero in a small region 
of space causes changes of %(x) and py(x) at 
large distances, of the order of a wavelength. 

By using Eq. (2.5) we go on to the examination 
of particles with energies larger than the boundary 
energy ¢ =E,. For particles with E> & the con- 
dition for the quasiclassical nature of the motion 
in the field V(x) is much less restrictive. If it 
is satisfied, then for wave functions normalized 
in unit volume we have 
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= Vk, /kexp {i (kdxt, h (x 


0 (X) — po = — (R—Ro) / Ro; (2.7) | 
2 if k — ko ‘ | 
Ao (R < Rm) = > \ i dk). (2.8) | 
Rm 
From this we find 
Ap (k <= Rm) == 2 (Rin i Remo) / aS (2.9) 


The unperturbed density is py = 2kym/7, so that 


p (k << Rm) = (2/n) V Rk a 2V <a 2kin/T. 


Thus the first point of the program stated in 
the introduction has been accomplished: an expres- 
sion that agrees with the elementary formula (1.1) 
has been derived on the single assumption that the 
motion of particles whose energy exceeds the 
boundary energy is quasiclassical, although in 
reality we have to do with an assembly of particles 
whose energies are less than the boundary value, 
and whose motions may not be quasiclassical. 


3. THE CORRECTIONS TO THE STATISTICAL 
FORMULA 


To find the deviations from the elementary for- 
mulas (1.1) and (2.9) we can use two methods, in 
each of which we use the completeness theorem 
and make the calculations with wave functions for 
energies larger than the boundary energy.* 

The first method is the use of the quasiclassical 
approximation 


be, = V ko /Rexp {— 5+ i [\ #4x— a 


: k! 1¢R® ae 
ae te \ pet, = a5 ae) gee 
From this it follows that 
2 eee Vi Ve 
Ap (ko) = —=\ kodko [= — — Fe — 4). (8.2) 


Substituting in Eq. (2.5) and carrying out the inte- 
gration, we get the answer in the form 


dp = =[(V2@—V) —V 28) + aaa 


|) @.3) 


where the term in parentheses is the statistical 
formula, and the further terms give corrections 

to it. The problem of the quantum corrections to 
the statistical formulas has also been treated ear- 
lier by several writers.'~> We note that in the one- 
dimensional case the sign of the correction to the 
statistical formulas is opposite to that in the three- 


dimensional case (see Sec. 4 and references 1 — 3)i 


*For simplicity we confine ourselves to the case V < &. 


=/ — QV (x), (2.6) | 
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In the derivation of Eqs. (3.1) and (3.2) we neg- 
lect the amplitude of the reflected wave and con- 
sider only the deformation of the transmitted wave. 
As is well known, the amplitude of the reflected 
wave is proportional to the matrix element 


\V (x) Cer da, (3.4) 


Forananalytic V(x) without singularities on the 
real axis this matrix element ~ exp { — 2k Im (x))}, 
where Im(x)) is the imaginary part of the coor- 
dinate x) of a pole of V(x). Such aterm does 
not contribute to an expansion in powers of 1/k, 
and therefore the expansion (3.3) is only an asym- 
ptotic expansion. 

The second method is the use of the Born approx- 
imation. Fora V(x) that is of arbitrary form, but 
small, we find, again by using the completeness 
theorem, * that 


Ap (k < km) =— | dk \ Ve) L(k, |x —E)) dé 
km a. 
+20 00 
= ( V@Ld*—tha = Vice, wae, 
Rm 


—Ww 


’ 


i AN - 3 aes fs 


TK ; F 
j(x,k) = = \ 7 (egy ET ae 


hex | 


(3.5) 


—c 


We note that l(y) and L(y) are even, but not 
analytic, functions; they have a singularity (dis- 
continuity of all odd derivatives) at y=0; there- 
fore in the integral (3.5) the values of V(é) at 
x= are singled out. 

Equation (3.5) shows that Ap is not zero outside 
the region of action of the potential, where V = 0. 
Then the integral 


s=\V@Lix—E a 


comes entirely from the region where L has no 
singularities, and consequently according to the 
theory of the Fourier integral the value of J is 
determined by the singularities of V(x), the dis- 
continuities of V(x) or of its derivatives and the 
poles of V(x) in the complex plane. 

For example, if V(x) =a6(x—x)), then Ap 
=aL(|x—x |), so that in the region where V = 0 
and Ap is zero by the statistical formula we ac- 


*Otherwise, integrating up to € from below, we would be 
confronted with the inapplicability of the Born approximation 
to the low-energy particles with E <Vmax, and to the bound 
particles in the case V <0. 


tually have |Ap|~ 1/kyx; when there is a dis- 
continuity of the derivative of V(x), |Ap| 
~ (Ken) and so on. 

The expression (3.5) brings out the fact that 
the scale of length in the solution,is Am = 1/Km, 
the wavelength of a particle moving with the bound- 
ary energy; on the other hand, the bound particles 
and low-energy particles, on which V(x) acts 
especially strongly, have A> Am. Consequently, 
there is effective mutual compensation of their con: 
tributions. 

We note in conclusion that the formulas become 
inapplicable when V(x) is small but has resonanc« 
properties, say V ~ sin km x; as is well known, in 
this case the spectrum breaks up into zones; coin- 
cidence of a zone boundary with the boundary en- 
ergy of the Fermi distribution decidedly changes 
the properties of the gas (in particular it turns a 
metal into a dielectric). 


4. THREE-DIMENSIONAL MOTION 


In the three-dimensional case a localized (V(r) 
=0 for (rj > Ry) small potential V has no bound 
levels and the Born approximation applies for arbi- 
trary energy, in particular for E<V, if VR3—0. 
For this reason we can do without the completeness 
theorem and integrate over the occupied states 


Ao (r) = \ L (Riny R)V (t’) de’, 
sin (2k,, R) — 2k, R cos (2k, R) 
ins at ae eae 
Expanding V(r) inaseries in r-r’, we get the 
well known result 


(4.1) 


ho = =a? (Vin + eh (4.2) 
The general character of the formulas (conserva- 
tion of An, practical absence of effects at dis- 
tances beyond 1/km) does not differ from that of 
the corresponding formulas of the one-dimensional 
problem; the coefficient of V naturally correspond 
to the statistical formula. A nontrivial point, how- 
ever, is the difference of the sign of the correction; 
in the one-dimensional case the coefficient of V’V 
was negative. 

Let us now examine the special case of three- 
dimensional motion in a potential V = V(x). In 
this case ky and kz are integrals of the motion, 
and for fixed ky and kz, according to Eq. (8.3), 


Ar (fy Res *) = (V2 (Ex —V) —V 2E,) 


yv" V2 | : 
1268 See tas 


J 


Epes (Eee) oy eee eee 


aie 
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We find the total change of the density by inte- dimensional expression [the term corresponding 
grating over dky, dkz. We note that in polar co- to Eqs. (1.1) and (2.9)] ‘ 
ordinates q, y in the plane of ky, kz De ee 

9 3/, fi 2 1, 9 
dhytke =qdgde, ks =Vkin —@?, gq = had, (Rn — 2V)"" — Bin = BN (ki: — 2V)" kedles — \ oe | 
2Vv . | 
SOc) "(tye \ Ap; (Rx, X) kydky, (4.4) ee 
e and consequently to each successive (i-th) correc-; 
where the index 1 marks the solution for the one- tion term in Eq. (4.3) there correspond two terms 
dimensional motion, and the index 3 marks the de- in Eq. (4.5), whose sum goes to zero for km > ©. 
sired solution for the three-dimensional motion. From this we have 
The expression (4.4) is exact if one uses the exact Em 
expression for Ap,(kx, x), since the separation Ap,, (x). = "Ap, (K, &) = (22) \ Ap, (k,, x), dk, 
of the variables is exact.* K 

When, however, we substitute in Eq. (4.4) the Go 
quasiclassical expression for Ap, according to = — («/2) \ Ap,, (Ry, *)R, ak, . (4.8) | 
Eqs. (3.3) and (4.3), we encounter the fact that the Km | 
integration starts from small ky, where these Thus in the three-dimensional case the principle of 
quasiclassical formulas cannot be applied, and carrying over the summation from the region below ’ 
for all the terms except the first the integrals km to that above km can be applied to the correc-- 
diverge in the region of small kx. tions, although it is not applicable to the main sta- 

Let us divide the range of integration over kx tistical term.* 


in Eq. (4.4) into two parts. For kx<K (K is 
some boundary momentum) we integrate the exact, 
not quasiclassical, Ap,. Above K we use the 
quasiclassical expression (3.3) and (4.3). Thus 

we have 


‘A. S. Kompaneets and E. S. Pavlovskii, JETP 
31, 427 (1956), Soviet Phys. JETP 4, 328 (1957). 
/ 2D. A. Kirzhnits, JETP 32, 115 (1957), Soviet 


: Phys. JETP 5, 64 (1957). 
Abs 9 = ) = 2 ie O xX) XA! x. 
pre = eK) (2) \ ge STs 3S. Golden, Phys. Rev. 105, 604 (1957). 


It is natural to make the assumption that in the 
limit ky — © the value of Ap3 satisfies the sta- 
tistical formula (1.2) without corrections, 


Galen x) —> (Sm?) 24 (2, 2V) 2 Be, aoe (Bm, x), (4.6) Translated by W. H. Furry 


i.e., that the corrections go to zero for ky —~ ©. mo 
Comparing Eqs. (4.5) and (4.6), we find that (4.6) 
is just the integral of the first term of the one- *We note that if we expand the main statistical term in 
powers of V and regard the terms in V’, V’, ... as corrections, 
*For V <0, when there is a bound level corresponding to then the principle of transferring the summation can also be 
kx <0, it is understood that the integral in Eq. (4.4) also in- applied to them, and their signs are also opposite in the one- 


cludes the sum over the discrete levels. dimensional and three-dimensional cases. 
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The density of protons of given angular momentum is computed from the experimental distri- 
bution of the total proton density. Spatial separation of nuclear shells is demonstrated using 


the distribution thus obtained. 
1. METHOD OF CALCULATION 


Te Thomas-Fermi statistical theory can be gen- 
eralized so as to give the distribution of density of 
fermions with angular momentum.! 
Expanding plane waves in eigenfunctions of the 
angular momentum, we have 
Py (r) 
: ; sae cH , 
p(r) =limo(r, 1’) =lim > | exp (ip (r —r')/h) dp 
0 
= Ky (r) 
= ¥ (21+ 1) \ kJ34y, (kr) dk, Ky(r) = 2nPy (r)/h, 
1=0 0) (1) 
where P,(r) is the Fermi momentum and l is the 


angular momentum quantum number. 
From Eq. (1) it can be seen that if one introduces 


Ky (r) 
pr (r) = ge (2 + 1) \ kJ3.x), (kr) dk, (2) 
0 
such that 
o(r) = Dyor(r), (3) 
1=0 


then the pj(r) so defined is the density of fermions 
with given angular momentum 7. From Eqs. (1) and 
(2) it is clear that knowing 


Ky, (r) = [3x9 (r)]* (4) 


from the distribution of total density p(r), itis 
possible to calculate pj(r) for arbitrary / = 0, 1, 
2,... Equation (2) can be used to calculate the dis- 
tribution of protons with angular momentum in the 
nucleus if one takes for the density p(r) the ex- 
perimental values obtained from the experiments 
on electron scattering by nuclei.” 

In this case, since we do not solve the complete 
dynamical problem of motion of nucleons in the nu- 


cleus, the difficult problem of the applicability of 
the Thomas-Fermi model to the nucleus can be par- 
tially avoided. The experimental density automatic- 
ally takes into account all characteristics of proton 
motion in the nucleus (type of nuclear force, influ- 
ence of neutrons, etc.). Considering that the ex- 
pansion of the plane waves in Eq. (2) is in terms 
of the exact eigenfunctions of the angular momen- 
tum operator, one might expect the application of 
this formula in our calculation to be more success- 
ful than is the case in the usual statistical theory. 
We compare, for example, Eq. (2) with the for- 
mula derived by Hellmann through generalizing 
the statistical model of the atom by means of 
grouping electrons according to orbital momen- 
tum. Using Eq. (4), the formula of Hellmann for 
py(r) has the form 


ore r : L+4) }%% 
or (1) = See | (Bx (N"* —E 2)" (5) 


In so far as imaginary values of pj(r) have no 
physical significance, for 1 #0, pj(r) is non- 
zero in some interval ry<r<r,, where r, and 
fy are roots of the quantity under the square root 
in Eq. (5). For the case of 1=0, we have 


Po (r) = (Srp (r))/ 2771? = Ky / Qn? 7?, (6) 


where for r—0 we have p)(r) ~ r~/? in the 
atomic case and po(r) ~ r 2 in the nuclear case. 
In our case, for 1 = 0 the integration in Eq. (2) can 
be performed, and we have 


Pp (1) = (2K,7— sin (2Kyr)) / 4n?r?. (7) 


Thus, for r—0 we have p)(r) — Kj, /37°, and 
comparison with Eqs. (3) and (4) shows that only 
protons with 7=0 can be at the origin, as should 
be the case. For large r, Eqs. (6) and (7) prac- 
tically coincide. From analysis of Eq. (2) for 

i= 0, it follows that’ p7(r )-=0 tore 0 ean 
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has finite real values for arbitrary 0<r< © 

[in contradistinction to Eq. (5)]. This is in agree- 
ment with the behavior of pjz(r) expected from 
quantum mechanical considerations. 


2. DISTRIBUTION OF PROTON DENSITY WITH 
ANGULAR MOMENTUM AND SPATIAL DIS- 
TRIBUTION OF SHELLS IN THE NUCLEUS 


We now apply Eq. (2) to calculate pjz(r) for 
protons in a spherically symmetrical nucleus with 
p(r) in the form of a Fermi distribution, 


p(r) =e0[1 +exp(*\|", (8) 


where the coefficients c and b are determined 
from the experiments of Hofstadter et ale 4 


c= (1.07 -- 0.02) A”*.107 cm; 
b = (0.5455 + 0.0682)- 10-28 cm, (9) 


and py is found by normalizing the total charge to 
Z protons in the nucleus. 
From Eq. (2) we obtain for the number of protons 
Zz in states with a given l 
Tepes 4n\ ro1(r) dr. 


0 


(10) 


Comparison of numerical values obtained by inte- 
grating Eqs. (2) and (10) with empirical values is 
shown in Table I for the particular case of Auj’. 
Instead of the parameters in Eq. (9) we here em- 
ploy the actual experimental values of Hofstadter’s 
parameters py = 0.68 x 10% em=’, c = 6.38 x 1078 
cm, b= 0.528 x 10713 em. The corresponding den- 
sity distributions pj(r) are shown in Fig. 1. 
From Table I it can be seen that the values of 
Z] agree, in general, with the corresponding val- 
ues from the shell model, making it possible to 
assess the correctness of the given pj{r). In the 
final column, the numbers of protons of given 1 
present in the surface of the nucleus (0.9p) = p(r) 


ty hr? 0 em 
06 
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TABLE I. Number of protons 
Z1 with given J for Au75" | 


oot 

fi oe q H on 
£i. gh [ped)sisea 
iS Z1 oo 66 S| Qa o 
ie) g oo One Et ws § 
< es an |e ose aoe 

0 5.65 6 6 00 

4 12.48 12 12 4.66 

2 16,97 17 20 7.64 

3 17.93 18 14 9) oy 

4 |15.6 16 18 9.63 

5 9.01 9 9 6.03 

6 ail 4 0 0.49 
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FIG. 1. Distribution of proton density p)(r) with angular 


momentum J for Au},’. 
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= 0.1p)) are given. From Fig. 1 it can be seen thai! 
the behavior found for pj(r) corresponds to that 
expected from quantum mechanical calculations. 
Analogous results have been obtained for other 
nuclei. 

We now analyze how the distribution of radial 
proton density pj7(r) r’ in states of given 1 
changes with changing number of protons Z in 
the nucleus. The relevant curves for 1=0 and 
1=1 are given in Figs. 2 and 3. Let us consider, 
for example, Fig. 3. Analysis of the change in 
density from Lif (Z; =1.05) to Si (Z, = 6.12) 
shows that the maximum density gradually in- 
creases, the maximum remaining at the same 
distance from the center, and the quantity 
py(r) r?/Z 1 for arbitrary r does not depend upon 


FIG. 2. Dependence of proton radial density 
P) () r on Z for 1=0. For light nuclei (up to 
Cao) the experimental parameters c and b were 
employed in Eq. (8) for p(r). For heavy nuclei, 
c and b were obtained from Eq. (9). The num- 
bers in parentheses after the nucleus give the 
number of protons found in the data with given 
l in the indicated nucleus. 
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density p)(r)r? on Z for the case of J = 1. 
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TABLE II. Comparison of the number of 
protons Zj] in filled subshells with the 
Goeppert-Mayer scheme 


| Z) in this work | Z) according to Mayer 
4 | first | second | first second 
| subshell | subshell . | subshell subshell 
0 a), aay PD | 2 
1 =6 | = 6 6 | 6 


Z. After S#2 the maximum stops growing with in- 
creasing Z, the left part of pj)(r) r? stops chang- 
ing, and a deformation in the right part of the curve 
sets in. Such a behavior of the radial density indi- 
cates that the first subshell is filled in the region 
Z=15 (Z,*6). The deformation of the right part 
continues growing until near Ndf}?(Z, * 12) a sec- 
ond maximum arises; i.e., a second subshell is ap- 
parently full. An analogous behavior of the curve 
continues further. The total numbers of protons 
in filled subshells, as follow from Figs. 2 and 3, 
and their comparison with the Goeppert-Mayer 
scheme are shown in Table II. 

Thus, the semi-statistical way of considering 
the nucleus employed by us makes it possible not 
only to obtain information about the shell structure 


in the nucleus, but also to show the spatial distri- 
bution of the shells in the region of their principal 
maxima (by calculating the distribution curves for 
the preceding subshells). In particular, these dis- 
tributions show that both the form and area of a com- 
pletely filled subshell remain practically unchanged 
with the growth of further nucleon shells. Analyses 
of other distributions of total charge (for example, 
references 4 and 5) also show that shell structure 
arises; however, less satisfactory agreement with 
the Goeppert-Mayer scheme is obtained. 
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The scattering of electrons by nonspherical nuclei is treated in the Born approximation. Ex- 
pressions for the elastic and inelastic cross sections have been derived for the general case 

of oriented nuclei with arbitrary deformations. The theory is compared with the experiments 
on the inelastic scattering of electrons by light nuclei. 


1. INTRODUCTION 

A number of recently published papers! 3 are de- 
voted to the analysis of the experimental data on 
light nuclei (4 <A < 30). This analysis indicates 
that many of these nuclei are appreciably nonspher- 
ical. In particular, the data on the quadrupole mo- 
ments in this region and also on the Coulomb exci- 
tation of the low-lying levels suggest that the non- 
sphericity of some light nuclei is more pronounced 
than in the well known rare earth region of deformed 
nuclei. It is highly probable that further investiga- 
tion of the properties of the low-lying levels reveals 
the presence of rotational states in other light nu- 
clei as well. 

In this connection it is of interest to study in 
detail the effect of the nonsphericity of the light 
nuclei on the scattering of electrons with high en- 
ergies. The investigation of this effect should add 
to our knowledge of the size of the light nuclei and 
of the distribution of the electric charge in them. 
Furthermore, the study of the excitation of the low- 
lying levels by electrons will be helpful in deciding 
which type of motion corresponds to any level under 
consideration (single particle, rotational, or vibra- 
tional motion). 

The investigation of the nonsphericity of light 
nuclei by the scattering of electrons is less diffi- 
cult than in the case of heavy nuclei, owing to the 
following circumstances: a) the nonsphericity of 
light nuclei is more pronounced, as already noted; 
b) the energy of the excited rotational levels is of 
the order 1 Mev (greater by an order of magni- 
tude than in heavy nuclei), so that it is possible 
to separate the nonelastically scattered group of 
electrons, i.e., to observe the nonelastic scatter- 
ing in its pure form; c) we can use the Born ap- 
proximation, which greatly simplifies all calcula- 
tions and makes it possible to obtain a number of 
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simple and rather general results concerning the 
process under consideration. 

In the present paper we study the effect of the 
nonsphericity of the nucleus on the elastic scatter- 
ing of electrons, as well as the excitation of the 
rotational levels by electrons. A few results ob- 
tained earlier by Schiff* will be re-derived in the 
interest of clarity of presentation. To analyze the 
inelastic scattering we used a method which is a 
generalization of the usual method for the analysis — 
of the elastic scattering of electrons. We also in- 
vestigate further possibilities of studying the non- 
sphericity by using oriented nuclei. 


2. GENERAL EXPRESSIONS FOR THE CROSS 
SECTIONS FOR ELASTIC AND INELASTIC 
SCATTERING OF ELECTRONS 


In the calculation of the cross sections for the 
scattering of electrons by light nuclei we shall use 
the Born approximation. As is known, the condition 
of applicability of the Born approximation for a 
point charge is Z/137 «<1, which is well satisfied 
in the case of light nuclei (Z =10to 15). The finite 
extent of the charge removes the singularity of the 
Coulomb potential and therefore leads, generally 
speaking, to even better conditions for the applica- 
bility of perturbation theory. An exception to this 
are the neighborhoods of those scattering angles 
for which the cross section, as calculated in the 
Born approximation, reduces to zero. The com- 
parison of the results of the exact calculations 
performed by Ravenhall for C!* and o!8 (see ref- 
erence 5) with those of the Born approximation 
permits a rough estimate of the extent of the re- 
gion in which the Born approximation is not valid. 
It appears that this region is characterized by the 
quantity Aq/q) ¥ +5% (q is the momentum trans- 
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fer, and qy is that value of the momentum transfer 
for which the form factor goes to zero). 

The cross section for a process in which the 
electron is scattered into the direction n and the 
nucleus goes from the state i to the state f is, 
in Born approximation, given by the formula 
sae VY; VW; ds 


(27x)? v2 


2 
. 


oi (M) = 


(2.1) 


The wave functions %j and W¢ have the form 
WP; = u (po) ery, (Kis. - Xa, 9s) V (2p + 1) / 8? Dix (8,), 
Xa, 65) V (21-4 1) / 8x? Dix (65), 
(22) 
where pp and p are the initial and final momenta 
of the electron, r is the coordinate of the electron, 
u(p)) and u(p) are the spinor amplitudes, XK is 
the wave function describing the internal state of 
the nucleus, X;, X,,...,X, are the coordinates 
of the nucleons, 9, are the Eulerian angles de- 
fining the orientation of the nucleus, I) and wy 
are the total angular momentum of the nucleus and 
its projection in the ground state, I and pw are the 
Same quantities in the excited rotational state, and 
K is the projection of the total angular momentum 
on the symmetry axis of the nucleus. It is assumed 
that the internal state of the nucleus, described by 
XK» does not change in the considered process; 
only its rotational state, described by the functions 
I I 
DK and tae 
Substituting for V in (2.1) the expression for 
the Coulomb interaction of the electron with the 
protons of the nucleus and summing over the po- 
larizations of the electron, we obtain 


FY; =u(p)e? yx, (Xi, .-- 


changes. 


of (n) = Sir, 2e(9) |\ Dux F(q, 9%) Dita a9], 2.3) 


Toto 


where 0¢(@) is the cross section for scattering 
from a point nucleus with charge Z; 


Sy, = (22) + 1) (27 + 1) / 64 i. 
F (q, 03) = \ 2%" o(r, 6,) dr 


is a form factor corresponding to the density dis- 
tribution (normalized to unity) of the protons in 
the nucleus, 


BAL; Qi.) = \ 


ge (TEX kewl XasaOol? @Xase os vO Xe 
OS 2Po ai P: 

According to the unified model of the nucleus, 
this distribution will have an axis of symmetry, 
whose orientation is given by the angle 6s, and 
also a center of symmetry. It can therefore be 
expressed in the form of a sum, 
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p(t, 8.) =o(r, ») = dip, (r) Pi(), (2.4) 
. 

which goes only over the even values of L; w is 
a unit vector defining the direction of the axis of 
symmetry of the nucleus. 

In the general case the wave function of the 
nucleus in the initial state will be a superposition 
of the form 


SN! u To 
OF aD oe. 

i iG os (2.5) 
Furthermore, the ensemble of nuclei which make 
up the target will be a mixture of states of the type 
(2.5), in which each of these states will be present 


with a probability w7. Replacing Dik in (2.3) by 


the expression (2.5), summing over l with the 
weight wy and also over the final states with dif- 
ferent values pu, we obtain 


of (in) = S,.7%¢(9) 3) Pm’ Pum (Fun) 


mm’. 


(2.6) 
where 


Fam =\ Dik F(q, 93) Ditx As, mn = Dyweal, at, 
Zl 

It is obvious that the quantities ppm are ele- 
ments of a(2I)+1)-rowed density matrix describ- 
ing the spin state of the ensemble of nuclei in the 
target. 

It is known® that the density matrix p can be 
written in the form 


J 21, 
o= » ¥ Chee fia 


M=—J J=0 


(2.7) 


The matrices TJM are given by their matrix ele- 
ments in the following way: 


Te (ee alin aA 


mm = 


(2.8) 


The quantities <TIM*>, the average values of 
the TJM+ (the plus sign denotes Hermitian con- 
jugation), are parameters which define the orien- 
tation of the nuclei. In particular, 


21, Slo (219 — il) V/s 
Se aere kr: 1) (2fg + 1) (279 + 3) pc 
where f, is the quadrupole polarization: 
= 3m® — Io (Jo+ 1) (2.10) 


Io (21g — 1) 


It is obvious that f,=0 for non-oriented nuclei, 
and f, =1 for maximal orientation (m? = ih). 
After some simple transformations, which con- 
sist mainly in expanding the products of functions 
Dire into a Clebsch-Gordan series and summing 
over the products of Clebsch-Gordan coefficients, 
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we obtain finally 


a} (n) = (8) S) (— lita tinea (Pi, 


MJL,L, 


x (/K —K |L10) (IglK — K | £20) 


(27 + 1)¢, 


Zien ale tal 


Fr, (q) Fi, (q)V 48] (2d + 1) Yum (4/9); (2.11) 
where 
Fr (q) = qe \ Px (2) F(a, 0) do, 
F(q, ») = (eter a(r, w)dr. (2.12) 


The most important case in practice is that of 
an axially symmetric external field which orients 
the nucleus. If the direction of this field, e, is 
taken as the quantization axis, the only <TJM> 
different from zero are those with M=0. We then 
have 


of (n) = (21 + 1) 0, (8) Dd) (— 1)etite Uti be) (71% 
Upiples 
% (I[glK — KL, 0) (Ip 1K —K|L,0) 


XZ (Ly 1p Lalo; IJ) Fx, (9) Fi. (q) Ps (4/9). 


It is known! that Z (LyIyLoly; IJ) =0 if Ly+Lyt+Jd 
is odd. The sum (2.13) contains only even values 
of L; and Ly»; it follows from the property just 
mentioned that only terms with even J givea 
contribution to the cross section. In particular, 
the polarization of the target (which corresponds 
to <T!°> z 0) does not affect the process under 
consideration at all. 

If the nuclei are not oriented, then 


(2.13) 


CT) = (= 1) (Ig Tm — m0) 840 

= (— 1)¥* (21) + 1)7* 80, 
Z (Li 1p Le Ty; 10) = 82,2,(— 1)o-! (21, + 1Y 
and (2.13) leads to 


of (m) = 9, (9)(2/ + 1) D) (lp 1K —K|LO0)2 FE (q). (2.14) 
iG 


3. FORM FACTORS FOR ELASTIC AND INELAS- 
TIC SCATTERING 


The cross sections for elastic and inelastic scat- 
tering are expressed in terms of form factors 


Fy,(q) which are defined by formulas (2.12). By 
a simple transformation we obtain 
Fi (q)=i#\o(r, »)ix(r)Pi(“2)drdo 8.1) 
or, using (2.4), 
F,( =5 = ez (r) jc (gr) r?dr. (3.2) 
0 
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The problem of the scattering of electrons by non- | 
spherical nuclei consists in the determination of | 
the functions py,(r) from the experimentally known 
functions Fy,(q). The problem is solved, in princi- 
ple, by applying the Hankel transformation to (3.2); 
which leads to 


(3.3) 


pu (r) = =e \ Fr (q) iu (9r) Gq. 


However, as is known from the analysis of the elas-_ 
tic scattering (L=0), this expression is practic- 
ally of no use, since the value of Fy (q) is given 
with considerable error, and only in a limited in- 
terval of values q. A more practical method is 
therefore to take different expressions for pr, | 
substitute these in (3.2), and compare the calcu- 
lated values of Fy,(q) with experiment. One then 
chooses that function py, which gives best agree- 
ment with the experimental data. 

After the well studied form factor for elastic 
scattering, Fy(q), and the density po(r), the 
most important quantities are the form factor 
F,(q) and the density p9(r). 

Let us consider several general properties of 
the quantities p,(r) and F,(q). We note, first 
of all, that the quantity p )(r) cannot be given in 
an entirely arbitrary way, but has to satisfy defi- 
nite requirements. Indeed, the obvious condition 
p(r,w)>0 leads to po(r) + p2(r) P,(rw/r) > 0, 
if we neglect the small terms with p,(r), pg(r), 
etc. We then have the inequalities 


Pa(r)<2e,(r) for pe(r) >0, (3.4) 
lpa(r)|<po(r) for o,(r) <0. (3.5) 


The quantity p 9(r) can be related to the inter- 
nal quadrupole moment of the nucleus, 


Qo = Ze\p(r,w) (32? — r*) dr = ze == | r4oo(r)dr. (3.6) 


0 


It follows from (3.2) and (3.6) that for small q 


4 ° 
Fa — 35 $a". (3.7) 


It can be shown in an entirely analogous fashion 
that the form factors with L = 4, 6, etc. are re- 
lated to the higher multipole moments, so that the 
quantities Fy,(q) vanish rapidly with increasing 
L. 

We now list the expressions for six densities of 
the simplest form and the corresponding form fac- 
tors, using the following notation: 


= Sealy eta [path 


is the mean square radius of the nonspherical part 
of the charge distribution, 
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x= qa, y=r/a, A(y) = 4a Zeps(r) / 125 Q,, 
(x) = — 30a? ZeF, (q) / Qo. 


1. Uniform Model: 
1 */o ° 5/,)*/2 
A (y) = io (°/s) ’ YS ee ; 
0, y = (°/s) 
4sinz ‘a Bee) 


- 
® (x) =F {cosz— —_ 
< 


£= (5/s)72 x 
2. Shell Model: 
A (y) = */508 (y — 1), 
3. Gaussian “Wine Bottle” Model: 
A (y) = */3 (5 / 2m)" y? exp (— */y’), 
@ (x) = x* exp (— x?/10). 


4. Exponential “Wine Bottle” Model I: 
A (y) = 4/, yexp (— V 20 »), 
Diya x? Cl 20) 22) 
5. Exponential “Wine Bottle” Model II: 
A (y) = (3V30/4) y2exp (— V0 y), 


(x) = 15 ja (x). 


@D (x) = x7 (1 + x? / 30). 
6. Parabolic Model: 


A(y) = Piro Cr)yAy, y< (7/5) 
Lye 
D (x) = 75 js(z)/z, z= ("/s)'x. 

In the case of the shell-like density the condi- 
tions (3.4) and (3.5) can, of course, not be fulfilled. 
However, the 6 function may be interpreted as a 
function which is different from zero in a region 
of width A, with the constant value AW, This is 
possible if qA «1 in the considered region of 
momentum transfers q. 


4, ELASTIC SCATTERING 


Let us consider the effect of the nonsphericity 
of the nucleus on the elastic scattering. In the 
simplest case of elastic scattering from a nucleus 
with spin zero (I =I) =0) we obtain 


95 (9) = 9 (6) Fo(q). 


Since the quantity py(r), which defines F)(q), is, 
according to (2.4), equal to 


(4.1) 


Po (7) =z, \e(r, w) do, (4.2) 


it is obvious that the elastic scattering from a non- 
spherical nucleus with spin zero and charge density 
p(r,w) is the same as the scattering from a spher- 
ical nucleus with density py(r). In particular, if 

we take for the distribution a uniformly charged 
ellipsoid of revolution with semi-axes a and b, 


then an eee 
go (7) = {ool VP PVTAHA, b<r<a, 
0, acr (4.3) 
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i.e., the nonsphericity appears in experiment as a 
smoothing out of the nuclear boundary. 

Let us consider now a nonspherical nucleus with 
a density p(r,w) such that the surfaces of equal 
density are similar ellipsoids of revolution with 
the ratio of half-axes a/b =7. After a coordinate 
transformation which takes these ellipsoids into 
spheres of the same volume, p(r, W) goes over 
into psph(r). Let us compare the mean square 
radii of the nonspherical nucleus with density 
p(v, Ww) and of the spherical nucleus with density 
Psph(r). It is easily seen that 


Pisses 
nonsph 3y/2 sph 


(4.4) 


The factor (2+72)/3n?/2 is equal to unity for 7 =1 
and greater than unity for any other value of 7. 
Hence the nonsphericity leads to an apparent in- 
crease in the nuclear radius as compared to the | 
spherical nucleus. 

The elastic scattering from non-oriented nuclei 
with non-zero spin is given by the formula 


ote (6) = 09 (8) + Ay, (8), (4.5) 


where 


Ay, (6) = 5, (8) (2%) + 1) >) [Uo lo K —K| LO)? Fz (8). (4.6) 
L=2 


Obviously, Aly =0 not only for I) =0, but also 
a 
for Ij = @. 
We restrict ourselves to the first term in the 
sum (4.6) and assume K=I) (as is known, this 
relation can only be invalid for K = 43), and obtain 


5 o'(21o — 1) 


2 
Ay, (8) = lot 1) @lo+ 3) °%e (8) Fe (8). (4.7) 


The additional contribution to the cross section 
in the presence of nuclear spin is connected with 
the fact that in this case elastic scattering accom- 
panied by a transfer of angular momentum L from 
the electron to the nucleus (according to the 
scheme I) + L=I1)) becomes possible. Owing to 
the presence of a center of symmetry in the nucleus 
the odd values of L are excluded, and the lowest 
possible value is L=2. This effect could possibly 
be observed in measurements of the ratio of the 
scattering cross sections for the nuclei Mg’ and 
Mg?>, 

Let us consider now the effect of the orientation 
of nuclei on the elastic scattering. We restrict our- 
selves to the case of an axially-symmetric orienting 
field. In view of what was said above about the fast 
decrease of Fy,(9) with growing L, we may keep 
only terms containing F% and F)F, in expression 
(2.4). With the help of (2.9) we then obtain 


3/° (n)= a!» monorient)\© 112 T1, 2c (9) Fo (9) Fy (0) Py (=) , 4.8) 
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where ol is the cross section for scat- 


i: (nonorient ) 
tering from non-oriented nuclei, given by (4.5), and 
3K? — Io (Io + 1) 
(fo + 1) (2/0 + 3) ° Bo 
The most striking feature of expression (4.8) is 
its dependence on the azimuthal angle, i.e., its azi- 
muthal asymmetry. Evidently we observe the great- 
est asymmetry effect if we first measure the scat- 
tering with e-q/q=1 (the directions of the ori- 
enting field and of the momentum transfer are 
identical) and then with e-q=0 (the two direc- 
tions are perpendicular to each other). We can 
therefore take the following quantity as a measure 
of the azimuthal asymmetry: 


Ive — 


of (eq /g = 1) — 7° (eq /q =0) 


of (nonorient) (9) 


dy, (6) = (4.10) 
From (4.8) and (4.5) we obtain for the azimuthal 
asymmetry 


3 Fy (9) Fe (8 
3y, (9) Ese 5 ‘cade 72 o ( ) 2 ( ) 
0 


(0) + C7 FS (8) 


? 


Cr, = V5 Uy 2K0| Io K). (4.11) 


The function dT, (4 ) has extremal values at 
those angles @ for which Fo = +C])F2.- Since the 
quantity CI, is always close to unity, this condi- 
tion can only be fulfilled in the neighborhood of the 
minimum of the elastic scattering. In particular, 
if the elastic scattering amplitude goes through 
zero at the angle 4), there will be a maximum and 
a minimum of the azimuthal asymmetry near 6). 
In the extremal points we obtain for OJ, 


Seah SI o (21) — 1) Vie 
reece lie oa v (K) fr. 


The sign in this expression has to be chosen such 
as to correspond to Fy =C])F, or Fy = -CI)F, 
respectively. We see that the investigation of the 
scattering from oriented nuclei gives us the possi- 
bility to determine the sign of F, and, hence, of 
the quadrupole moment Q). 

We have v(K)=1 for K=I, and v(K)=-1 
for K= ss Hence the sign of the asymmetry for 
K = 4 is the opposite of that in the usual case, 
K=1). The factor in front of f, in (4.12) is of 
order unity and depends rather weakly on the spin 
of the nucleus. If f,; = 10%, the maximal asymme- 
try will be equal to 15% for a nuclear spin of %, 
and 20% for I) =. 


(4.12) 


3y, extr 


5. INELASTIC SCATTERING. COMPARISON 
WITH EXPERIMENT 


In the consideration of the excitation of the 
rotational levels of non-oriented nuclei we keep 
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TABLE I. Values of the quantity 


dT y1 /f2 
a Hee lo Higa 1-2 
Io 
5/2 \weeaht 15/14 | —3/2 = 
5/2 | —75/98 | 255/196 | —75/98 | —15/7 
ioe 19/44 | —5/14 | —15/7 
g/2 | —90/77 | 15/44 | —15/454| —15/7 


in (2.14) only the terms containing F,, and obtain 
7, (n) = 5a (8) | (fp2K0| 1K) PP Fo. (5.1) 


It follows from this formula that only the levels 
with the spins I)+2, Ip+1, I)-—1, and I)-2 can 
be excited. The levels with the spins I)—-1 and 

I) -2 can, evidently, occur only if the level order 
in the rotational band is reversed. The levels with 
spins which differ from I) by more than two units 
can only be excited through the terms with L=4 
in the expression (2.14). These terms are smaller 
than the term with L=2 by 1+2 orders of mag- 
nitude. The observation of the excitation of these 
levels is therefore very difficult. 

From (5.1) we obtain for the relative probability 
of the excitation of the levels belonging to the same 
rotational band and having the spins I and I’, the 
usual relation of the theory of the Coulomb exci- 
tation: 


oI, (n)/o}, (n) = | (1,2K0| IK) [*/| (Zy2KO|I’K) |? (6.2) 


If the nuclei are oriented, we obtain from (2.13), 
again keeping only the terms with L = 2, 


; 2 
oe (n) — oererieat a) | a 3 87,1 P 2 (eq/q)} ? 


where Ae baa aah"). is given by expression (4.1), 
and 

x Bf 250g (21g Dole) 
7 lo + 1) (2/0 + 3) 


(5.3) 


ie W (1,122 | 21,)fs. 
(5.4) 


It is obvious that the quantity OT determines 
the magnitude of the azimuthal asymmetry in a 
fashion analogous to (4.10). It is interesting to 
note that, in the inelastic scattering, this quantity 
is independent of the scattering angle and of the 
parameters describing the nuclear density. The 
values of the quantity 6],]/f, are listed in Table I. 
We see that this quantity is in most cases close to 
unity, but can be either negative or positive. In 
particular, it is always negative for the levels with 
I=Ip + 2, and positive for the levels with I = ly + 1. 

Let us now turn to the available experimental 
data on the inelastic scattering of electrons from 
light nuclei. The excitation of the levels with spin 
2* in the even-even nuclei Mg‘, si28, and $22 was 
studied by Helm;® Fregeau® investigated the Cc! 
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FIG. 1. Cross section for the inelastic scattering of elec- 
trons by the Mg” nucleus with excitation of the 1.37-Mev 
level. The numbers of the calculated curves in this and the 
following figures correspond to the numbers of the models 
(see section 3). 
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FIG. 2. Cross section for the inelastic scattering of elec- 
trons by the Si** nucleus with excitation of the 1.79-Mev level. 


nucleus. The levels Mg” 0* (Ej =0), 2° (E, = 1.37 


Mev), and 4* (E, = 4.17 Mev) can be regarded as 
a rotational band (K = 0), since they have the cor- 
rect spins and parities, and also E,/E, ~ 3, which 
is close to the value 3.33 required by the unified 
model. For the remaining of the above-mentioned 
nuclei the levels with spin and parity 4° have not 
yet been observed. But it is entirely possible that 
further investigation of the parities and spins of 
these nuclei will lead to their discovery. We shall 
regard these levels as rotational and attempt to 
draw conclusions on the distribution p,(r) in 
these nuclei by comparing the experimental data 
on the angular distribution of the inelastically 
scattered electrons with the results of the calcu- 
lations. 
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TABLE II 
Nu- Number| 
cleus | model | 7° 10%enr? |Q + 10%cm-? n 
Gish es 3.498 0.200 | 4.5 
4 3.93 0.822 
2 4.16 0.804 
3 3.94 0.898 | 1.8 
pet Revs 3.94 | 4.42 
5 3.94 1.04 
6 4.06 0.814 
2 3.68 0.440 
S28 | 3 3.49 0.492 | 4.3 
2 4.80 0.736 
sa | 3 4.54 0.825 | 1.4 


In Fig. 1 we make this comparison for Mg", 
We see, first of all, that widely different density 
distributions p (r) lead to quite similar angular 
distributions. The parameters of these density 
distributions, listed in Table II, show that the 
values of the root mean square radii and of the 
quadrupole moments are also nearly identical 
for the different distributions. Apparently, the 
Gaussian “wine bottle” distribution gives the best 
agreement. Looking now at the criteria expressed 
by the relations (3.4) and (3.5), we see that these 
are not satisfied at all by the density distributions 
1, 2, and 6, so that these types of distribution have 
to be discarded in the present case. For the re- 
maining distribution types listed in Table I, rela- 
tion (3.4), which corresponds to a positive quadru- 
pole moment of the Mg‘ nucleus, is well satisfied, 
but not relation (8.5). We have to except those 
large distances r, for which the values of p)(r) 
and p)(r) are so small that in this region the 
functions can be replaced by others (for which 
the above-mentioned relations are fulfilled) with- 
out affecting appreciably the value of the form fac- 
tors in this region. 

The value Q) = 0.898 for Mg obtained here is 
in satisfactory agreement with the value Q) = 0.75 
which follows from the data of Alkhazov et al.!9 on 
the Coulomb excitation, and with the value Q) 
= (0.70 from the paper of Delyagin and Shpinel’!! 
on the resonance scattering of y rays. 

The comparison of experiment and calculation 
for the remaining three nuclei is pictured in Figs. 
2, 3, and 4. We see that the Gaussian “wine bottle” 
distribution is in good agreement with the experi- 
mental data for these nuclei as well. It gives a 
somewhat poorer fit in the case of the Si? nucleus. 
The parameters of the distributions shown are 
given in Table II. The value Q) = 0.492 for Si” 
obtained here is in agreement with the results of 
Alkhazov et al.!° on the Coulomb excitation, which 
indicate that Q) = 0.61. The value Q)=0.2 for 
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10" oa, using relation (4.4), that this ellipsoid has the 
Ar quadrupole moment i 
6 y2—1 
Qo= 5 pa lk (5.5) @| 


Using our values Q) and the values of R obtained 

from the experiments on the elastic scattering, we | 
find the values of the nonsphericity parameter listed — 
in the last column of Table II. We see that the non- | 
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FIG. 3. Cross section of the inelastic scattering of elec- 
trons by the S*? nucleus with excitation of the 2.25-Mev level. 
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FIG. 4. Cross section of inelastic scattering of electrons 
by the C’? nucleus with excitation of the 4.43-Mev level. 


cle agrees well with the value Q) = 0.3 which 
follows from the data of Devons, Manning, and 
Towle,!? if we take account of the low accuracy 
of their results. 

The values of Q) obtained by us do not char- 
acterize directly the nonsphericity of the nuclei 
under consideration, because Q) depends not 
only on the nonsphericity but also on the size of 
the nucleus and on its charge. To obtain a cri- 
terion for the nonsphericity of the nucleus it is 
useful to introduce the concept of the equivalent 
ellipsoid: a uniformly charged nucleus wifh the 
shape of an ellipsoid of revolution with semi-axes 
a and b. This ellipsoid can be determined by the 
nonsphericity parameter n=a/b and the mean 
square radius TAonsph = ¥,R? (R is the radius 
of the equivalent sphere). It is easily shown, 


u sphericity for Mg”! is very large. Si”® has small 


nonsphericity. It is possible that in the case of a 
nucleus with such large nonsphericity the condi- 
tions for the validity of the strong coupling approx- 
imation in the unified model are violated to a con- 
siderable degree. 
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A method for calculating phase volumes is developed for 2, 3, 4, and 5 particles. The error 
of the method increases with the number n of particles, but evidently does not exceed 5 per- 


cent for n=5. 
1. INTRODUCTION 


P HASE volume is the name given to the quantity 


o(E, Mi, Mg, ..., Mn) =\ ap, |p» ht \4°Pn 


<0 (py =r Pe +--.p9 6 


(= 


UVa Vea 
oh // M; m= e), (1) 


which is a function of the total energy E of the par- 


ticles and of their masses Mj. 

A knowledge of the phase volumes is needed in 
the Fermi statistical theory, so that methods for 
their calculation are dealt with in a number of 
papers. Fermi! calculated phase volumes for the 
case in which some of the particles are nonrela- 
tivistic and some are ultrarelativistic, with con- 
servation of momentum not taken into account for 
the latter particles. In a paper by Maksimenko 
and Rozental’* these same phase volumes have 
been calculated with conservation of the total mo- 
mentum taken into account. 

Papers by Lepore and Stuart® and by Rozental’* 
give the expression for the phase volume when all 
the particles are ultrarelativistic (with total mo- 
mentum conserved). Lepore and Stuart? have 
shown that the phase volume (1) can be repre- 
sented in the form 


+co—le 


iz f dherEn 


he 
—co—le 


from which an expansion of p in powers of 1/E 
has been obtained,’ useful in principle for the cal- 
culation of any phase volume, but which is incon- 
venient on account of its complication. 


(2) 
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A paper by Fialho® proposes a simple method 
for calculating phase volumes by starting with Eq. 
(2) and using the method of steepest descents; this 
approach is useful for all energies E. We shall 
give a different method for calculating phase vol- 
umes, which is more accurate and convenient when © 
the number n of particles involved is small. 


2. THE PROPOSED METHOD 


Our method is to calculate the function of the 
masses, p(E, My,...,Mn), for certain values 
of the masses Mj and then obtain the whole func- 
tion of the variables My,,...,Mpy by interpolation. 


Let us define a function f(E, My,...,Mn) by 
the formula 
0 (Ey) May eau Mz) SA, Ef (E, My, «2, My), 
ie (x/2)"—1 (4n — 4) ! 
An (82 — 4)! 2n —1)! 2n—2)! (3) 


It follows from Eq. (1) that f is a homogeneous 
function of degree zero in its arguments. Thus if 


x=B/( Ms), w=M/2M.); Da=l, 
a=] t=1 


then 


OR Ga (4) 


By the formulas of Maksimenko and Rozental’,” and 
also by formulas obtained in the Appendix, we have 
calculated tables of the functions pfk(x): 


pile) =} 2 ee ee 


RCM (hy, dig 05. trams. 0) 5 
SC es te eae 
Chas Ls ty ee e/a) = 


In order to get an approximate construction of the 
whole function f(x, Z;,-..,Zy,) from the pf,(x), 


940 
k=1, 2,...,n, we have used the coefficients * 
n 
AOR (21, 205 awa eas r3-.) — >) sAr » 21,2, eee Zig) 
s=k Listen te 


sAe = (—)s#skt (s!) [(2!) (s— A), (5) 


which have the following properties which are basic 
for our interpolation: 


nCe (I, 0, 0, OO: 
Bey) Oy s.5 =O, 
k times 
sweeand-only ,Ca(i/k, 17k, ..., UWR2 0) 2.0,,0) =1~ (6) 


and which also satisfy the relation: 


ify 25a 


then 


>) nC (21, 295 wo os) Zn) => il (7) 
k=n 

As an approximation to the phase volume we take 
the function 


9(E, My, ..., Mn) = AnE*"-4 
"le 


x{ DSO Geen END (x)1"*} ; (8) 
jae 


Here zj and x are expressed in terms of Mj and 
E by (4), the functions [nfk(x)]’* are found from 
Table I in reference 8, the coefficients ,C,(z,,.. 
-,Zy) are defined by (5), and the coefficient Ay is 
defined by (3). 

In virtue of (7) and the fact that for x—~o all 
the functions yf,(x) become the same, in the ul- 
trarelativistic case p no longer depends on the 
masses, as should be true of the phase volume. 
Since for x—1 the functions yfn(x) are much 
larger than all the others, by Eq. (5) the function 
p has the right dependence on the masses of the 
particles in the nonrelativistic case: 


o~( [I] me)" 
a=] 


Thus our interpretation is confirmed by the 
agreement of p with the known nonrelativistic 
and ultrarelativistic limits. 

Equation (8) is indeed our final formula. We em- 
phasize that the table of [ ,f,{x)]*/? in reference 
8 has been constructed only for n = 2, 3, 4, 5. 


*The writer is grateful to V. B. Magalinskii for pointing 
out this unified formula for the ,C;, 
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To estimate the errors of the method we have 
made a comparison of the values of p (E, My, Me, 
...) calculated from Eq. (6) with the exact values 
of the function p(E, My, M2,...) found from the 
formulas of Maksimenko and Rozental’ and of the 
Appendix, for certain values of E and M for 2, 
3, and 5 particles (cf. Table II in reference 8). 

The comparison gives a basis for the supposi- 
tion that if the masses of any two particles do not 
differ by more than a factor 10, for numbers of 
particles up to and including 5 our method gives 
an error of not more than 5 percent (for n = 2 
the largest error we have found in the method is 
2.2 percent; it occurs when the mass m, of one 
of the particles goes to zero, and the total energy 
E goes to the rest mass my, of the second par- 
ticle in such a way that E—m, © 2m;). 

In conclusion I express my deep gratitude to 
Professor M. A. Markov and to L. A. Chudov, 

V. I. Ogievetskii, and G. I. Kopylov for the support 
they have given me and for a valuable consultation. 
The writer is also grateful to the staff of the com- 
putation laboratory directed by G. I. Kopylov for 
making the numerical calculations and to V. M. 
Maksimenko for making it possible for me to 
familiarize myself with his paper? before its 
publication. 


APPENDIX 


The expansions obtained by Maksimenko and 
Rozental’* were used for the calculation of the 
functions pf,(x) for x-121. For x-1A1 
these expansions become inconvenient, and we 
found it necessary to obtain an expansion of the 
function p in powers of x-—1. For this purpose, 
in turn, we had to obtain a representation of the 
phase volume in the form of a single contour in- 
tegral. 


A. Transformation of the Integral (2) 


In reference 2 the expression (2) is given in the 
form 


aoe n +00 —ie 

T / , 
eee | II) M?) \\ dxdyelG tne 

: Coal —co —/ 


hia ae n ; m Ae) XU 
rao ae I iG ; OMY xy): — 
This expression can be written in the form (we 
write Vq@ = Mqg/E) 


n—3 


p= (2) Bee ( Ty5){faxdyeet — 


« TIE env ma. 
amt (A.2) 
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Substituting x=ttT, y=t/t in this formula, we 


get 

site (x+y) 

U =\\axdy (x—y)? I (aac H9 (2ve V xy) 
Beet gical iI mo p1(0) 
= Se a 1 Wipers (vet). 


Thus we have 


p(E, My, Mz, ...) = 2-"-®n"-8 (d/dE)PE%—4U, (A.3) 
and U contains only a single integral. 


B. Expansion of the Function p (E, M,, Mp,...) 
in Powers of E—1 


We substitute in Eq. (A.3) the formula 


— in? (vt) = (2n/vt)"# exp {i (32/4 — vt)}o F, 


where (cf. reference 6) 


—+; — 1/2ivt), 


(B.1) 


For the values of a for which vg =0, we must 


take v?H{?)(vt) = 4t7?. We get 
8 m foe} 
28 oisndet— —])/2p3ni “ts Ske 
U = —— 21674 5!—Oanln—Niagsnim/a II v, >, Q—keink/2 
a=] Ry, Ro,...=0 
Capea eg 
x dt é {—sn/2—k—Bl/2e—tvi J, (t) 
3 Ry Ro Rm : 
v 1% 2 vim —co—/e 
m m 
| SN 
pea » va, R= 2) Ra 2 
a se (B.2) 


Here J is the number of particles with mass zero, 
m=n-—l, and a, is the coefficient of xK in Eq. 
(B.1). The integral in Eq. (B.2) is calculated by a 
procedure like that of reference 6, page 421; by 
use of quadratic identities for the hypergeometric 
functions it can be brought to the form 


\ dt a ( t) e—étvt f2—k—6n/2—3l/2 — Dx {Q2—k—5n/2—31/2 


X exp {— is (4 == = = >) [2(1 —y)] pre" +k-+31/2 


F($) =i Te (1 —w2) 


VET (rp) 


(B.3) 


x 


Substituting the expression for U so obtained in 
Eq. (A.3), we find 


Pte eM, LV a, OOM. tay 0) = 22! (2x) (sn—1-8)/2 


cg (fst) Bog tt 
dE oe « ves : v ie (2E)* iP (Yr) 
(E — M) 


a AS, =="). @a) 
Here and in the preceding formula y_ = (5n + 31 
—3)/2 +k. 

To obtain formulas for the calculation of the 
functions we want we still have to perform the 
differentiation in Eq. (B.4). Let us define the 
numbers oy by the relation 


Nga 73 4 


x EGE Yes 


‘d\n (E—Myr1 
Ge) 


1 E—M 
Ele =a 


Fi(s, Sean) af 


G=)DG=2 es. 


(5 41)($ 42)... +n) 


3 al 
Dianne 
(y — n) yp! QP EPT 


(y—n) 


(2) 
Pp? 


(a)p=a(atl)... (@+p—). (B.5) 


The yg” satisfy the obvious relation 
3 
2p9, —(p—n— =) gi) = gt) 


and the relation 
nr AES 


which is extremely convenient for their calculation. 
Substituting Eq. (B.5) in Eq. (B.4), we get the 
final expression 


p(E, Mi, My, ... Mmy 0, ...) = 22 (2n)ioe—0—n12 


(HMI?) (g — myibnt+4)—s12 
EB} P ([8 (n + /) — 3]/2) 


(—)Fay,... dy (E — MAP ([3 (n + 1) —31/2) 


aes... ME ((3(a + 1) 31/2 + &) 


(B.6) 


Bs, —n) lt? 
Dp 
Frtk (x) = > : 3 
p=o0 (13 (n +1) —3]/2 + &), pl (3), 


The basis functions nOm(E) are obtained if in 
Eq. (B.6) we take M, = M,=...Mm =1/m. 
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The dielectric constant tensor is determined for semiconductors with electrons with an aniso- 
tropic mass in a strong magnetic field. The Faraday effect is considered for the case of hex- 
agonal crystals with an energy minimum in the center of the Brillouin zone and for a cubic 
crystal with a minimum which does not coincide with the center of the Brillouin zone. The 
refractive indices evaluated for different directions of the magnetic field relative to the main 
crystallographic directions in these crystals are found to depend strongly on the magnetic 
field direction. This enables us to determine the effective mass tensor by measuring the 


angle of rotation of the plane of polarization. 


ay large number of theoretical and experimental 
papers have been devoted in recent years to a study 
of the energy surfaces of the conduction electrons 
and to a determination of the effective mass tensor 


in semiconductors (see, for instance, reference 1). 


One possible method of investigation is a study 
of the optical properties of semiconductors, in par- 
ticular, the Faraday effect, i.e., the rotation of the 
plane of polarization in a magnetic field. 

The Faraday effect in the microwave region can 
give information about the mobility of the conduc- 
tion electrons;*~* the Faraday effect in the infrared 
region enables us, as was shown by Mitchell,® to 
determine directly the electron effective mass 
since one can in that region neglect the collisions 
between the electrons (wt >1, where 7 is the re- 
laxation time). Experimental investigations by 
Moss, Smith, and Taylor’ gave values for the ef- 
fective mass for InSb which agreed with the re- 
sults of Spitzer and Fan® who determined the ef- 
fective mass from the coefficients of reflectivity 
and refraction. 

The theoretical part of references 2 —5 is based 
upon a classical model of free electrons with an 
isotropic mass in weak magnetic fields (eHt/me 
<1). Lax and Roth studied an electron with an 
anisotropic mass for the case of a magnetic field 
H in the [111] direction of a cubic crystal. This 
study referred, however, only to the case of a weak 
magnetic field. The phenomenon becomes essen- 
tially a quantum one in a strong magnetic field, 
showing up in a dependence of the chemical poten- 
tial ¢ on the magnitude and direction of the mag- 
netic field. When there are several energy mini- 
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ma this leads to a non-equilibrium propagation of 
the electrons at those minima. The study by Lax 
and Roth is, however, insufficient even in the case 
of weak magnetic fields. The fact is that the fre- 
quency dependence of the Faraday effect depends 
in an important way on the direction of the mag- 
netic field H. Generally speaking, the dielectric 
constant in a cubic crystal with several energy 
minima contains, for different directions of H, 
two resonance terms with sharp resonance fre- 
quencies. These frequencies coincide if the field 
is parallel to the [111] direction, and only this par- 
ticular case was considered in reference 9. 

It is the aim of the present paper to study the 
Faraday effect in the infrared region (wT > 1) 
for a conduction electron with an anisotropic mass 
and for different directions of a strong magnetic 
field.!° We shall then obtain a solution of the prob- 
lem of an electron with an anisotropic mass in a 
strong magnetic field which is considerably more 
convenient than Klinger and Voronyuk’s solution.'! 


1. AN ELECTRON WITH AN ANISOTROPIC MASS 
IN A STRONG MAGNETIC FIELD 


We take the magnetic field along the z axis and 
choose the vector potential in the form 


A° = (— Hy, 0, 0). (1) 
The Hamiltonian is then 
rn 4 la 
A = 1 Sue (pj—— A?) (pe — Ab), (2) 


where the yj,_ are the dimensionless components 
of the inverse mass tensor, and § is the symmet- 
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rization operator for non-commuting factors. We Using this table Eqs. (5) and (8) can be rewritten 
can use an effective mass representation since we in the form 
are interested in the behavior of the electrons in cos? 1 Cos? o, cos? es, \} 9 
a uniform field or in fields that vary sufficiently Q = Q) [ eattts ( 4 as peaTe ap 3 )| 2) 
smoothly in space.” R . ee 

The eigenfunctions and energy eigenvalues of n= ( = = ap nee ae ee ) (10) 


the Hamiltonian (2) are of the form 


: i -tie CH; ve 2. THE EVALUATION OF THE DIELECTRIC 
Pirare = exo La (Pax + pat) — 1 5 aglow} CONSTANT TENSOR 
ge mQ When light is propagated along the magnetic 
x exp {29 (yy [VY —w)], @) g : 
: Zant (Ut me ‘ field, the perturbation energy is 
it A. 
E(n, pz) =hQ (n+ 5) + 1p3/2m. a [ A? (Ps — < AR) + (pr — = AR) Ai], (11) 
Here %y is the wave function of the harmonic os- where 
cillator with frequency Ave Z [Eeit-09 —E pe-tte—00 | (12) 
Q = (eH/me)V Mss = QV Mis (5) ig the vector potential of the light wave. 
91 = — (clef) (Pate28/t412 + Px): (6) The current density 
Yo = — (cle) (pzMsi/Mog + Px); (7) (in = = {Preae (Pe =r s At) Li — Pattie (Pe + < At) Fit 
4 = (MiMs3 — Mis)/M22Mse, (8) wees thik ALYY, (13) 


mec 
where Mjk are the cofactors of the components of 


the inverse mass tensor. evaluated using the first-order perturbation-theory 

We shall express the yj, interms ofthe prin- wave functions, must be averaged over a statistical 
cipal values of the inverse mass tensor Mj (fa electron distribution exp {(¢-E)/T}. Taking into ~ 
2, 3). To do this we perform a rotation from a co- account that E(n, pz) is independent of py and 


ordinate system (xyz) where H is along the z that f < p/h and comparing the results of the 
axis to the system of the principal axes of the Hj averaging with the relation 


tensor (XYZ). Such a transition can be realized, ‘ 

for instance, using two rotations: a) a rotation 1j = (Ex (Six — &jx)/4t, (14) 
around Z through an angle y such that Hy: = 0 
in the new coordinate system, and b) a rotation 
around Y’ through an angle y’ such that in the 


(n indicates here the set of values n, px, pz) 


which is well known from electrodynamics, we get 
for the dielectric-constant tensor 


new coordinate system Hx=0, Hy=0, Hz=H jy ener 4ne?N ©" jg — # (e/me) wie Mig prekeine ie 
(see the figure). The table of rotational cosines ; oe ee, (15) 
can be written in terms of the angles ~; between ; 

the direction of the magnetic field and the princi- where €;, is the dielectric-constant tensor caused 
pal axes of the Hjk tensor. by the bound charges, Ojkl the antisymmetric unit 


tensor, and A the determinant of the inverse mass 
tensor. The conduction electron density N = 

exp (¢/T)Z/V must be determined from the neu- 
trality condition. Here, ¢ is the chemical poten- 
tial and Z the partition function: 


ZZ ROT \ pious sink HOOT). 


Zy = 2 (2x)? (QemT/h2):, (16) 


One should note that Eq. (15) remains valid for 
an arbitrary orientation of the light wave relative 
to the magnetic field. 

Hexagonal crystals. We shall consider the case 


x | cosgicot?s | cose, cots} —sings where the bands are unconnected, where the energy 
y | —cosoo/sings | cos¢;/sings 0 minimum corresponds to the center of the Brillouin 
zZ COS] COSOg COSH3 


zone, and where the energy surface is an ellipsoid 
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of revolution. If the axis of revolution is along Z, 
we must put in (15) uy =p. In hexagonal crystals 
the principal axes of the €jk and the jk tensor 
are the same. If there is no magnetic field e}k 
will have three non-vanishing components eo, 
= ey x eros We get from Eq. (16) and the neutral- 
ity condition for the electron density in an impurity 
semiconductor (in the limiting case HQ > T) 

elTZ Zo *Q 1 e Ac hQ 
Nise pear (Sor = Wy, ) exp {ar — aT} 

(17) 

where N, is the impurity concentration and Ae 
is the energy gap between the impurity level and 
the bottom of the conduction band. 

Using the table we can write ¢€jk in a coordinate 
system where the z axis is chosen along the mag- 
netic field H and the optical axis of the crystal 
makes an angle ~3 with H: 


2 
ates 


v2 F 
Exe = @ = me =) cos’p3-++ (22 +. a te) sin? os, 


: vn 
ew=(8+ go =| 


! vp : fi v3 
$, = (22 Sa gy es =} sin? @3-+ (22 are gtes =) 


vVOZA 
X COS $3 — w? (Q? — @?)’ 


Exy = — Iv?Q?/Q@ (Q? — wy, 


vey vig : 
= 0 ¢ 
Se = [es Ore es GF or | COS Ps SIN $s, 


Sy2 = — iv? Quy (ts — 1) COS $3 SiN g3/w (Q? —w), (18) 
where 
4re2N sin? 93 cos? @3 \ ]’lz 
oo m : Ses Qo [nite p14 as 3 )| 


We consider two cases: 

a) ~3=0, the magnetic field is along the optical 
axis. Then €xx = €yy; €xz = €yz = 9; Q = Qopy4. 
The refractive indices for left and right hand polar- 
ized light are Rosaes i€xy (see reference 13). 
The angle of rotation is determined by the formula 


=o (45> )a, (19) 


where d is the thickness of the layer. 
b) v3 = 90°, the magnetic field is perpendicular 
to the optical axis. 


Q= Q» V pats. 


There are now two elliptically polarized waves with 
refractive indices 


Sxx FF Eyys Sxz = ye = 0, 


4 
nt = 4 (at ewt V 7 eu—en)? + eute (20) 
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which pass through the crystal and we measure 
the angle between the major axis of the ellipse of 
the transmitted wave and the direction of the po- 
larization of the incident wave. 

Cubic crystals. To be specific, we shall con- 
sider the Faraday effect in silicon. It is well 
known from cyclotron resonance experiments! 
that the conduction electron energy surface in 
quasi-momentum space consists of six ellipsoids 
of revolution which are situated along the fourth 
order axes of the cubic crystal. 

The dielectric constant tensor has the form (15) 
for each ellipsoid, if we put ei = e Oye My = Me 
and determine the electron concentration from the 
neutrality condition:!! XN; + Ny =N,, where Ny _ 
is the density of electrons in the impurity levels, 
N, the impurity concentration, and 


Le Aran G AO, 
N; — (3 aa Ny} (sin? Pz /Uea + cos 2¢;/23) exp 2 oe 
SY rc: 4, 
x D) (sin? 4/141 + cos® 4/45)" exp (— oe 
t=1 


is the electron density for the i-th ellipsoid. 

Since the electromagnetic field cannot transfer 
electrons from one energy minimum to another be- 
cause the wave vector is small, we get for the di- 
electric constant of a cubic crystal a sum over all 
ellipsoids taking their relative position in the 
Brillouin zone into account. We shall take the 
coordinate axes along the four-fold axes of the 
cubic crystal, and then 


2 
1 Bais Y1Y9 B3V) Qo BF 
SXxe Sicha mate ngee geese 
2 |OF— 0 Q3— OF 10) / 
A cos? @ > % 
x A cos $3 Z rE 
Z t 
JO bere viPaY5 vaivevy 
Q3-— 0 0) 1 
2 
4 X% ae y v5 
ae = Rastt cos pz COS Oy Rqissaee 
L 


All other components of the ¢j; tensor can easily 
be written down from symmetry considerations. 
Here 


4ne?N , 
i ee) 


é m 


2 sin? 9, cos? 9, NE 
» Q = Q,  wivs( tae 


Using the rotation determined by the table we can 
write down ¢€j, in the coordinate system where 
the z axis is taken along the magnetic field. We 
shall consider the following cases: 

a) H || [001], g3=0. We have then 
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Pepi | wave re (ua + Bs) ¥Y 
1 Ee ——— ae — —_— i oe 
xx yy 0 3 \ 02 a2 ; oe Saye 
site i ove 202vF 
4 8Qow Ge —? Qe —w {’ 
Exz = byz = 0, Q) = Q, V taps, Qs = Qo. 


In this case the angle of rotation is given by Eq. 
(19). 
b) H || [111], 9, =@2. = 3. Then 
Exx = Syy = & =f (Qu a Us) v3/ 3 (Q5 ee w*), 
LS (i/Q.o) 03 v3/(Q5 —w?*), 
Exz = &yz = 0, QQ5 = Q, E (2.13 “Lb p2)}ile. 
Here again the angle of rotation is determined 
using (19) and the expressions for the refractive 
indices n3 = €xx ti€xy are the same as those 


found in reference 9. 
c) H || [110], v3 = 90°. Then 


Q3 2 
ay aa 4 YAYg (pa + ps) Y} 
eu = +3 | a sae et een oey | 
1 
oe eh are 03% 2075 
*y *8Q90 | 02 — 0? Q2— o? |’ 


4 "a US Ta. 
G2 =@z2=0, Q) =Q, ls Ya (ts + p) | » Qs = Qo V tats. 


The refractive indices are determined in this case 
from (20), and we measure the angle between the 
rotation of the ellipse of the transmitted wave and 
the direction of the polarization of the incident 
wave. 

We see that in all cases considered, the depend- 
ence of the indices of refraction and thus also of 
the angle of rotation of the polarization ellipse on 
the frequency of the light has a resonance charac- 
ter, and that the magnitude of the resonance for the 
frequencies depends on the direction of the mag- 
netic field. In the case H || [111] there is one res- 
onance maximum. If, however, the field is parallel 
to the [001] or the [110] direction there are two 
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resonance maxima. This makes it possible to de- 
termine the effective mass of conduction electrons 
both at the cyclotron resonance of the angle of ro- 
tation and also outside the resonance. 

We need only take the quantum motion of the 
electrons into account for the evaluation of the 
electron concentration Nj, which leads to an ex- 
ponential dependence of Nj on H. 

In the limiting case of an isotropic mass our 


formulae go over into those of Rau and Caspari,® 


if we neglect in the latter the collision frequencies. 


In strong magnetic fields there is an additional ex- 
ponential dependence of the electron concentration 
on the field. 
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It is shown that in the expansion near threshold of the amplitude for an arbitrary process in 
powers of the threshold momenta, the linear terms and the part of the quadratic terms that 
determines the angular distributions can be obtained from a consideration of the analytic 


properties of the amplitude. 


1. As has been shown by Gribov,! the wave function 
of three low-energy particles whose interaction can 
be described by a potential that depends only on the 
distances between them differs from the wave func- 
tion at zero energy by the factor 


1 -+- tRyoQy2 + iRy3Q13 + iRe3Qe3, 
Kz = (pitre — petm:) | (mui-++me), (1) 


where pj and mj are the momentum and mass of 
the i-th particle, and aj, is the scattering ampli- 
tude of particles i and k at zero energy. 

In the present paper this result is obtained for 
the amplitude of an arbitrary process in which the 
final state contains three low-energy particles with 
|p; | <m, where m is the minimum mass deter- 
mining the radius of the interaction (h =c =1). 
The derivation is based on the analytic properties 
of the amplitude, which is represented as the com- 
bination of all possible Feynman diagrams. In ad- 
dition it is shown that this method makes it pos- 
sible to find the terms of second order in the 
threshold momenta |p;| that determine the an- 
gular correlations of the particles produced in the 
reaction,! and to find the energy dependence of the 
amplitude in reactions of the type a+A—b+B 
near the threshold for production of particles of 
a third type c + C; this energy dependence has 
been considered by Baz’.” 

The extension of the results to the case of re- 
actions with more than three particles in the final 
state is obvious. 

2. Let us consider the amplitude of a reaction 
in which the collision of two particles with the 
four-dimensional momenta pj and p3 leads to 
the production of three particles with momenta 
Py, Py, Pg. For simplicity we shall suppose that 
the particles have no spin, charge, etc., and are 


characterized by their momenta and masses. None. 
of them have resonance interactions with each 
other in the possible states (aik ~ 1/m). | 

The amplitude of such a process is a function 
of five invariants (p? = p? —p) 


T=T {(p1 + Pe)”, (Pi + Ps)”, (P2-+ Ps)?, 
(p: =i), (Py ar P2)*} 
(S = 1+ i(2n)'8(dp,—Dy i) T). (2) 


Near the threshold of the reaction, in the center- 
of-mass system p; +P. +p3=0, |pi| «Km, so that 
the invariants in Eq. (2) can be expanded in powers 
of the threshold momenta: 


— (Pi + Pr)? = (1g + mp)? + Kee mume/ ries (3) 
— (p — pi)? = MP + m} —2e,m; + 2pip: + erpi/tm. (4) 


Here wik =mjm~/(mj+my,), andif T were an 
analytic function of the invariants, its expansion 
in powers of the threshold momenta would contain 
only terms of the types pjp,/m? and pjp{/mej, 
that is, terms quadratic in the threshold momenta 
or terms that are linear but depend on the angle 
between a particle in the initial state and one in 
the final state.* For brevity we shall hereafter 
call both types quadratic terms, since a term 
Pip’ makes a contribution to the cross-section 
integrated over the angle in question that is quad- 
ratic in the threshold momenta. 

The amplitude T near threshold is not, how- 
ever, an analytic function of its arguments, since 
the threshold point 


*For example, the amplitude for the decay + > 37* does 
not depend on the invariants of the type (p;'—p,); and no 
terms P;P; occur in the expansion. 
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(pi + pe)? = — (mi + me)”, 
(py + Po + ps)? = — (m+ Mg Ms)” (5) 


is a branch point of T as a function of the invari- 
ants (5) [(py+P2+P3 ie the square of the total en- 
ergy in the center-of-mass system, is a combina- 
tion of the invariants (pj ite Ve ]. The amplitude 

T depends on arguments of the type I-|, where 

I is some invariant or combination of invariants 
and I) is the value taken by this invariant or com- 
bination at some singular point. If the singularities 
(5) are the only ones close to the values I taken by 
the corresponding invariants (for the quantities 

(5) we have I-Iy ~ p? « m’), then the appearance 
of terms other than quadratic in the expansion of 

T is due to the dependence of T on the quanti- 
ties (pj+PK)* + (mj+ my)’, (py + P2t ps)’ 

+ (m,+m,+m;)?, since (with I’ — I) ~ m2) 

the other arguments of T can lead only to terms 
of the types pj-p,/m” and pj°p’/me’ in the ex- 
pansion. 

The absence of any other nearby singularities 
in addition to (5) means, first, that the threshold 
for production of the particles with masses m,, 
m,, and m3; is far from the thresholds for the pro- 
duction of any other groups of particles that are 
possible in the given reaction, that is* 


(my + My + 15)? — (my + my + my)? =m. (6) 


Second, it is necessary that the singularities with 
respect to the invariants must lie far from the 
values taken by these invariants. These are in- 
variants of the type of the momentum transferred, 
and for them the fact that this condition is satisfied 
follows, for example, from the analysis given by 
Landau® (for an amplitude represented as a sum 
of Feynman diagrams ). 

8. Thus, the terms other than quadratic ones 
in the expansion of T can be given only by the 
contribution from the diagrams that lead to singu- 
larities of the type (5). According to Landau a 
singularity with respect to (pj + Pp, )? at the value 
—(mj+m,)* arises in those diagrams that con- 
tain at least one pair of lines corresponding to 
virtual particles with the masses mj and mx, 
and connecting the part of the diagram to which 
the momenta pj and px are attached with the 
rest of the diagram (Fig. 1b and 1c). Similarly, 
for a singularity with respect to (p,+p)+p3)? at 
the point — (m,;+m,+ m3 )? the diagram must be 


*The argument that follows will make it evident that this 
condition is not essential, and in each individual case one 
can figure out the changes that are introduced by the presence 
of another nearby threshold. 


divisible into two parts connected only by three 
lines of virtual particles with the masses m,, Mp», 


A, 1 ey 
Lf 4 Py 
AOE 
iO ee 7 hs 


FIG. 2 


m3, With the initial momenta attached to one part 
and the final momenta to the other (Fig. 1d and le). 

We shall draw as a block the parts of the dia- 
grams in which one cannot distinguish the lines of 
the specified types, the connecting lines. Then the 
diagrams of Fig. la have no singularities (5) and 
contribute only to the quadratic terms. In the other > 
diagrams the treatment for finding the terms other 
than quadratic can be simplified to a remarkable 
extent. As is well known, the integral correspond- 
ing to an arbitrary diagram can be represented in 
the form (after integrating over all virtual mo- 
menta ): 


gaa 
\\ dadBdydd...3(a+B+7+58+4+...—1) 
hae (Aa + BB+ Cy + Dd+...)" ATG 


where A, B, C, D,... are the denominators cor- 
responding to all the lines of the diagram: 


A=qat+ms, qa~Dd\ouP;. (8) 


Z 
Here Pj is the external momentum contained in 
the i-th line. 

If A and B are the denominators correspond- 
ing to a pair of connecting lines, then at the point 
(pi + pk)? = — (mj + mx)? the denominator in Eq. 
(7) goes to zero for (cf. reference 3)* 

A = B == 0; a+ p= 1, 


At a point beyond the threshold, (pj + p, )? 
= —(mj+ mx )* + O(p”), the denominator in Eq. (7) 


+ = Sa0s (9) 


*We are considering the case in which there is only one 
pair of connecting lines in the diagram; an analogous treat- 
ment of more complicated diagrams leads to the same results. 
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can go to zero ina region y~ 6~...~ p?/m?, 
since A~ Bw p? and C, D, and so on do not 
vanish at y=6=...=0. But then in the region 
where the denominator ~p* and where we cannot 
expand in a series with respect to the threshold 
momenta (obviously this is the only region in 
which terms other than the quadratic terms can 
arise, since in regions where the denominator 
does not go to zero only quadratic terms appear), 
we can neglect the dependence on these momenta 
in all the lines except the connecting lines. In fact, 
in the region near the values (9) the denominators 
C, D,... are multiplied by quantities y~6~... 
~ p*/m*?, andin A and B the momenta of the 
other lines occur multiplied by the corresponding 
quantities y~ 6~...~ p/m’. 

Consequently, in expanding T in powers of the 
threshold momenta to obtain the terms different 
from pj-pxK/m* and pj-p’/me’ we can neglect 
the threshold momenta everywhere in the diagrams 
that represent T, except in the denominators cor- 
responding to the connecting lines. 

4. To separate out the terms in which we are 
interested from an arbitrary diagram we must ex- 
amine the dependence on the threshold momenta 
that arises only from the connecting lines; that is, 
we must examine the integrals over the virtual 
momenta belonging to the connecting lines. As 
will become evident from the further argument, 
each of these integrals can be considered inde- 
pendently of the presence of other connecting lines 
in the given diagram. For example, from the dia- 
gram of Fig. 1c we can separate out independently 
the contributions from the lines 1, 2 and 3, 4; from 
the diagram of Fig. le, those from lines 1, 2 and 
from 3, 4, 5; and so on. The only exception is the 
case in which the same line belongs to two differ- 
ent groups of connecting lines (line 5 in Fig le 
and line 1 in Fig. 1f). All such groups must be 
considered simultaneously. 

The main types of connecting lines are shown 
in Fig. 2. The integral corresponding to the dia- 


:) 
© 
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gram of Fig. 2a is of the form 


4 
— (2n)*\ T ae Ts (q)s 
1 (9) [(Pr + 9)? + m2] [q? + m3] 2 (9) (10) 
where Py =p,+p ., and T,(q) and T,(q) are 
the expressions corresponding to the blocks T, 
and T, in the diagram (they can also contain 
connecting lines). The factor 


comes from the two connecting lines and the 6 
function from one of the blocks T, or T,. The 
integration over dq gives the sum of the integrals 
over d°q of the various residues with respect to 
Qo. Of these only the one corresponding to qo 
= — (m3 +q?)!/2 (we close the contour in the upper 
half of the qy plane) gives denominators that can- 
not be expanded in terms of the threshold momenta 
(the singular part). The residues of the integral 
over dq) that correspond to the denominators of 
the lines contained in T,(q) and T,(q) cannot 
contribute to the singular part, since a singularity 
of the type (5) arises only from the simultaneous 
vanishing of the denominators corresponding to a 
pair of connecting lines, i.e., the lines 1 and 2 in 
the case of Fig. 2a. Furthermore, contributions 
to the singular part come only from the free prop- 
agation functions, so that we have substituted in 
Eq. (10) only AW. 
Then (with pj+p, = —p3) Eq. (10) can be 

written in the form 

, mi T1 (q) 4°q T2 (q) 
ee Cay V m2 + q? [(P1o — V m2 + q?)” — m? — (Ps + q)?| 


In T’(0) the dependence of the connecting 
lines 1, 2 on the threshold momenta can give only 
quadratic terms (if T, and T, contain no con- 
necting lines, then T’(0) contains only quadratic 
terms in the expansion in terms of the threshold 
momenta). In the singular term the denominator 
goes to zero for q~ DPD. 

If we break up the integral over |q|=q into 
two integrals, 


O<q<i and }<q, p<h<m, 


then the integral from A. to ~ can be transferred 
to T’(0), since in this integral the lines 1 and 2 
give only quadratic terms. In the range from 0 to 
X we can expand in terms of |p| and |q| «m. 
In this region Tj(q) ~ Tj(0). We then have for 
the expression (10): 

r 


izpie ‘ d°q 
T (0) — Ge mymy a) \ (4 + paz pa/mms)? — k?, — ie Fa aee? 


0 
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or, putting the quadratic terms with T (0), 


mo oe as ert ee hs 
T (0) + gas | Kael 72 (0) 72 (0) = 7 (0) + thao AO, 
(12) 
T, (0) = (4ré (my + me) / V mm) al (13) 


If we are interested only in the terms linear in 
the threshold momenta, then in the second term of 
Eq. (12) we can set pj =0 in T,(0) and T,(0). 
Then a{}) is the contribution of the diagram T, 
to the scattering amplitude of particles 1 and 2 at 
zero energy, and T,(0 )/2(m ym, )/? is the contri- 
bution that the diagram T, makes to the amplitude 
of the process in question at the threshold energy 
OL. (0). 

In just the same way we must separate off from 
the T(0) in Eq. (12) the linear terms correspond- 
ing to the other connecting lines. It is then found 
that the connecting lines of the diagrams of Fig. 2b 
and c make the following contributions to the sin- 
gular parts: 


2 aqd°q ls 


0)\ ar 3 
2 (0) q’*/Zpe3 + q?/zH1 — E —le 
0 


——— T 
2MyMeMs 


(14) 


T, (0) 


for diagram 1b (sic!), and 


ins 

Zi (mamayt 12 (O) 

1 

\ d8q dq’ d°q” T2 (0) Ts (0) 

: (q’?/2p28 + q?/2p1 — EB — is) (q”?/2p03 + q?/2u1 — E — ie) 

(15) 

for diagram lc (sic!); here 
1/u, = 1/m, 4 li(tg-- m;), £6 = kyo/2t49 aia p3/2tes (16) 


are the notations of Gribov’s paper.! 


It is easy to see that the expressions (14) and 
(15) do not contribute to the terms linear in the 
threshold momenta. In fact, for large q or q’ 
(q”) each integral has no singular denominators 
and contains only E. A singularity arises for 
q~q’~ |p|, but in this region the contribution 
to the integrals (14) and (15) is ~p, 

It can be shown that the contribution to the lin- 
ear terms from a diagram of the type of Fig. 2d 
is given by the second term in Eq. (12), with appro- 
priate values of a{}) and T.(0) (this contribution 
arises from lines 1 and 2 in Fig. 2d). 

Thus terms linear in the threshold momenta are 
given only by diagrams of the type of Fig. 2a. The 
total contribution to the linear terms is obtained 
by summation of terms of the type (12) separated 
from all the connecting lines (of the type of Fig. 
2a) of all possible diagrams. It can be shown 


4: pA TOW, 


that each product a{}?T, (0) occurs in Eq. (12) 
only once. Therefore the sum of all the diagrams 
gives the expression 


T =T (0) {1 + ikiedie + iRes4e2 + (RysAr3], (17) 


where T(0) is the amplitude of the reaction in 
question when the threshold momenta are zero. 
The subsequent terms of the expansion in the 
threshold momenta contain either quadratic terms, 
or linear terms that depend on an angle between 
initial and final momenta, and thus make a quad- 
ratic contribution to the cross section integrated 
over this angle. 

5. Neglect of the momenta in all the denomi- 
nators except those of the connecting lines would 
mean neglect of terms of the types pj - py, /m? and 
pj -p’/me’. 

There are also, however, quadratic terms of a 
different type: |p7|kj, or E'/*kj, (for the case 
of three particles no terms kj,kjm appear in the 
final state). These differ from the former terms 
in that they determine angular correlations of the 
particles produced in the reaction in all orbital 
angular-momentum states, whereas the former 
terms give correlations only in states with rela- 
tive orbital angular momentum 1 (cf. reference 1). 
If no state with relative orbital angular momentum 
1 is possible, as is the case for the t — 37 decay,! 
then the terms of first degree in the cosine of the 
angle between the momenta of the final particles 
must vanish in the final formulas, and to accuracy 
up to quadratic terms the angular correlations are 
completely determined by the terms |p7|kik and 
E/%k;,. Just as in Eq. (17), these terms are deter- 
mined by the dependences on the momenta in the 
connecting lines. They arise from the integrals 
of the diagrams of Fig. 2d on the integrations over 
the virtual momenta of lines 1, 2 and 1, 3, 4 or 1, 
5, 6, etc., and only from these integrations. 

For the singular part of these integrals we have 
an expression of the form [in Eq. (18) T3(0) is 
the contribution from T3 and Ty, in the diagram 
of Fig. 2d when intégrated over the momenta of 
lines 1 and 2, 3 and 4] 


a a) 720) 283 
V 8mymzMs (=m)4 
‘ 

‘ ce ies “ 
‘ 23 Q°/2 yr ‘© (q + PiePs/ts)? — k2, — ie 


(18) 


From this we can separate out the quadratic 
terms of the type with which we are concerned, 


(1) (2) 


me Qo Qo3 Ie (0) Jai/V 8mymymsz ’ (19) 
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where 


-1 2 
0s 41 Rie + avi 
x7? 


y. ; 3 
Je, = ees [1 __ (Ara + eerie | : 
3h 3 preps Eo BT : 


-1 kis — pisps/me | , 
Os = Ren. 
sat J 


Pie 


__ fy Are = H2Ps/me)*|*/2 
[! 11 | y 


M =m,+ m, + msg. (20) 

Summation of the contributions from all the dia- 
grams gives the angular correlations of the par- 
ticles produced, with accuracy up to terms quad- 
ratic in the threshold momenta (terms depending 
on the angle between ps3 and kj.). When we include 
linear terms and the quadratic terms that determine 
the correlation of p3, kj), the amplitude is 


T =T (0) [1 + ikieaig + iRy3Q13 + tRogQo3 + Ay oQosJ 15 
+ #7 isd 93 + *?Ay3oad 12 + *7ao3Qig/ 91] + O (p?/m?); 


(21) 


J43 and so on are obtained from Eq. (20) by inter- 
change of indices. The remaining terms quadratic 
in the threshold momenta do not depend on the 
angle between pz and Ky. 

By a similar argument one can determine the 
energy dependence of the amplitude for reactions 
of the type a+A-—~b+B near the threshold for 
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production of a pair of particles c +C.* Then we 
can separate out from diagrams of the type of 
Fig. 2a, with connecting lines corresponding to 
particles c and C, the term linear in 


k= {— (Pa AF Py)? = (i ar M.)*}" : 
The amplitude will have the form 


T; (0) + tkdga+cc Acc-+oB » (22) 


where T,(0) is the amplitude of the process 
a+A--~>b+B at energy equal to the threshold 
energy for the reaction a+A—-c+C. aga--o¢ 
and aec—-pp are the amplitudes of the reactions 
in question at threshold. Below threshold 
k—~-ilk|. 

Inclusion of spin and isotopic variables for the 
particles does not give rise to any difficulties, and 
means only that in the products T(0)aj, in Eq. 
(21) we must sum over all processes that are pos- 
sible for the particles i and k at zero energy. 

In conclusion the writer expresses his deep 
gratitude to V. N. Gribov for valuable discussions. 
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Small oscillations of a hot plasma contained by a magnetic field are treated by means of the 
kinetic equation in the “drift” approximation without the collision integral.! Two waves can 
be excited when the propagation vector is in the plane perpendicular to the direction of the 
unperturbed magnetic field: a slow (drift) wave with a propagation velocity of the order of 
the mean drift velocity of the electrons (ions) in the unperturbed state, and a magneto- 
acoustic wave. The first is found in an inhomogeneous plasma only. If certain relations 
obtain between the zeroes of the magnetic field gradients, the plasma density, and the tem- 
perature, the drift current can cause amplification of these waves. Criteria for an insta- 


bility of this kind are obtained. 


1. INTRODUCTION. FORMULATION OF THE 
PROBLEM 


ile this paper, which is the first part of a work on 
oscillations in an inhomogeneous plasma, we con- 
sider the simplest geometric configuration for the 
unperturbed plasma: a straight pinch with an arbi- 
trary distribution of longitudinal current. 

We will consider oscillations at frequencies much 
higher than the collision frequency but smaller than 
the ion Larmor frequency. All characteristic di- 
mensions are assumed to be large compared with 
the Larmor radius of the ions (electrons). Under 
these conditions it is convenient to describe the 
behavior of the plasma in terms of the drift ap- 
proximation, using the kinetic equation.! 

We introduce a cylindrical coordinate system 
for oscillations characterized by wave vectors 
which are transverse to the magnetic field (the 
magnetic field in the perturbed and unperturbed 
plasma is along ¢). 

The kinetic equation is 

Ft V(vaeh) +S. Se p= 0. 


= (1) 
Here f(vo> u, r, t) is the electron (ion) distri- 
bution function, p is the magnetic moment of the 
electron (ion) and vgy is the drift velocity, which 
is 

om % 


p 
on | 


H2 


[H* VA] + rxH]. (2) 


3 
Z 
The first term in Eq. (2) corresponds to the elec- 
tric drift, the second to the diamagnetic drift, and 
the third to the “centrifugal” drift. 

The charge density and the current density are 
found from the distribution function 
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Hg \ dude, j=c [HxVp 11 /H*—7(p1— p))eurl 8 : 


tt | ufdudo,. 
Maxwell’s equations for the self-consistent 
field are 


n; =n. (quasi-neutrality equation) 


4mnM ad E 


4m. 
curlH=—j+=3-¢7a> curl E= —— 


2. SMALL-OSCILLATION EQUATIONS 


We investigate the time behavior of small de- 
partures from equilibrium. 
The equilibrium state is given by the equation 


— 5 (Ho | ufo dv) 


The zeroth current term j) is due to the motion 
of electrons with velocity 


(¢/ eno) [Hy V (p, + p,)] Ho’. 


The ions are assumed to be fixed (cf., for example, 
reference 2). We seek small corrections to the 
equilibrium quantities in the form 


ue 
ao (5) 


A = A(r) exp {i (kz — of)}. 


The equation for the perturbed distribution 
function is 


F Qo .U E 
—i(o—ko5,) bate VAVae apie, Gag =), (6) 
Here 
H. cmv E° 
Ores cm "0 9 r 
ee e Hy aHer tn aes (7) 


(primes denote differentiation with respect to r). 
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The correction to the distribution function is 


f= fore +|(2) — ieee =] (Rey. /e) H + ice, (8) 


Ho ae Ho dv, 0 — kos. 

Substituting f; in Maxwell’s equations we obtain 
three equations for the three quantities Hg, Er, 
and’ Ez. By means of simple transformations we 
eliminate E;, and Hy, obtaining a single second- 
order differential equation for E,, which is given 
here without the intermediate steps: 
Ph pa (1+ 4a / Ho) E, —i(w4nb/cHo)E, 4202 
dr yz, °° (1+ 4ma/Ho)—o?/RV% V2, 
Ho (6? / V4) E, — i (Rc4nb | wHo) E, 
ara are yr, ae (9) 


Hy Ez 


— 2Po 4(/ fo \’ kept /e 
sates my (fe) Ale at, 


o— kv? 


b = icH, S| \ (4.) 7% du dug, 


V4 = He/4en M. (10) 
The summation is taken over ions and electrons. 
The integrals over yw in Eq. (10) are taken along 
the real axis if Im (w) >0 and along a contour 
such that the pole of the integrand lies between the 
real axis and the contour if Im (w) <0, in agree- 
ment with the rules of analytic continuation.’ 
Thus, the problem of oscillations of an inhomo- 
geneous plasma is reduced to that of finding the 
eigenvalues and eigenfunctions of a second-order 
differential equation with variable coefficients (9). 


3. DRIFT WAVES 


We consider oscillations whose frequencies 
satisfy the inequality w <«kH)/V4m)M_ (corre- 
spondingly, the phase velocity w/k « Va). 

Equation (9) can be simplified in this case: 

oe @E, 
V3, dr rw 


1 4nkcib E, ZAG 
eaers 1+ 4a] Ho g 


(11) 


In Eq. (11) we have omitted the small parameter 
w?/(kVa )? in the coefficient of the second deriva- 
tive. 

Equation (11) is a generalized equation for the 
eigenvalues of a complex operator which is not 
self-adjoint. 


We write this equation in the form 
E” —[U(x, o, k) + iV (x, o, RE =9, (12) 


where U and V are real functions. 
For solutions of Eq. (12) which converge in a 


bounded region of space we can write the integral 
conditions 


(lE'Pdx + (U(x, o, k)| E2| dx =0, 
\V x, w, k)|E|?dx = 0, 


where the integration is taken over the entire re- 
gion occupied by the plasma. The second of these 
conditions can be realized only if the quantity 
V(x, w, k) passes through zero at some point in 
space. 

We consider space localized solutions for which 
U (x, w, k) passes through zero at the same point. 
The condition 


(13) 


U (Xo; @, k) + iV (x, , 2) = 0 (14) 


plays the role of a dispersion equation which re- 
lates w and k. 

Near this point Eq. (12) becomes an Airy equa- 
tion with complex argument 


E” + (Up + iV) xE =0. 


We investigate the “high-gradient” case (d/dr), 
> 1/r. In this case the “dispersion equation” is 


bee icH D1\ (f) 


It should be noted that although no curvature term 
appears in the dispersion equation, the derivation 
cannot be extended to the case r—o© because 
terms of order w/kV,, which have been omitted 
in obtaining Eq. (11), become important at large 
values of r. 

We now investigate Eq. (15). As an example we 
take fy, in the form fo, = mg6(u—yo). (ALL the 
particles at any point have the same magnetic mo- 
ment.) Here we have already carried out the in- 
tegration over the longitudinal velocity (fy, = 
fir (us vp) avg). 

Integrating with respect to uw in Eq. (14) we 
have 


pdydo, 


—_______*__,——_=0. (15) 
wo — kcEo | Ho + kept, | eHo 


ot = #0 (1-255 FH (it): 


Whence, an instability develops if 


Ho M0 Ee 
Yo Hel ge 


The case in which the Maxwellian distribution 


(16) 


fie anin 
To 


is used in Eq. (15) has been investigated in refer- 
ence 4. The instability criterion is of the form 


HG | 8rn0T o +4- dln T,)/0 In Ho 


0< — Eo 


1—dInTy/0InHo (17) 
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4. MAGNETOACOUSTIC WAVES 


We consider oscillations at frequencies w 
~kV,. Omitting terms of order ae /Va_ in Eq. 
(9) we obtain [for high gradients (d/dr)) > 1/r]): 


d c 
dr ie. 


(1 + 4ma/ Ho) E,—i(w4nb/cHo)E, kc? 
(1 + 4ma / Ho)— w? / k°V%, V4 


0 Hy E2=- (18) 
This is the equation for the magnetoacoustic 
waves. In the quasi-classical approximation (Ez 
~exp{ifkydr}, where ky is a slowly varying 

function of r) we have 


(Rk? + R) (1 + 40a] H,) + 0? /V4 = 0. 


We consider oscillations close to the boundary 
of the stability region (small buildup). The real 
part of Eq. (19) determines the frequency of the 
oscillations and the imaginary part determines 
the increment factor v (w=, +ip). 

For a given value of Hj there is always a pole 
in one of the integrands. For small increments 
(v K w,) we have 


(eae tis v2 (fo / Ho)’ dp + niRes. 
o—k| 0%, o—kjv® | 
r dr 


(19) 


(f is the integral in the sense of the principal 
value). 
Separating real and imaginary parts in Eq. (19) 


we have 
oF = (e+ #9) (V3,+2%), 


3 { 5) YG fo yt | / Po y 
Y= = TO DTN ees 
en is oxsko® ( He 


In evaluating the integrals we have taken into ac- 
count that for the magnetoacoustic branch w > kway 


(20) 


vie is the mean drift velocity. Thus the instability 
criterion v >0 is of the form 


Hollay Gay eal. (21) 
For a Maxwellian distribution function: 
OM Ne Gon iW y foeon (22) 


The physical nature of this instability and the 
instability in the drift branch may be described as 
follows. 

Electrons which move with the unperturbed ve- 
locity Veins close to the phase velocity of the wave, 
drift towards points of zero gradient, acquiring en- 
ergy by virtue of the interaction with the wave. If 
the condition in Eq. (21) is satisfied [or, corre- 
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spondingly, the condition in Eq. (17)] this interac- 
tion leads to an instability (the electrons lose en- , 
ergy to the wave). The time required for the de- | 
velopment of this instability is large because in 
the case being considered.(w > kvgy) the number 
of particles in resonance with the wave is an ex- 
ponentially small quantity. 
The increments can become large when the 
mean velocity of the unperturbed electron drift 
is of the order of the velocity of the magneto- 
acoustic wave. This situation can arise if the 
gradients are large at equilibrium: H) ‘oH, /or 
2 Riz (Ry is the ion Larmor radius). How- 
ever, in this case the drift approximation no 
longer applies for the ions. | 
A simplified analysis of this case can be car- | 
ried out on the basis of a “cold” ion model (Tj | 
« Te). In this case, Eq. (18) with Tj =0 is 
valid up to characteristic dimensions of the order 
of the electron Larmor radius and the increments 


are 
v=o GY), [CBD 


(In this we assume that v « w, since we are in- 
terested in the stability boundaries.) The plasma 
is unstable if 


(23) 


Cig 1h, (4-2-2) > lie al v1 Ho 
dino T 8rnol’, Ti 


e é 


ty = |eCVa Hy / cH). (24) 
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Corrected values of the anomalous magnetic moments of nucleons caused by virtual m-meson 
and nucleon currents a obtained by Chew’s method. Contributions of strange particles and 
of the hypothetical p° meson are also taken into account, on various assumptions about their 


intrinsic parities. 


1. INTRODUCTION 


ae the point of view of present quantum field 
theory, the main contribution to the anomalous 
magnetic moments up and un of nucleons must 
come from the virtual currents that arise on ac- 
count of the coupling of the nucleon and m-meson 
fields — a coupling which is evidently the “strong- 
est” of all known couplings. It can be expected that 
an appreciable contribution to pp and un is also 
made by the strange particles, since the field of 
these particles is also coupled rather strongly 
with the nucleon field. In addition it is interesting 
to estimate the contribution to pp and py that 
arises from the coupling of the nucleon field with 
the field of the hypothetical p*® meson allowed by 
the Gell-Mann scheme;' there is lively discussion 
in the literature as to whether this particle exists. 

Recently Gupta? has taken account of the contri- 
butions to Up gue Mn from both the strange par- 
ticles and the p® meson, in the framework of or- 
dinary perturbation theory. Owing to the fact, how- 
ever, that he did not get agreement with experiment 
on any assumption about the intrinsic parities of 
the K and p° mesons, and also owing to the fact 
that perturbation theory is probably not applicable 
to these problems,? it is interesting to make analo- 
gous calculations by the more acceptable method of 
Chew. 

It must be emphasized, however, that in the Chew 
method, based on the idea of a fixed nucleon source, 
the treatment we shall give of transitions from nu- 
cleon to hyperon and vice-versa is, strictly speak- 
ing, not consistent. Besides the fact that in this 
method recoil is neglected, in such a treatment 
we have to introduce a mixed nucleon-hyperon 
source, and the question at once arises as to its 
“size.” Fortunately, the not very large difference 
of the masses and the equality of several other 


955 


characteristics of nucleons and hyperons allows us 
to hope that also the size of such a mixed source 
will be close to the “size” of the nucleon source. 
In what follows we shall use the standard “cutoff” 
— Wmax =5.6m7. We remark, however, that a 
change of this “cutoff” within reasonable limits 
makes only a slight change in our numerical re- 
sults. 


2. THE CONTRIBUTION OF THE 17-MESON AND 
NUCLEON CURRENTS 


In reference 4 calculations by the Chew method 
have been made on the magnetic moments of nu- 
cleons, with inclusion of only the meson current 
in the virtual state, and with the coupling constant 
f? = 0.058 the values found were* bp = 1.44," tin 
= —1.44. 
In reference 5 the contribution of the virtual 
nucleon current has been taken into account, and 
an addition of — 0.15 to the neutron magnetic mo- 
ment was found. This treatment considered dia- 
gram 2 and its modifications in Chew’s sense; 
these contribute only to the neutron magnetic mo- | 
ment (see diagram). 
There is, however, one other diagram, namely 
diagram 1, that involves a nucleon current in the 
virtual state and gives a contribution to the mag- 
netic moment of the proton. The contribution of 
diagram 1, corresponding to the emission of a i 
meson, is smaller by a factor 2 than the contribu- 
tion of diagram 2, which corresponds to the emis- 
sion of a m meson. This follows from the fact 
that in the symmetrical theory the coupling of the 
charged meson field with the nucleon field con- 
tains an addition factor 21/2, This same result 
can also easily be obtained formally, if we write 


*Throughout this paper all values of magnetic moments are 
given in nuclear magnetons. 
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the Lagrangian for the interaction of the nucleon 
and electromagnetic fields (in the relativistic 
case) in the form 


L => ie: ¥4/,(1 + 13) WEA. (1) 


Here W is the usual eight-component operator of 
the nucleon field, composed of the wave functions 


of proton and neutron, and 73 =I ; ) : 


Owing to this the value calculated in reference 5 
for the contribution to un caused by diagram 2 
must be doubled. The contribution to up caused 
by diagram 1 is —0.15. 

Thus with the coupling constant indicated above 
the values of the anomalous magnetic moments of 
the nucleons turn out to be wp = 1.29 and Up 
= -—1.74, 

Recently, however, a more logical analysis of 
the experimental data on the basis of dispersion 
relations has led to a decided increase of the coup- 
ling constant of the nucleon and 7 -meson fields. 
At present we must evidently take as the most ac- 
ceptable value of this constant f* = 0.1.8 The use 
of this constant leads to the following values of 
the anomalous magnetic moments of the nucleons 


Vig ods Un = — 3,46. (2) 


3. THE CONTRIBUTION OF STRANGE PAR- 
TICLES AND THE p® MESON 


Since the intrinsic parities of the K and p° 
mesons are as yet unknown, we have made calcu- 
lations both for scalar and for pseudoscalar K 
and p’ mesons. On this basis the Hamiltonian 
now generally accepted for the interaction of the 
K and p’ meson fields with the baryon field’ can 
be written in the Chew approximation in the form 


A= Aysxk+ Anak +Hyve, Hysx =V 40 


x \ or evs (1) 1% (1); 
Aye = V 4n\ Aron yo (t) Ix Px (1) + Herm. adj. 
Hnne = V 4n\ dtpyy (r) 4 Pe (r), (3) 


where nK =gk for scalar K mesons, ng 


= (fk /mx)oV for pseudoscalar K mesons, and 
similarly with np. In Eq. (3) it is assumed that 
the relative intrinsic parities of the nucleons and 
hyperons are the same. 

In the calculations we have confined ourselves 
to the first nonvanishing approximation of the Chew 
méthod, since, as our calculations show and as 
could of course be foreseen, the next approxima- 
tion gives a much smaller contribution. 

For the process with which we are concerned 
there are six diagrams, 3 —8. Using the Hamil- 
tonian (3), we easily get the following matrix ele- 
ments: for diagram 3 in the case of scalar p° 
mesons 


87° dkk2v2 (k 
e \ es ) } (4) 


Op 


M; = — cH 


2m % 


for diagrams 4 — 8 in the case of scalar K mesons 


ee 4p 2m BR 6 dkk? v? (b) 
NH sa a eee 
Ms =— Mug, M,=M,=M,=0, (5) 


for diagram 3 in the case of pseudoscalar p® me- 
sons 
2 
Mee oH te \ dkkto® (k) (6) 


2m 37 p42 3 ? 
m, Rp 


and for diagrams 4 — 8 in the case of pseudoscalar 
K mesons 


3 ? M; =—M,, 
ie 


ie (‘= v? (k) 


2 
HOY 


My ees oe HA aa 


am? 3m My MK Ms = 2Mg. (7) 


wf 
On the basis of reference 8 the coupling constant 
on the K-meson and baryon fields is thken to be 
BK = = 0.7 for scalar K mesons and ge = =)(2m/me 
x fk = 2.6 for pseudoscalar K mesons. To sim- 
plify the calculations we have neglected the differ- 
ence of the hyperon masses, taking M = 2300me 
for all the hyperons. Since at present there are 
no definite arguments pose rding the value of the 
coupling constant of the 0° -meson and Spo 
fields, we tons taken for definiteness gp =1 for 
the coer p° meson and i= = 0.1 for the peculea 
scalar p’ meson. As for ne rest mass of the p? 
meson, we have considered two cases: Mp =M7 
and Mp = 2mz. 
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With these assumptions we get the following 
values for the contributions to the magnetic mo- 
ments of the nucleons from strange particles and 
p° mesons: from the hyperon and Scalar K -meson 
currents +0.09 and —0.09; from the hyperon and 
pseudoscalar K-meson currents +0.002 and +0.003; 
from the coupling with the scalar p’ meson +0.46 
and 0 (for Mp =M7) and +0.24 and 0 (for Mp 
= 2m,); from the coupling with the pseudoscalar 
p° meson —0.17 and 0 (for mp =m) and —0.02 
and 0 (for Mp = 2m7); the pairs of values are for 
Mp and Un respectively. 


4, DISCUSSION OF RESULTS 


We note first of all that the so-called vector 
part of the magnetic moments of nucleons, caused 
by the couplings of the baryon field with the 7 and 
K meson fields, has been calculated recently by 
the method of dispersion relations.? The numerical 
results obtained in the present paper are in the 
main close to the results of reference 3, except for 
the case of the pseudoscalar K mesons, where the 
difference amounts to an order of magnitude. This 
last fact can be easily understood if we take note 
of the experimental fact that there is a large s - 
wave interaction between K mesons and nucleons 
(see reference 9, for example), which is automat- 
ically excluded for pseudoscalar K mesons in a 
calculation by the Chew method, which neglects 
the recoil effects. For scalar K mesons, on the 
other hand, this neglect evidently causes no large 
error.!® An important point is that both the analy- 
sis on the basis of dispersion relations and the re- 
sults we have obtained indicate that the strange 
particles make an extremely small contribution 
to the magnetic moments of nucleons. 

The theoretical values of the anomalous mag- 
netic moments of the nucleons given in Sec. 2 are 
in absolute value much larger than the experimen- 
tal values, and, as has already been noted, inclusion 
of the contribution of strange particles cannot ap- 
preciably change this situation. 


As for the p’ mesons, our results show that 
only the pseudoscalar p° meson improves the 
theoretical value of Mp (and only slightly, at least 
with the coupling constant we have chosen), but it 
leaves the value of uy unchanged.* In this respec 
our results are in contradiction with those of Gupta 
who is inclined to the idea of a scalar character fo) 
the p® meson. 

The writers express their deep gratitude to V. 
Ya. Fainberg for a number of very helpful com- 
ments. 
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*We note that the hypothesis that there exists a parity 
doublet of 7 mesons,** which provides a satisfactory explana- 
tion of the experiments on N—N scattering in the energy range 
100—600 Mev, leads to additional contributions of +0.46 and 
+0.92 to up) and py, respectively. This improves the value for 
Un,» but makes the value for zp somewhat worse. 
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The field produced by the motion of a charge through a moving medium is considered. The 
energy losses of the charge due to Cerenkov radiation and excitation of plasma waves are 


determined. 


if The problem of determining the field of a 
charged particle in a moving medium has a long 
history. The “inverse” Cerenkov effect, i.e., the 
Cerenkov effect as seen in the rest system of the 
particle, was first considered by Tamm.! This 
question has also been considered in a number of 
later papers.” The interest in the inverse Ceren- 
kov effect arises in connection with a suggestion 
made by Veksler® concerning the application of 
this effect in the acceleration of charged particles; 
Veksler’s proposal is based on the use of a fast 
electron stream as the moving medium. 

Below we consider certain properties of the 
field of a charge in a moving medium which have 
not been considered in the earlier analyses. The 
results which are obtained may be useful, for ex- 
ample, in experimental investigations of relativ- 
istic plasma beams and in the investigation of the 
interaction of beams of charged particles with 
plasma oscillations. 

Following Ryazanov,’ we use the phenomeno- 
logical equations of classical electrodynamics for 
a moving medium which have been developed by 
Tamm.* 

2. Let €(w) and w(e) be the dielectric con- 
stant and the permeability of the medium in the sys- 
tem in which it is at rest. We introduce the quan- 


tity 


5 


%*=eu— 1. 


(1) 
Now suppose that the medium moves with the 4- 
velocity uj: 

Ily, 9,3, = Uy, y, zal —u?/c? Ug=cC lV 1 —u?*/c?*, 


where u_ is the three-dimensional velocity of the 
medium. The dielectric-magnetic permeability 


tensor is then written in the form 
Cirst = Wo? (Bis + xC PU; UW.) (Bet + xc UW, u,) 


(2) 


Maxwell’s equations assume the form 
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O: Fre + Og Fie + OcFin=9, On Hin = — (40 /C) ji, 


iz = Eikst Pe 


(3) 


where 0j(-V, 0/cdt) is the four-dimensional gra-: 


dient, Fj, is a field tensor (electric field and 
magnetic induction field) and Hj, is a field tensor 
(magnetic field and electric induction field). The 
product of two 4-vectors Aj and Bj is written 

in the form 


(AB) ae A; B; = A, B, aE = A,B, a AoBe el A3B3. 


Introducing the 4-potential Aj in accordance with 
the relation Fj, = 0jAK — 0xAj and imposing the 
following supplementary condition on the compo- 


nents: 
(On + xc u, u,0,) Ar = 0, 


we find a simple equation for the potentials: 


es [0% + «c7? (Up Og)?] (8st + xc? u. U,) A, = — (4n /c) iy: (4) 


In a medium which is at rest (u=0) and in vacuum 
(kK = 0) Eq. (4) becomes the well-known relation. 

We may note that if the quantity x in Eq. (1) is 
a function of frequency in the medium at rest, in 
the moving medium «x will depend on the four- 
dimensional product (uk), where k (k, w/c) is 
the four-dimensional wave vector. 

3. We now consider the solution of Eq. (4). We 
multiply both sides by ug and sum over s. Intro- 
ducing the notation 

L = Oh + xc? (uy Op)2, (5) 


we have 
L (Au) (1 +x) = —© (ju), (6) 
On the other hand, from Eq. (4) it follows that 
LA, = — (4nu/c) js —usc? Lx (Au). (7) 


Substituting the value of (Au) from Eq. (6) in Eq. 
(7) we have 
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ws Git x , , 
Oe arr et [es e@i+x “s ui,| My: (8) 


Equation (8) determines the field in the moving me- 
dium produced by an arbitrary source. To this 
same expression we can add the electromagnetic 
field in a medium at rest, using the appropriate 
Lorentz transformation. 

4. We now assume that a point charge q with 
a velocity v, moves through a medium which it- 
self is moving with velocity u. The current den- 
sity and charge density are written in the form: 


j=vgd(x—v), p=qs(x—vt. (9) 


We use the Fourier expansion of the 6 function 
and obtain the following solutions for the vector and 
scalar potentials: 

SOAS BS x wu 1—uv/c? 

A= | 


¢||06f x 6. 1— u?/ ¢? 


- pexp {ik (x — vt)} dk 
(kv)? / c? — k? + (x / c?) (ku — kv)? / (1 — v2 / c2) ’ 


eg | x 41—uv/c? 
9=55\[I|—ipe ee 
x uw. exp {ik (x — vé)} dk 
(kv)? / ec? — k? +- (x / c?) (ku — kv)? / (1 — uw? / c?) (10) 
5. The energy loss of the charge in the moving 
medium is given by 


qW_sizEV Sable! 1 vw Moe ety ee) 
Bett. oli Deo | 68 7 abe ara | 
uw (kv) dk 


* Tv — BF (me / 0%) (ku — kv on 
It should be kept in mind that the quantity kK = «u-1 
is a function of the scalar product 


(uk) = (kv — ku) / (1 —u?/c?)’?. 


When the sign of the wave vector k changes, the 
integrand in Eq. (11) becomes the complex conju- 
gate expression. Hence the integration is limited 
to values of k for which k-v> 0 and the real 
part which is obtained is multiplied by two. 

If the velocity vector of the charge v does not 
coincide in direction with the velocity of the me- 
dium u, a deflecting force acts on the charge in 
addition to the decelerating force. 

6. We consider the integrand in Eq. (11). It is 
pure imaginary if we consider a transparent me- 
dium (¢€ and p real). A contribution to the real 
part of the integral can be obtained only from poles 
along the path of integration. As is apparent from 
Eq. (12), poles will exist if one of the following 
conditions is satisfied: 
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ltx=0, i.e., s(ku,) =0, (12) 

or 
(kv)? ke 4 % (ku —kv)? 0. (13) 
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The first equation determines the losses which are 
the analog of the longitudinal losses in a medium at 
rest. When u=0, from Eq. (11) we obtain the 
usual condition, €(w) = 0. The second equation 
determines the Cerenkov loss. This equation will 
now be investigated in detail. 

7. We take 


kv = 0 =ck/n, ku = kucos. (14) 


Then, from Eq. (13) we obtain an equation which 
determines the phase velocity c/n for waves 
which propagate at an angle ~ with respect to 
the direction of motion of the medium: 


c?/n® —c? + 4 (c/n —u cos >)? = 0. (15) 
The solution of this equation is 
Cn ey u cosp+Vc? + y(c? — u2 cos? d) (16) 
oe a Gy ; 
where 
4 = x/(1 — u?/c?) = (eu — 1)/(1 — u?/c?). (17) 


We now plot the “surface of normals”: In any direc- 
tion, at an angle ~, with respect to the velocity of 
the medium u, we lay off the segment c/n(v). 
The ends of these segments then form the surface 
of normals. In other words, if there is a radiation 
pulse at the origin, the surface of constant phase 
for waves of a given frequency (after unit time) 
is the surface of normals. It is apparent from 

Eq. (16) that the surface of normals is a surface 
of rotation with axis along u. Furthermore, Eq. 
(16) defines one surface rather than two because 


c/ny (x —b) = —¢/n2 (9), (18) 


i.e., both solutions describe one surface (if 1/n 
is negative, we assume that the phase velocity of 
the wave is opposite to the direction of the wave 
vector ). 

It is apparent from Eq. (16) that the properties 
of the surface of normals are determined by the 
parameter Veu u/c. The entrainment of the radi- 
ation of the moving medium appears in the fact 
that when ey >1 the surface of normals is dis- 
placed in the direction of the moving medium (with 
respect to the origin). If e4< 1 the surface is 
displaced in the opposite direction. 

From the surface of normals c/n we can go 
over to a surface of refractive indices n. When 
epu2/c? <1 this surface is an ellipsoid, when 
euu2/c? = 1 it is a parabaloid, and when euu?/c? 
> 1 it is a hyperboloid of rotation. 
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8. Equation (13) indicates a remarkable prop- 
erty of media for which 


(19) 


eu = | + const/w. 


In media of this kind the surface of normals is a 
sphere of fixed radius in any system of coordi- 
nates, regardless of the velocity of the medium. 
An example of a medium for which (19) is satis- 
fied is an isotropic electron plasma. 

We may also note that if the velocity of the 
moving medium is large (1—u?/c? « 1) the ar- 
gument of € and p, (w—k-u)/(1 —u2/¢2)!/2, 
becomes large and the asymptotic expressions 
can be used for ¢€ and u: 


w=l, e=1— 4nnc?/mo®. (20) 


In this case the propagation relation is the same as 
for an electron plasma [cf. Eq. (19)]. It should be 
noted, however, that when w =k-eu this statement 
no longer applies. In the latter case the c/n sur- 
face is a sphere whose diameter is the vector u, 
laid off from the origin. 

9. From the definition of the refractive index 
(14) it follows that the vector k, which satisfies 
Eq. (13), forms an angle & with the velocity of 
the particle v; this angle is given by the familiar 
relation 


cos? = c/un (¢). (21) 


Real waves can be emitted only when c?/v2n?( ~) 
<1. This is the familiar Cerenkov radiation con- 
dition. 


10. If the surface of normals is known the 
Cerenkov cone can be determined graphically. 
From the center of the surface of normals we 
lay off the vector corresponding to the particle 
velocity v; on v, we lay off a sphere with the 
vector as a diameter (cf. figure). In general this 
sphere intersects the surface of normals in some 
closed curve. A normal which connects the center 
of the surface with a point on the intersection 
curve gives the possible direction of the wave vec- 
tor associated with the Cerenkov radiation while a 
line which connects the intersection point with the 
end of the vector v gives the wave front. If the 
intersection curve is traversed the normal de- 
scribes the wave-vector cone while the line con- 
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necting the ends of the vector with the intersection 
curve describes the wave-front cone. In certain « 
directions it may be impossible for radiation to | 
be excited if the electric vector of the wave is per- | 
pendicular to the velocity of the charge. 
11. We consider several simple cases of radia- | 
tion of a charge in a moving medium. Let the ve- | 
locity of a charge be parallel to the velocity of the | 
medium. Then, from Eq. (11) we obtain the follow- | 
ing expression for the Cerenkov radiation of the | 
charge: 
dW @ v2 x (4 —uo/c?)? 
dx ve \ [! ~ @ Tx T—urjc2 


where the integration extends over frequency re- 
gions which satisfy the inequality 


1 —v?/c? — y(v—u)*/c? <0, 


The radiation cone is circular, with a uniform dis- 
tribution of intensity over the geneatrices. The 
opening angle of the cone is given by the relation 


tan? o = v?/c? + y(u — v)*/c? — 1. 


If the velocity of the particle is parallel to the ve- 
locity of the medium the quantity x is a function 
of the argument w(1-—u/v)/(1 —u?/c?)1/2, 

12. Let the velocity of the charge form an ar- 
bitrary angle with the velocity of the medium. 
Since the Cerenkov losses are given by Eq. (13), 
Eq. (11) can be written in the form 


\P-3$-4 
So 


Cc 1+x 1—u%/c? 


» (ku — kv)? 


(kv)? 
2 e we). 


X pkvs ee — k? + 


c 


| dk. (25) 
In k-space we introduce a cylindrical coordi- 

nate system with its ky axis along the velocity of 

the charge. We take k-v=w, k? = w?/vy? +0, 

o =k-v(k-v)/v?. It will be apparent that 


dk = sdododw/v, 


where ¢ is the angle in the plane perpendicular 
to v. Carrying out the integration over o, we 
have 


OS a \ E ae OF SS) Ree 
dx TOC ma\ ale Cc 1+ (59) 41 —u2/c? | 
(0) wdwd 
re (®, , 59) Me (26) 


where F(w, 9,0) is the argument of the 6 func- 
tion in Eq. (25) and oy is the value of o for which 
F=0. Since o) depends on w and 9, Eq. (26) 
gives the distribution of Cerenkov radiation over 
angle and frequency. The radiated waves form an 


| uodw, (22) | 


| 
| 
| 


= %/ (1 — u/c). (23) 


(24) 
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angle J with the velocity of the charge where 


tan 3 = UG 9/0). (27) 


It is apparent that the radiation cone is not circu- 
lar, but has a complicated shape (since 0) depends 
on ¢). It also follows from Eq. (26) that the radia- 
tion intensity is not uniform over the geneatrices. 
13. We may also consider the polarization 
losses of the charge in the medium. Carrying out 
calculations similar to those in Section 12, we have 


1 — u?/c? 


x y Soy (59) odode 
\ <5 (@, @ 59)| (w/v)? (1 — 0/c) + 02% + wric? 


vies) 
where oy is the value of o(w, @) for which 
1+x=0 and wg is the root of the equation 
€(Wg) =0. The summation is taken over all 

roots ws. The polarization losses are determined 
by the equation 


(kv — ku) / (1 — u/c?) = ag. (29) 


It is interesting to note that the group velocity of 
the polarization waves is equal to the velocity of 
the medium u, i.e., the energy of these waves is 
“frozen” in the medium. 
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The relativistic Doppler shift in the frequency 
of the excited longitudinal oscillations of the me- 
dium can be used for measuring its velocity. 

The authors wish to thank V. L. Ginzburg and 
I. M. Frank for valuable discussions. 
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A simple example of plasma equilibrium in a magnetic field with helical symmetry is con- 


sidered. 


Tae problem of equilibrium of a plasma ina 
magnetic field involves the solution of the system 
of equations: 


div H = 0, ve =[curl H XH]/4r. (1) 


In this note we consider the case of helical sym- 
metry, in which the plasma pressure p and the 
magnetic field components Hy, Hy, Hz inacy- 
lindrical coordinate system, depend only on r and 
¢=kz—mg (m is an integer and A = 27/k is the 
period of the variation in p and H along the z 
axis). As has been shown by Johnson et al.! in 
this case the system of equations in (1) can be re- 
duced to a single nonlinear equation. From the 
equation 


F 10 0 m 
divH=— 5 (rH,) +5(—" Hy +kH.) = 0 


it follows that* 


where 7? is an arbitrary function of r and ¢. 
Furthermore, from the relation H-Vp=0 it 
follows that p is a function of y% only, while 
from the equation Vp-curl H = 0 it follows that 
mHz + krHy =I, where I is an arbitrary func- 
tion of y. By means of these relations the com- 
ponent of the equilibrium equation (1) along Vy 
can be transformed as follows: 
ee ee te (oes =| 
r 0c? | or Or \ Rr? + m? Or 
I dl 


Ar dp ae Le 2kmI 
ap © Rr? + me dy | (kr? + m2)? 


2A() (2) 


If the functional dependence of p and I on » 
*If this relation is integrated over the volume bounded by 


the surface y = const and the planes z =0 and z=27/k, we 
obtain 


where 


is given and Eq. (2) is solved, in principle it is pos- | 


sible to obtain all possible equilibrium configura- 
tions characterized by helical symmetry. However, 
the problem of solving the nonlinear equation is ex- 
tremely difficult. It is only in the simplest case, in 
which I and dp/dy are linear functions of »%, that 
Eq. (2) is linear and can be solved by separation of 
variables. 

Here we consider a still simpler example of the 
equilibrium configuration: I=const, p = py 
+ (a/47) wv. In this case Eq. (2) becomes 


1 op LO ? OV\ 2kIm 
7 ott aes Oe ee (3) 
Whence we find 
ar2 k 27 R22 
b= — AP (Rr? + 2m?) — J + (= + mins) +41, 


(4) 
where A=const, and %4(r, ¢) is an arbitrary 
solution of the homogeneous equation. 

From the known function ~ we find the plasma 
pressure and the magnetic field: 


P= Pot [Se (er? + ame) — 2 
+A( + mine) +e}, (5) 
Hp= 23 = Hy, (6) 
He =a palm $+ ert) = — MAL, 


1 


He= aap ma (— Br gp + ml) = RAT EE + Hye) 


where H, is the curl-free magnetic field, given by 
the function 4%. 

It is apparent that the magnetic field is com- 
posed of the uniform magnetic field along the z 
axis, the field of the uniform longitudinal current 
(jz = const) and the longitudinal current concen- 
trated at the z-axis (Jy ~ A), the field due to the 
azimuthal current jg, which increases linearly 
with r, and the arbitrary curl-free field H, char- 
acterized by helical symmetry. 


962 


| 
| 


EQUILIBRIUM OF A PLASMA WITH HELICAL SYMMETRY 


In this case (I = const) it can be shown that 
jy = (kr/2mm ) jz, i.e., the current flows along 
the helical lines ¢= const (this feature explains 
the possibility of applying an arbitrary field H, 
with the same symmetry without disturbing the 
condition j- Vp =0). 

For simplicity we limit our analysis to the 
particular case in which 


, = sin€-kr (BI’,, (kr) + CK’, (kr), (9) 


where A =const, B=const, I is a Bessel func- 
tion of imaginary argument and Ky is the Mac- 
donald function. The general solution of the equa- 
tion for ~, can be given in the form of a series 
of functions such as (9). 

If we require that the pressure p and the func- 
tion ~ be regular as r—0, we must set A=C 
=0 and ~ becomes 


Y= — (ar?/8) (k?r? + 2m?) — kr /m +- B sin C-krl’ (kr). 
(10) 


Let a>0O and I> 0; then, for small values of 
B (or if m> 2, for any value of B, but small val- 
ues of r) close to the z axis there is a region in 
which y~ andthe pressure p fall off with radius. 
This solution can be interpreted as characterizing 
equilibrium of a plasma inside a chamber whose 
walls coincide with the surface ~ = —4mp)/a, 
where the plasma pressure vanishes. When m = 2, 
» for example, the pressure distribution assumes the 
form shown in the figure, in which the pattern of the 
lines of constant pressure in the planes z = const 
(Pp = 1) is shown. 


<S 
[amas aN 
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It is apparent from Eq. (10) that if the coeffi- 
cient B becomes larger, i.e., if the magnetic field 
H, produced by the external helical winding is in- 
creased, the equilibrium situation is worse; in par- 
ticular, there is a reduction in the limiting pressure 
Py) for which a plasma with zero pressure at the 
walls of the chamber can still be in equilibrium. 

In addition, the transverse dimension of the region 
in which p>0O becomes smaller. This phenome- 
non is explained by the fact that the increase H, 
causes a large curvature in the lines of force, re- 
sulting in a reduction of the region in which the 
lines of force do not extend to infinity in a radial 
direction. (In the figure this region is enclosed by 
the boundary marked S). 

We consider another particular case: that in 
which a>0 and I< —am?/4k. If B is small, 
when B> 0 the function ~ will have a maximum 
~=% at some helical line r=rp, sin ¢ =1. Since 
~ falls off with distance from this line, at low pres- 
sures there is an equilibrium state of the plasma in 
which the pressure vanishes along some helical tube 
~ = const < % which surrounds the line r = Yo, 
sin ¢=1. Thus, this solution represents the sim- 
plest representation of the equilibrium states of a 
plasma in a chamber in the form of a helical tube. 
We may note that in the analysis of equilibrium in 
chambers of this type the constants A and C may 
be taken different from zero, allowing some exten- 
sion of the family of simple solutions of this kind. 


! Johnson, Oberman, Kusrud, and Frieman, Pro- 
ceedings of the Second International Conf. on the 
Peaceful Uses of Atomic Energy, Geneva 1958, 
P/1875. 
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It is shown that in the interaction of high energy particles the sum of the quantities (E—p cos?) 
for all particles emitted after the interaction is equal to the mass of the target particle which 
effectively participates in the interaction. Thus the distribution of 2 (E-—p cos’) is deter- 
mined by the structure of the target particle. Application of this type of analysis to the experi- 
mental data shows that interactions with the part of the target which has a mass close to that of 


the m meson are dominant. 


I - In reference 1 we derived a form of conserva- 
tion laws for energy and momentum, proposed by 
S. N. Vernov, which is convenient for the kinematic 
analysis of interactions in which a high energy par- 
ticle generates secondary particles. 

If the target particle is at rest, we can write for 
sufficiently fast primary particles (E)—pp = M3 / 2P9 
«K Mtg) 


>) (E:— picos 92) = Mtg. (1) 


Here E, p, #, and M are the total energy, the 
momentum, the angle of emission, and the mass of 
the particle. The index 0 denotes the primary par- 
ticle, i the particle after the interaction, and tg 
the target particle. The summation in (1) goes over 
all particles emitted after the interaction. 

If the particles emitted after the interaction are 
sufficiently fast, we can write (1) in the form 


2 
is 


M 
Mtg= >) (7 


53 


9; 
sind; + py: tan} : (2) 


In this form of writing the physical meaning of ex- 
pression (1) becomes clear: it gives a connection 
between the mass of the target and the values of 
the angles and transverse momenta of the particles 
emitted after the interaction. 

2. Let us generalize relation (1) to the case when 
the target particle moves. 

With the notation Ej —pj cos 3j = Aj, we obtain 


> A; = M,, aF Lee — Pte cos Dios (3) 


where Ttg is the kinetic energy of the target par- 
ticle, and Ptg cos Jtg is the projection of its mo- 
mentum before the collision on the direction of 
motion of the incoming particle. 

We assume further that the target particle is 
bound to some heavier particle. Let us consider, 
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for example, the interaction with a nucleon inside 
the nucleus. The potential energy of the nucleon 
in the nucleus, uy, is small in comparison with 
the mass of the nucleon. After the emission of 
the nucleon the residual nucleus Mnyco receives 
an impulse on the order of uy, which causes it to 
recoil slightly. In studying the interaction with a 
definite moving nucleon, one must take account of 
the fact that the residual nucleus is not at rest be- | 
fore the interaction, but has a momentum which is 
equal and opposite to that of the nucleon in the nu- 
cleus. The quantity Anye) = E-p cos ¥ for the 
residual nucleus can be written in the form 
Anuc 0 = Mnuco — Pnuco ©°S Ynuco + Tnuco- Neg- 
lecting Tnhyco and using Pnyucyo = —Pn + @, we 
obtain Anyco = Mnuco +Pn COS ¥% — a, where a is 
a quantity of the same order as un. 

We write relation (1) for the initial nucleus 
Mynuc in the form 


> A; Sia Anuc o— Moaue ’ 
where Mnuc = Mnuc 0 Ve Mn ae Th = Un> and obtain 
>) ApS Ma Faye coe ore (4) 


Relation (4) takes account of the recoil of the resid- 
ual nucleus. If the recoil is neglected, we have 


dA: = Ma L Tn Un 


PnCOS Dn. (5) 


The distribution of the quantities ZAj, which we 
shall call M¢ in the following, is given in this ease 
by a line with a maximum at the value My+ (Tn -—Un 
(the average py cos dy = 0, in any case for unpo- 
larized nuclei). The width of the line is determined | 
by the quantity py, the Fermi momentum of the nu-. 
cleon in the nucleus. 

3. Let us now consider the interaction of a suf- 
ficiently fast particle with a nucleus of mass Mnue: 
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if there are interactions with one, two, or more 
nucleons, the spectrum of the quantities Mz will, 
according to the foregoing, have lines near the val- 
ues of one, two, etc. nucleon masses. 

In the region of target masses close to Mnuc 
the spectrum of the quantities M;, will be smeared 
out and appear to become continuous. Since the re- 
coil of the residual nucleus cannot be neglected in 
this region, the position and the width of the line 
do not any more have the clear classical meaning 
expressed by relation (5). Even in this case, how- 
ever, the form of the spectrum of Mt will reflect 
the structure of the nucleus. 

Since in any case 


De A; “t Anue o— Maxuc, (6) 


where Anyco = E~p cos # for the recoiling resid- 
ual nucleus as a whole or for its fission products, 
it should be noted that the distribution of the quan- 
tities Anyuco will simply reflect the distribution 
of the quantities ZAj;. A preference for either one 
of these quantities has to be based on experimental 
considerations. 

4, This method can also be applied to the study 
of the structure of the nucleon by considering the 
interaction of the nucleon with particles whose 
wavelength is small compared with the dimensions 
of the nucleon. 

In this case we extract from the sum of all Aj 


the term which corresponds to the recoil nucleon: 
Ag = Eg — pg Cos ¥¢. It follows from the analog of 
relation (4) that the value of M; = ZAj_ will corre- 
spond to the value of the “effective masses” of 
those parts of the target nucleon which participate 
in the interaction. 

The value of the quantities Mt obtained in this 
way will determine the relative probability of inter- 
action with various regions of the nucleon. 

If the nucleon has no structure, the spectrum of 
Mt should not have separate lines. If such lines 
are observed in experiment, it indicates that the 
nucleon is made up of separate structures. In the 
opinion of the authors, the question whether the 
experimentally observed structure is real or vir- 
tual is to be decided by the relative width of the 
lines in the distribution of Mt. From this point 
of view there is no physical borderline which sepa- 
rates a real particle from a virtual one; one can 
only speak of the degree of reality of a particle. 

5. Since 2Aj+Ag = My, we can obtain the dis- 
tribution of Mt from ZAj or from the quantities 
As for the recoil nucleon, whichever is more con- 
venient from the experimental point of view. 

In the region of small energies, where the iden- 
tification of the recoil protons is possible, it is ob- 
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viously more convenient experimentally to study 
the recoil nucleons. 

In experiments with high energy particles, on 
the other hand, a number of circumstances are 
favorable for an exact determination of ZA; for 
the generated particles. 

We emphasize, first of all, that ZA; and Ags 
can be calculated without knowing the energy and 
the mass of the incoming particle, which appreci- 
ably simplifies the experimental procedure. 

According to (2), the particles that give the 
greatest contribution to the sum are those emitted 
under relatively large angles with relatively small 
momenta. This circumstance allows us to relax 
the accuracy requirements with respect to the 
measurement of the momenta. 

For sufficiently high energies of the secondary 
particles and sufficiently high number of generated 
m mesons, the error arising from the impossibility 
of identifying the fast nucleon is insignificant. If, in 
forming ZAj, we treat the slow nucleon like a 7 
meson with the same momentum, then Ags will be 
automatically excluded from the sum of the Aj. 

It can be shown that in the sum ZAj the errors 
in the measurement of the angles and momenta are 
averaged out in first approximation. An increase in 
the number of the a mesons generated in the shower 
leads, therefore, to an increase in the accuracy of 
the calculation of Aj. 

Since the second term of the sum (2) gives the 
main contribution to the sum of the Aj, a small 
admixture of heavy mesons will not affect the value 
of ZAj appreciably. 

6. We calculated Mz = ZAj from the available 
data on the following interactions of high energy 
particles with nucleons and nuclei: 1) proton- 
proton interaction with proton energy 3.7 Bev;? 

2) interaction of cosmic ray protons with Be nu- 
clei with an average proton energy of about 5 Bey;! 
3) pion-proton interaction (7 +p) with pion en- 
ergies of about 5 Bev;® 4) generation of 7 mesons 
by » mesons in lead nuclei, which was treated by 
Kessler and Maze’ like the photoproduction of u 
mesons by photons with energies of about 17 Bev; 
5) interaction of 10!!-ey cosmie-ray particles* 
with LiH nuclei; 6) interaction of cosmic ray 
particles with energies 10!2— 10! ey with nuclei 


*The authors express their deep gratitude to the workers 


of the cosmic ray laboratories of the Physics Institute of the 
Academy of Science and the Institute of Nuclear Physics of 
the Moscow State University, N. A. Dobrotin, N. L. Grigorov, 
S. A. SlavatinskiY, V.S. Murzin, V. V. Guseva, K.S. Kotel’nikov, 
and S. I. Ryabikov for giving us the opportunity to become 
acquainted with their experimental results before publication. 
It was this opportunity which stimulated the present paper. 


966 


N. Gi BIRGER and Yu. Apts MOneCUIN 


“Jets” in photoemulsions* 


mR 


| 
Type ee Me | Refer- 
ohetar Ey, ev | tear Remarks phcem 
9 5.41012 0.33 The p§ of the ionizing par- [>] 
pie 2 ' ticles was determined 
= | | 
Des fay 1h Deut O46 | . = [°] 
47239 ip |) o-40l2 | EOS 5 s x 8] 
| The energy of the 77° mesons 
0+14 a ~1014 | 0,08 was determined | [7] 
H \ 
O+7 p TOM iO mL0) The 7+and 7° mesons were | [| 


measured 


- *In the table we list the high energy ‘“‘jets’’ in which the angles and 
momenta of the secondary particles have been measured. The energy was 
estimated by the authors of the references on the basis of the angular 
distribution. In these cases the energy of the interaction given by the 
authors of references 5, 6, 7, and 9 is apparently much too high. The 
very poor sampling of the interactions does not allow us to make con- 
clusions about the true contribution from the interactions with small Mx. 


in photoemulsions, leading to the formation of so- 
called “jets,” in those cases where data on the 
momenta of the particles exist.” ° 

The calculated distributions of M; are given 
in the table and in Figs. 1 to 5, the captions of 
which contain all the necessary notes. 


é Tel | 
ta ¢ 
peels 
14 | 
' 
Q5 M,/M, 
05 M,/M_, 
FIG. 1 FIG. 2 
cr 
5 
05 1M, |, 
ELGeS 
| 
5 Al 
G5 My /M, 05 M, |My 
FIG. 4 1 (CRs) 


FIG. 1. Interaction p +p, E, = 3.7 Bev. M, was deter- 
mined as the difference M, — As. The quantities As were 
measured for the nucleons in the interactions p+ p>p+N+a* 
(solid line) and p+ p> p+N+7* + 7° (dotted line), which 
could be reliably identified. The method of identification could 


lead to a distortion of the distribution in the region of large M,. 


The comparison of the distributions of the two above-mentioned © 


reactions shows, however, that the occurrence of a maximum in 
the region of small M; for the reaction in which one pion is 
produced cannot be explained by the sampling. The absence 
of the maximum for the reaction leading to the production of 
two pions is connected with the small value of the center of 
mass energy (E = 500 Mev). 

FIG. 2. Interaction p + Be, E, = 5 Bev. M; is, in most 
cases, determined as the difference M, — As. In the remaining 
cases it is measured directly as the sum of the Aj. 

FIG. 3. Interaction 7 +p, E, = 5 Bev. M; is determined 
as the difference M, — A. Dotted lines: reliably identified 
protons; solid lines: all events. The dotted curve shows the 
effect of the sampling in the region M, > 0.5. The character of 
the sampling is analogous to that in the case of the interac- 
tions shown in Figure 1. 

FIG. 4. Photoproduction of pions, hy = 17 Bev. The figure 
shows the distribution of M, for the penetrating showers gener- 
ated by » mesons of high energy incident on lead nuclei. M, 
is computed by formula (2) with the value ay = 4.2 + 108 ev. 

FIG. 5. Interaction of cosmic ray particles with LiH, 

E, =~ 10** ev. The angles and momenta of the particles are 


measured in the Wilson chamber. M, = 1.5 SD A;; the factor 


charged 
1.5 corrects for the generation of 7° mesons. 


The experimental data used to obtain the dis- 
tributions of Mt do not have sufficient statistical 
accuracy to lead to conclusive quantitative results. 
Nevertheless, it can be assumed that more abun- 
dant experimental material will lead to the follow- 
ing conclusions. 

A. For nucleon-nucleon interactions in a large 
energy interval the distribution has a maximum in 
the region Mt © 0.2My. An analogous maximum 
is observed for interactions of photons with nu- 
cleons. The occurrence of this maximum indicates 
that the interaction with an “effective mass” close 
to the mass of the 7 meson plays the predominant 
role. 


B. Let us assume that in the nucleon-nucleon 
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interaction the number of cases in which the fast 
nucleon interacts with M, ~ M, is equal to the 
number of cases in which the target is a nucleon 
and the incident nucleon interacts only through a 
part of itself, whose mass is close to My. Then 
the observed distributions of Mz can be interpre- 
ted by assuming that the cross section for the in- 
teraction of the “core” with ma mesons is a few 
times larger than the cross section for the inter- 
action of the nucleon “cores” with each other 
(o(N’, 7) © 40(N’, N’)). 

C. For the interaction of t mesons with nu- 
cleons the distribution of Mt does not have a max- 
imum in the neighborhood of the meson mass. 
This indicates that the cross section for the 1-7 
interaction for energies of 5 Bev is relatively 
small (o(1,7) < 1, o(1,N)). 

These results on the distribution of Mt for the 
interactions (N,N) and (z,N) permit us to esti- 
mate! the energy losses in the interaction of nu- 
cleons with energies 10!°—10!! ev with other nu- 
cleons and to explain the fact, established in cos- 
mic-ray experiments, that the energy losses in 
the interaction of nucleons of about 10!" ev with 
light nuclei are small,'? and the energy dependence 
of the energy losses is weak.!! 

7. From the standpoint of our method, the most 
fruitful experiments for the study of the structure 
of the nucleon appear to be the following: 

1) Investigation of the photo production of 7 
mesons by photons of high energy in nucleons and 
light nuclei. The distribution of Mt reflects, in 
this case, directly the relative frequency of the in- 
teraction with various parts of the target nucleon. 

2) Comparison of the A spectra for the inter- 
actions p+p and a+p with similar effective en- 
ergies. These experiments make it possible to 
separate the 7-7 interaction. 

3) Experiments at such energies of the particles 
that there are no energetical limitations on inter- 
actions with small Mt. These experiments lead to 
a more accurate determination of the character of 
the tail of the A spectrum and allow us to solve 
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the problem of the coupling and, in the last analy- 
sis, of the degree of reality of the a meson in 
the nucleon. 

There is no doubt that this classical treatment 
of the A spectra is rather crude for the nucleon. 
One should, obviously, get a deeper insight by treat- 
ing the interactions quantum-theoretically. 

The authors are deeply grateful to E. L. Fein- 
berg and D. S. Chernavskii for valuable advice and 
fruitful discussions, and also to S. N. Vernov, N. L. 
Grigorov, G. T. Zatsepin, I. L. Rozental’, S. A. 
Slavatinskil, and F. L. Shapiro for participating 
in the critical discussion of the results. 
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An approximate set of dispersion equations for the Green’s function of the photon and vertex 
part has been derived in quantum electrodynamics on the basis of the dispersion relations and 
unitarity conditions. The “nonsubtraction” procedure is employed in the asymptotic investiga- 
tion of the solutions ofthe equation. Agreement with the renormalized perturbation theory 
when the fine structure constant tends to zero has been used as the boundary condition. It is 
shown that the vertex function decreases asymptotically with increase in the square of the 
photon 4-momentum q* = (p,+p_)*? for p2=p2< m?* where p_, p, are the electron and 
positron 4-momenta. This leads to finite renormalization of the charge in the approxima- 


tion under consideration. 
1. INTRODUCTION 


The method of dispersion relations, based on very 


general requirements of covariance, causality, posi- 


tiveness of the energy spectrum (spectrality), and 
unitarity has been developed intensively in recent 
years in quantum field theory. 

This method permits us to express the Green’s 
function (for the amplitudes of processes) in 
terms of invariant spectral functions which can 
in turn be connected with the Green’s function of 
other processes by means of the unitarity condi- 
tions. Thus a set of equations for the Green’s 
function can be obtained in principle. This set of 
equations possesses important advantages over the 
usual approach. First, it contains only renormal- 
ized quantities and consequently does not lead to 
the appearance of expressions that diverge at high 
momenta, the latter effect being characteristic for 
perturbation theory and the Schwinger-Dyson equa- 
tion; second, it interrelates the amplitudes of vari- 
ous processes on the energy surface. 

Serious hopes of avoiding the well-known diffi- 
culties attached to the approximate solutions of 
the Schwinger-Dyson equation!~3 are connected 
with the method of dispersion relations. 

A whole series of papers has appeared in 
which the method of dispersion relations is used 
for the derivation of approximate equations for 
the Green’s function, Thus, Mandel’shtam! ob- 
tained an approximate equation from the disper- 
sion relations for the amplitude of scattering of 
a meson by a nucleon. In the work of Drell and 
Zachariasen,° an attempt was undertaken at the 


determination of the approximate equation for the 
vertex part in quantum electrodynamics following 
from the dispersion relations (form factor of the 
electron). However, the basic results obtained in 
this research have raised objections.* 

In the present research an attempt has been 
made at a more systematic analysis of quantum 
electrodynamics from the point of view of the 
dispersion relations. Inasmuch as spectral rep- 
resentations have been well studied only for the 
simplest Green’s function, and also because of 
the extraordinary difficulties which arise in the 
calculation of higher Green’s functions, we have 
limited ourselves to a discussion of the lowest 
approximation in the dispersion equations which 
contains only the Green’s function of the photon 
and vertex part. The principal unsolved question 
today in such an approach is thus the considera- 
tion and estimation of the contribution of higher 
approximations, i.e., two-particle and more com- 
plicated Green’s functions. 

The choice of quantum electrodynamics is not 
accidental. First, there enters only a single con- 
stant here — the renormalized charge of the elec- 
tron and the well-known boundary conditions — 
agreement with perturbation theory at low ener- 
gies. Second, in the first stage of the investigation 
we can consider the interaction of photons only 
with the electron-positron field and disregard 
other particles (the “pure” quantum electrody- 
namics). 

In the setting up of the dispersion relations, 


*For details see below, Sec. 3.. 
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we start out from the “nonsubtraction” procedure. * 
A formulation is given in Sec. 2 of the dispersion 
relations and the boundary conditions in quantum 
electrodynamics. In Sec. 3, we have investigated 
the asymptotic solution of a set of equations for 
the photon Green’s function and vertex part in the 
simplest approximation. A discussion of the re- 
sults obtained is given in Sec. 4. Appendices are 
included at the end of the paper. 


2. DERIVATION OF THE DISPERSION RELATIONS 


Derivation of the dispersion relations can be 
divided conditionally into three steps: I—the fun- 
damental dispersion relations; II —an expression 
of the anti-Hermitian part of the spectral functions 
in terms of other amplitudes; III —the finding of 
reasonable boundary conditions. 

It is natural to begin this process with the sim- 
plest single particle Green’s function. The disper- 
sion relations for the Green’s function of the pho- 
ton (the Kaillen-Lehman theorem®) are well known:+ 


(1) 


The longitudinal part of Dypy(q) is chosen equal 
to zero; in this case, 


Duy £4) = (Suv — Qugv/ 9?) D(q?). (2) 


By making use of the equation for the Heisenberg 
operators 


CJ] Au (x) = ju (x) 
and decomposition over the whole seti (unitarity ) 
one can express the spectral function o(q?) in 
terms of the amplitude of other processes. 


p(4*)="S" sp(4) 3401 fe (0) rn (0) OD8 (Pua). (8) 


Equations (1) and (3) give the desired equation for 
Dup. 

Similarly, onecan write down the dispersion re- 
lation for the Green’s function of the electron. How- 
ever, we shall not do this, inasmuch as it is not 
needed in what follows. 

In order to extend the chain of equations, it is 
necessary to write down the dispersion relation 
for the matrix elements <0|j,(0)|n>, which 


¥*In connection with the ‘‘nonsubtraction’’ procedure see, 
for example, reference 5 (see also below). 

tThese dispersion relations are obtained by starting out 
from the ‘‘nonsubtraction’’ procedure, i.e., under the assumption 
that D(q?)+0 for |q?| > o. In our research the metric q’= 45 — q? 
is used throughout. 

tBy way of the entire system one can with equal right make 
use of the states |nj,> and |nout>, which correspond to inci- 
dent and diverging waves. 


969 


are on the right side of (3). The matrix element 
<1 in(0) lp,, P_>, where |p,,p_> is the state 
electron + positron, can be represented in the form 


<0 [ju ( Ops iO. Y=u, (p,) Au (p Ps p.) up), 


Au (ps p_)= Tenge yr SuvquP's (q? NF q = Pi P_- (4) 


from consideration of relativistic and gauge invari- 
ance. Here, u, are solutions of the Dirac equation 
for the positron and electron, respectively; 


(p--m)us(p)=0, y=Ba, %=8 
D=E (p) = + (p* =. myh, Suv = (Yu — Win) 


Fi(q’) and F,(q?) are invariant functions which 

characterize the charge distribution and the mag- 
netic moment of the electron. The quantity Nu ie 
connected with the vertex function [', for pe = p2 


=m’: 


ti Au(py P ja uly pe pee Da Gan 


We emphasize that there is no necessity of taking 
PD, into consideration. First, p(q”) [see Eq. (3)] 
is easily expressed* directly in terms of Ay; sec- 
ond, inasmuch as I, in x space is not directly 
connected with the T product of the Heisenberg 
operators, the anti-Hermitian part of the vertex 
function can only be expressed indirectly in terms 
of the amplitude of other processes. 

Up to the present time the dispersion relations 
for Fj(q?) have not been rigorously established. 

In the general case they can be shown in terms of 

gq? under the condition p% < 0.f In the physical 
region pi — m2? (p4 <m?) there is a proof of the 
dispersion relations in any approximation of per- 
turbation theory.’ We shall start out from the 
validity of the following dispersion relation (for 

py = m7): 

* Im F, (q’) dq”? 
~\ q?— qrz—is ~ 
0 


= 


(6) 


In the derivation of (6), in addition to a knowledge 
of the analytic properties of F}(q”) with respect 
to q’, it is assumed that Fj(q’) 0 for |q?| 
—- o.t In this assumption is included the basic 
idea of the nonsubtraction procedure of Chew in 
the theory of dispersion relations. We note that 
the vanishing of F;(q?) is the necessary condi- 
tion for the finiteness of the charge renormaliza- 


*See also Sec. 4. 


+The difficulty with analytic continuation in the ‘‘physical’’ 
region p*,> m? has not been overcome.° 
tIn the opposite case (if Fj; (q”)= const, or increases more 
slowly than |q?| for |q?|+ 0) the dispersion relations will be: 
oo 
Fe (q*) — F; (0) = (Gj =) \ ImF, [9 (? (q? — g? — is) dq”. 


Q 
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tion (i.e., the convergence of the integral 
f(a?) dq?). ; 

The expression for Im Fj(q°), which plays 
the role of spectral functions, can be found in 
the following fashion. We write: 


0 in (0) Pas > =u. (P,) (Ve) 

X<0 | Th (x) $(x") ju (0) [09 (ive + m) u_(P_) 

xX exp (—ip,x —ip_x’) dixd'x’... (7) 
The corresponding expression for Au(P4, P_) is 


obtained if we omit the “coverings” u, and u_ 
in (7). Noting that 


— p,)%p = —\ GV.—m) 0] TH (x) G(x’) 


o 


yoAi(—P2, 
%< ju (0)|0 (ie + m)exp (— ip.x—ip_x')d'xdty’, (8) 


where T denotes the anti-product, and #(x) is 
the Heisenberg operator of the electric field, we 
find 


(21), (p,) (Au (24, P_) —YoAu(— P_s— Ps)¥o) 


x u_(p_)= Uy (p,) (Yu Im P, (9°) 
+ ouigu Im Fe(q?)) u_(p_) = +), (P,) (iV —m) 
x O|Lin(0), 9 (11 P_> exp (— ip,x)d4x 


= 4 (2n)!)}8 (pn — p4—p—) <0 ju (0) [2 


x <n|u, (P,) 4 (0) | p>, 


% (x) = (iV — m)$ (x). (9) * 
Equations (6) and (9) are the desired dispersion 
equations for <0|j,(0)|p., p->. 

Equations (1), (3), (6) and (9) should be supple- 
mented by dispersion equations for the more com- 
plicated matrix elements <0|jy|n> and 
<n|u,n(0)|p_>, which appear on the right hand 
side of (3) and (9). In principle, an infinite set of 
equations is obtained for all possible amplitudes. 
The difficulties that arise in this course were al- 
ready noted in the introduction. In practice one 
always deals with a “broken” system of equations, 
in which amplitudes with a number of particles 
greater than some given value are discarded. f 


In the solution of such a system, the problem arises 


as to reasonable boundary conditions. In quantum 
electrodynamics, it is natural to assume for the 
boundary conditions 


*The second term of the anticommutator does not make any 
contribution, since p° = + (p? = m?)”2 (0). 

tIn the nonrelativistic region in mesodynamics, a similar 
device is used in the derivation of the Low equation.® Here 
there is also a formal analogy with the Tamm-Dancoff method,?° 
where the cutoff is by the number of virtual particles. 
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ENTE. 4 
F, (0) =e, P,Q) =—p(p)e=—z Ay (10) 


T 


where e is the renormalized charge and Ay is 
the anomalous magnetic moment of the electron. 
It is seen that in the lowest approximation, which 
was considered in the present work (see Sec. 3), 
the condition (10) is insufficient for a unique de- 
termination of the solution [because of the homo- 
geneity of the equation for Fi(@? We 

As an additional condition we shall require 
agreement with perturbation theory for e®?—0. 


3. INVESTIGATION OF THE SIMPLEST APPROX- 
IMATION 


We shall neglect on the right side of (3) and (9) 
all matrix elements with a number of particles in 
the intermediate state greater than two. Then 


2 4 
(4°) = sca Sp \ d¥a,d%q_8 (9%) 8 (92) 8 (93. — me) 4qh.g" 


x 8(q? —m?)8(q, + q.—4) 


x Olin (dg 494-1 dy liv(0)|0>-. (11) 
u, (Px) {Yu Im Fy (9?) + ouvqvF 2 (9?)} &_ (P_) = 

= rpimye| ttgd8g_9 (G2) 6 (G2) 8 (9%, — m2) 

x 8(g2 — m)4q.g2 8(q, + 9.—P,—P-) 

x <O| ju (O)| G4. 9-> <G-1 94/447 (0)| p>. (12) 


Together with (1) and (6), these relations form 
the simplest set of dispersion relations in which, 
in addition to the Green’s function of the photon 
Duy and the matrix element <0|j,lqa,,q->, 
there also enters into (12) the exact matrix ele- 
ment <q_,q,|u,(p.)7(0)p_> of the scattering 
of the electron by a positron. In order to obtain 
a closed system, it is necessary to attempt to ex- 
press <q_,q,|u,n|p_> interms of Dyy and 
<40)| iu lq.,q->. This can be done approximately 
if we limit ourselves in the expression for 
<q_,q,|u.n|p_> to the first irreducible Feyn- 
man diagram, pictured in the drawing, where the 
corresponding exact vertex functions I, are 
inserted at the junction, while the wavy line cor- 
responds to Dyyp. 

We note that the conditions (9) are violated, gen- 
erally speaking, in the approximate equation (12). 
Satisfaction of these conditions in each given ap- 
proximation can be guaranteed if in (12), in place 
of the right hand part, we take the half sum of the 
matrix elements corresponding to solutions with 
diverging and converging waves (see footnote t on 
page 969). 
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Gy & 
Sd 
g_ aL 


Applying this rule to (12), and taking (5) into 
account, we obtain in the given approximation 


4 


(Py) (tu Im Fy (q®) + oyvqy Im F3(q2)) w_(p_) = gx 


‘s d*q,.d*q_8 (q+) 8 (g2) 8 (g3 — m®) 8 (g2. — m?) 


x 8(q, + g.—q)-u, (p,){[ASp (Au(— q,-+m) 
Xie (g_-tm)) + AY Sp (Ai}(—9,+ m) A.(--9) 
x (q_-+-m))] (¢°D (q°) q2)4 —A, (— Gg, + m) 
x Re Au: (G_-F m) yo Avro (R2D (h?) BY) u_(p_), (13) 
where the notation used is 
Re Ay = 4, Re Fy (q*) + Suvg, Re Fe (9°), 
A, = ET (R*) = Cuyky Po (R°), 
Ay = yaFy (q?) aR CHaals (9°), 
k=p.—4,=9>—p.. (14) 


In the work of Drell and Zachariasen,° the approxi- 
mate equation for the spectral functions Fi(q?) 
was investigated. This corresponds to considera- 
tion only of the Born term in the matrix element 
<q_,q,|/U,(0)|p_> of the scattering of the 
electron by a positron. However, it is not diffi- 
cult to establish the fact that the expression ob- 
tained by them for Im Fi(q?) is wrong. Actually, 
setting Apy=eyy and D(q’)q?=-—1 in (14), and 
carrying out the necessary integrations, we find 
(omitting the “coverings” ) 


Yu Im Fy (A) + suvgy Im Fe (4) = (=) (1 oe x)" 


x {(Re Fy (1) + Re Fa() 2) + (F3) 2 


— ((13/12)Re lee, (A) Yu. > Re Fy (d) Suvdvi/ i) 


— %u (3h) Re Fi (4) — "7/2 (h — 2)? (Re Fi (A) 


4 8 Re Fa(§)) (qu + Suny / 4m), (15) 


where for convenience the gi cone quantity 
Nee q 72m has been avec et F(a ) = Fx(A); 
F)(q2)m = F(A); & © (m?—p*)/2m*; pi = ph =p’ 
<m?*. Equation (15) differs from the similar equa- 
tion (22) in reference 5 in that here the integral 


A-2 
if du/u appears in the first term on the right 


+ 
tend side instead of sf in the expression 
-1 


\ 


oT 


of Drell and Zachariasen.°® The reason for this 
divergence is most simply understood from the 
example of perturbation theory. If we compute 
Im F, in the first approximation of perturbation 
theory, then, because of the presence of the infra- 
red catastrophe, we obtain different expressions 
depending on its capability for correction (see 
Appendix A); if we define Im F,(A) as the limit 
of Im F, (A, p?) for p?—m? in the region p? 
<m/?, then we get (15). As p?—m? from the 
region p?>m?, we obtain Eq. (22) of reference 
5.* However, for p22 m’, Im F,(A) does not 
vanish everywhere in the spatially similar region 
A <0. Thus we can draw the important conclusion 
that the dispersion relations for Fj(A) in quan- 
tum electrodynamics in form (6) exist only for 
p2 and De <m?. In the opposite case, integration 
in (6) must be carried out over all ae from — © 
to +%. This completes our proof, inasmuch as 
Drell and Zachariasen on the one hand use dis- 
persion relations in the form (6) and on the other 
hand calculate Im F, (ays essentially as the 
limit of the region p? > m?.¢ The absence of a 
solution vanishing at infinity for F,(q?) (1,62.10 
contradiction with the nonsubtraction procedure ) 
and the negative value for the mean square of the 
radius of the distribution of charge of the electron 
in reference 5 were brought about in just this way. 
It is also necessary to emphasize that the approxi- 
mation corresponding to replacement of 
<q_,q,|t,n|p_> by the Born term [i.e., use of 
(15)] is scarcely valid. In this case, substitution 
of (15) in (6) leads to an integral equation for 
F,(q?) which has a solution (corresponding to 
the perturbation theory for e? — 0) which falls 
off for q?—- © as (q? yf (see Appendix B). 
Such a behavior points up the essential role of 
F,(q?) in the neglected terms in the matrix ele- 
ment <q_,q,|u,n|p_> and the necessity of 
their calculation. Equation (13) again corresponds 
to an attempt to consider in first approximation 
the change in the Born term as q? — «© because 
of Fy(q’) and Dyy(a). 

We now investigate the asymptotic solution of 
the set of integral nonlinear equations (1), (3), (6) 
and (9) as g? —- «©, For this purpose we make the 


*In order'to find the first approximation of perturbation 
theory it is necessary in (15) and (22) of reference 5 to set Re 
F, =e; Re F, = 0. 

tIn fact, the infrared divergence of Im Fj (q’) is removed in 
reference 5 by the elimination of the scattering of the electron 
by the positron at small angles under the assumption that the 
minimum obtainable angle in the center-of-mass system does 
not depend on q’. However, such a situation is qualitatively 
equivalent to the calculation of Im F(q’) in the region p* = m?. 
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assumption, first, that |D(q?)q?| differs slightly 
from unity over the whole region of variation of 

q’; second, * that F(a" ) falls off as |q?|— % not 
more slowly than (2 ai Then; Teslecuins terms in 
(11) and (13) which contain Fo( ), we findt 


tA) | Fa (4) |, 


o() = 2m?o q* 


0) = as (i— x) (9°) 
(16) 


Im Fy (&) = Re Fx (¥) {—#he0))+ 


A fe ; A+4 
xhO—(=s)hM + pe _eO)2>2 AN 
where 
ie { N= 
5 19 Ayn , 
bO=\IAwrS, T= 5 | Ice ra, 
é a 0 (18) 
IQ) = qoop \ [Fi(—p) Pde. 


0 
Substituting (17) in (6), we obtain an integral equa- 
tion for F,(A): 
Re F(X’) g (A’) di’ 


WIS ; 


(19) 


where g(A) =Im F,(A)/Re Fy(A)_ is obtained 
from (17). 
The formal, general solution of (19), which is 


finite at 7A =0, has the form!! 
F1(d) = P(A) (h--2)-* exp (0 (N), (20) 
tan toy) \dkh a1 
Burs = K! a a ee eal 


where P(A) is a polynomial and n is an integer. 
Agreement with the renormalized perturbation 
theory for e? —0 is achieved by the choice n = 0 
and P(A) =e. 

It is seen from (21) that if g(A) is a nonvan- 
ishing function for A —-—», then 


limg (A) Soe tan~! (| iN i) In | Ie 


).—>—co 
Therefore, if tan'g(X) — const >0 for |A| 
—o, then, in accord with (20), we obtain a vanish- 
ing solution for F,(A) with the asymptotic value 


g ({A |) In jal]. 


On the other hand, it follows from (17) and (18) that 
if Fy(A)—0 as |A|— ©, then 


(22) 


F, (4) ~eexp[—x7tan (23) 


*For justification of the second assumption we can intro- 
duce the same arguments as in reference 5, which are still 
more forceful in our case because of the presence of a vanish- 
ing asymptotic value for F, (see below). 

tInasmuch as the set of equations with account of F, is 
rather cumbersome and is not analyzed in the present work, we 
shall not write it out. 
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20) ee VFA 


é 


(24) 


Oy an ge ——> const > 0, 
since in this case the terms ~I,, I, and Ap (A) 
tend to zero with increase in A. 

Now it is easy to find the asymptotic value of 
g(o). We assume that g(~) <1, we replace 
tantg(o) in (23) by g(), and then substitute 
(23) in (24). We obtain 


g* (co) = (e%/16) (2) #. 


The divergence in (25) as 0 (the infrared 
catastrophe) arises from the fact that the scat- 
tering amplitude <q_, q,|u,n|p_> of the elec- 
tron on the positron becomes infinitely great for 
forward scattering. Strict elimination of the in- 
frared divergence in the method of dispersion re- 
lations lies outside the framework of our pres- 
ent article, and will be investigated separately.* 
Assuming that (2/7) g(«) In é€-! «1, we have 
from (25) 


(25) 


g (20) = Yo (C2/4)'2 < 1, (26) 


The neglected terms have a maximum order of 
magnitude equal to (2/7)g(*) In é7 and are 
small for (2/m)g() né!<«K1 and (2/7) x 
g(o) nA>»1. 

Finally, we obtain the following asymptotic 
solution of Eq. (19) for (2/7) g() InaA> 1. 


1 
Py (a Be en 
1 (A) ~ en 


(27) 


The most characteristic property of the vanish- 
ing asymptote is the nonanalytic dependence on e? 
for m-1(e2/4)1/2 In A > 1. We note also that in the 
region A> 1, and (e*/87?)(InA)?«K1, F,(A) 
differs slightly from e and one can replace 
tan“'g(A) by g(A); inthis case, gy (A) in (21) 
coincides with F,(A), computed by perturbation 
theory (with accuracy to e®) and, consequently, 
the dependence of F,(A) on A in (20) is obtained 
in the same way as in the research of Abrikosov.!” 


4, DISCUSSION OF RESULTS 


We shall first investigate Eqs. (1) and (16) on 
the basis of (27) for D(A) = 2m*D(q?). Substitu- 
tion of (27) in (16) gives the following behavior for 
p(X) in the region 1 1(e2/4)'7 ind > 1: 


p (4) = (€?/12n°h) exp {— (e2/4)% Ind}, (28) 


The convergence of the integral f p(A)daA then 
follows, and consequently the finiteness of the con- 


*It is of interest to observe that in the approximation that 
we have dees a solution also exists in the limiting 
case &> 
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stant of charge renormalization Z3; 4 
foe) 
=(1+ ih p(A)da) in the given approximation. 


Batimating Z3 by means of the eo ympious: ex- 


pression (28) for p, we find 
Ze 1+ (3x) (e/Ay'. (29) 


It is also not difficult to establish the fact that 


p(A) in this approximation does not have any reso- 


nance at (e2/127) InA~ 1, in contrast to the re- 
sults of references 13 and 14 (see also below). 

As is well known from the dispersion relations 
(1) for D(A), it follows fey |AD(A)| as A 
om s is smaller than Z;!. We have obtained 
for Dau the finite value (29) which differs slightly 
from unity, justifying the initial assumption that 
[AD(A)| ~1 for |A| —~o.* 

It is interesting to compare our results with the 
results of other researchers. Lehman, Symanzik 
and Zimmermann,!® starting out from the disper- 
sion relations for D(A), found an important con- 
dition which must be satisfied by the quantity 


M () = e()/|DQ)/?- (30) 


As is easy to prove, M(A) is connected with the 


imaginary part of the polarization operator Typ(a)- 


Thus 
mM (Ay =AIma(A), Tay (A) = (uv 9? — Guqy) & (A). 
They have shown that if one considers (30) and (1) 
as the equation relative to o(A) for a given func- 
tion M(A), then the solution of this equation 
exists only if 
(.M ()) dkK<1. (31) 
0 
In the lowest approximation, M(A) in quantum 
electrodynamics is expressed in terms of the ver- 
tex parts 


M (h) = (67/122?) 6 (2 — 2) (1 — 2/r) {1 +9) [Ta A) 1? 


+ 40.0.4 4)|P2Q)P—6r(P1 Q) PQ) +72 Ve 
(3 


where Ij (A) are determined from the relation 


1, (p,) Pu (py, p-) U_(P_)= Uy (Px) (Ws A)teuy ole (2) (P_)- 


On the basis of (31) and (32), the authors of refer- 
ence 15 drew a fundamental conclusion on the ne- 
cessity of the vanishing of the vertex part with 
increase in A for internal self-consistency of 
the theory. Inasmuch as F,(A) = Das (A) 
[see (5)] and for A— - Jad (a)| — 25! , we 
conclude that, in the approximation that we have 


*This permits us, in place of the set of equations for D(A) 
and F, (A), to limit ourselves to the initially asymptotic inves- 
tigation of the equation only for F, (A). 


considered, I',(A) falls off with increase of A 
according to the same lawas F(A). This guar- 
antees satisfaction of the condition (31). 

In the works of Redmond and Uretsky!® and 
Bogolyubov, Logunov, and Shirkov,'4 a combination 
approach to the method of dispersion relations was 
employed, in which, besides the dispersion rela- 
tions for obtaining a series of quantities in quan- 
tum field theory, series determined by perturba- 
tion theory were summed. The combination ap- 
proach in the form in which it was formulated in 
these works, i.e., within the framework of single 
particle Green’s functions only, possesses great 
ambiguity. The reasons for this ambiguity are 
discussed in reference 16; it is brought about 


principally by the fact that satisfaction of the dis- 


persion relations for single particle Green’s func- 
tion is not a sufficient condition for fulfilling the 
requirements of causality and unitarity in the 
theory. 

The concrete results of references 13 and 14 
did not differ materially from ours. In the first 
place, although D(A) in references 13 and 14 
does not possess non-physical poles, p(A) main- 
tains a resonance character of behavior in the re- 
gion of the former pole [(e2/127’) nd ~ 1]. 
the second place, the specific non-analytic depend- 
ence of the superconducting type in D(A) in ref- 
erences 13 and 14 comes about from the use of the 
expression for p(A) outside the region of its ap- 
plicability. 

It is not without interest to note that if we set 
I, (A) =1 in (32), and [,(A)=0, then the formal 
solution of Eqs. (1) and (30) gives an expression 
for p(A) which coincides with that found in the 
work of Landau, Abrikosov, and Khalatnikov.! 

In conclusion, we emphasize once more (see 
Sec. 1) that the most important problem in the 
investigation of “broken” dispersion equations 
(and in equal degree in the combination approach) 
is the calculation or even qualitative estimation of 
the role of higher approximations which include the 
more complicated matrix elements. In spite of the 
fact that corrections to the free Green’s function of 
the photon in the simplest approximation turn out 
tobe ~(e2/4r)¥? [see (29)], it is still impossible 
to say anything definite about the presence of a 
small parameter of expansion in such an approach. 
It appears to us that the solution of these questions 
permits us to shed additional light on the problem 
of the internal closed nature of quantum electrody- 
namics, and also to explain in what measure the 
method of dispersion relations is an escape from 
the framework of the Lagrangian formulation of 
quantum field theory. In equal measure this ap- 
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plies to all other interactions. 


APPENDIX A 


Let us consider u,(p,)Ty(ps4, p-)u_(p_) ac- 
cording to perturbation theory. For simplicity, we 
set pi=p*=p* =m’, q=p,+Pp-; 

La (P.. 2) = 
8 6 y(— Pe tht mt (p ++ m)yde 
i (zn) [(p, — k)® — m? + ie)] [(p_ + k)? — m? + ie) (A? ie) * 
(A.1) 


Bron ssorming the numerator with account of the 
“coverings” u, and u_, we get 
yy (— Py + & +m) qn (p+ B+ m) qe 
= u, [(— 2q? + Ap*) tu — 2k tek — Qrak py = 2p_kyu u_. 
(A.2) 
Infrared divergence occurs only in the first 
term on the right in (A.2). We limit ourselves to 
the consideration of the contribution of this term 
alone. Carrying out integration over d‘k in (A.1), 
we find 
1 1 
eC noee ) = oy, Hae | ax dy 
U 0 


pala (pe — G (bu). y) = (p* mt) — def 


lf we set Ty (+> P p_) = YyT(@’, p?), then for 


real q* and p’, 


xx [p* — g? (1 —y) y] — (p? —m")) 


_ 2 (m1) (, ae Ae 
= Sr = a a3 


It is immediately seen from this expression that 


for p?— m’*. 


for p*<m*, ImI,(q’, p?) vanishes if q? < 4m?, 
and for p?>m? and q’? <0, 

wre ang ee 4m?\—"/2 (4 — 4p?/q?)/? + 4 
Im Ty (9°, p*) = ” Br ‘ae A (1— =) (14 —4p%q2)'2#—1 ’ 


i.e., it is different from zero and finite for p* 
— m? throughout the spatially similar region 

q? <0. Consequently, the dispersion relations in 
the form (6) exist only for p* < m?, which also 


supports our statement in Sec. 3. 


APPENDIX B 


Let us find the asymptote of F,(A) from (15). 
Neglecting F,(A) and substituting in (21) for 
g(A) the asymptotic value for |A|—: g(A) 
= (e*/87") In (A/E), we find 


co 
h ¢ tan™ (e2/872) In (A’/é) dd’ 


Fiagjaw=\ Mie Nh —i6) 
2 


wT 


eas 


FAINBERG 


For (e2/87) In (A/E) > 1 and |A|—~, the 
fundamental role in the integral (B.1) is played 
by A’~A. Therefore 


Fy (d) > eexp (—1/2 In (A/2)) = e(4/2)—-”, 


Since 


tan™! (62/8n2) In (A/é) > /2 for 1 o0.. 
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The differential cross section for scattering of electrons, positrons and » mesons on atoms 
is derived in the Born approximation as a function of the polarization of the particles in the initial 
and final states. The change in the polarization vector from the scattering of the particles by 


free unpolarized electrons is also obtained. 


1. INTRODUCTION 


ltr: behavior of polarized electrons, positrons 
and p mesons has recently been the subject of 
many experiments. In this connection it is of in- 
terest to calculate the cross sections for various 
processes involving the interactions of polarized 
particles with matter, in particular elastic and in- 
elastic scattering of such particles by atoms in 
matter. Coulomb scattering of electrons including 
polarization effects was discussed in the review 
article by Tolhoek! and in a number of other 
papers.?~> Ivanter® obtained radiative corrections 
to the Coulomb scattering cross section of polar- 
ized electrons and » mesons. Polarization effects 
in scattering of Dirac particles on free electrons 
were also considered by a number of authors.’~" 
However in reality the electrons in matter are not 
free. Effects due to the binding of electrons in 
matter are important for small angle scattering. 
This region of angles is particularly relevant when 
depolarization due to multiple scattering and brems- 
strahlung of polarized particles is studied, since in 
these processes mainly small angle deviations are 
involved. 

In this paper we study inelastic collisions be- 
tween polarized particles and atoms. We obtain, 
in the Born approximation, the differential cross sec- 
tion doy (9, £1, £2) for scattering of the particle 
through an angle @ with excitation of the n-th level 
of the atom and change in polarization ¢;— €), as 
well as the angular distribution of the inelastically 
scattered particles independently of the energy loss. 
We also study the change in polarization upon scat- 
tering by free unpolarized electrons. The calcula- 
tions are performed for the general case of arbi- 
trary polarization of one of the particles in the 
initial and final states. 
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2. SCATTERING ON ATOMS 


The scattering of a relativistic unpolarized elec- 
tron on an atom was first discussed by Bethe.'® He 
found, in the Born approximation without taking into ac- 
count exchange effects, the following expression for 
the cross section for a collision resulting in the 
atom making a transition to the n-th level: 


ec’ 


ee p 
don = 4 (5) ta —inertape | Foal? do, 


(1) 


Fro = \ Y, [24, + 3 itd ere IE Aa) | bodr. (2) 


i=1 
Here €, p, e¢’, and p’ are the total energy and 
momentum of the particle before and after scatter- 
ing respectively, Ae =¢€—e€’ =En—Ey is the en- 
ergy transfer, hq=p-p’ is the momentum trans- 
fer, % and %, are the wave functions of the atom 
in the initial and final state, and Qj is a Dirac op- 
erator acting on the spin variables of the j-th 
atomic electron. The particle undergoing scatter- 
ing is described by a plane wave with a spinor fac- 
tor u(t) and u(t’) for the initial and final states 
respectively, where ¢ and £’ describe the particle 
polarization in its rest frame, u and u’ are nor- 
malized to unity. At that 


Ava nt), A= (ay). 


(3) 


The expression for the transition matrix element 
. < iar; Lee 
Pa \ Y,{Z Ag+ Deis [— Ag+ = WA 
j=1 


+ (h/2me) A (q + if9)xq))]} dod. (4) 
on which the following discussion is based, is ob- 
tained by going over in Eq. (2), in a conventional 
manner, to the nonrelativistic approximation for 
the atomic electrons. Here vj is the velocity 
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operator for the j-th atomic electron and oj is 
a Pauli matrix. 

Since Eq. (4) is rather complicated in the gen- 
eral case, we shall evaluate the matrix element 
Fp in the dipole approximation, i.e., we assume 
that qa <1, where a is the radius of the atom. 
This corresponds*‘ to small scattering angles 0 
<< p)/p and not too large atomic excitation ener- 
gies Ae «pov, where pp is of the order of mag- 
nitude of the average momentum of the atomic 
electrons and v is the velocity of the particle. 
In this approximation, with exp (iq° rj) replaced 
by 1+iq-r; and leaving terms proportional to q 
in Eq. (4), we find 


Fao = (i/e)[(Ae[Ae) Adng — Agddno], dno =e 2 DiriPodee 
~~ 6) 

Here dp is the matrix element of the electric 
dipole moment. If the atoms in the initial and final 
states are unpolarized then | Fno Ir should be av- 
eraged over the initial and summed over the final 
states corresponding to different values of the pro- 
jection of the angular momentum of the atom. De- 
noting this averaging and summing by a bar we 
obtain 


| Fnol? = 3 | Unol? {47 | Ao |? — 2 (Ae/ac) 


x Re (qA) Ay + (Ae/hc)? |APY. 6) 


For calculational purposes it is convenient to 
express the bispinor expressions appearing in Eq. 
(6) in terms of traces of certain 2 X 2 operators. 
This method was used by Olsen.!® Consider, for 
example, the calculation of | A) |*. We express 
the bispinor amplitudes involved in A) in the form 


_ Vzz( py EEN ors Tae 
ia Vo Shake iViu te Fer netics Vis 


(7) 


where V, V’ are spinors describing the initial 
and final polarization states. With the help of 
Eq. (3) we obtain 
Age (ls ay): 
Here T is acertain 2 X 2 operator whose explicit 


form follows from Eq. (7). Introducing the projec- 
tion operator onto a state with polarization ¢£ 


P($) =—(1 + Gs), (8) 
we find 
| Ay j? = + Sp{T* (1 + G's) T(1 4 Go)}. (9) 


In the following we shall measure q_ in units of 
mc/h and will use the abbreviations y = €/mc? 
and 6 =v/c. When obtaining an explicit expres- 
sion for doy it is necessary to keep in mind that 


Vi, BA TY GIN and uiy 


Ne TOPTYGEN 


in the range of validity of the dipole approximation 
Ay and @ are small quantities. We therefore ex- 
pand the right hand side of Eq. (1) in a series and 
keep only the leading terms in q? and (Ay)’. 
These terms may be of the same order in the ex- 
treme relativistic limit; in the nonrelativistic limit 
the terms with (Ay)? are negligibly small. We ob- 
tain the following final expression for the differen- 
tial scattering cross section: 


ds, e = ie 
FO = BreAl Ano|? i — ane {[ 


sere GSa) gy a) een ee) 

( [(m151) (52) + (101) (m22)] + [97 (y — 1) 
X84 — DA? Ari)? (i — sia ale SCS) 
x (mb) + [— 978 + (Ay/y)? Cy? — 1)] (251) (1 $2)}, (10) 


where n, and ny, are unit vectors in the direction 
of the particle momentum before and after scatter- 
ing. As can be seen from Eq. (10), an initially un- 
polarized beam remains unpolarized after scatter- 
ing. However if transitions between states with 
definite projection of the angular momentum of the 
atom are registered, then terms linear in ¢, ¢& 
will appear in Eq. (10). This means that the ini- 
tially unpolarized beam becomes polarized after 
scattering. 

Now let us determine the angular distribution 
of the polarized particles in inelastic scattering 
by the atom, independent of the energy loss: 


do (8, C, 0’) == den, 


n#+0 


2q7 = 2 Aa a ey] 


GEO E 


(11) 


It is shown in reference 14 that if the scattering 
angle satisfies the condition 6 > pyv)/pv, where 
vy is the average velocity of the atomic electrons, 
then q is independent of n and the summation in 
Eq. (11) may be carried out in a general form by 
using rules of matrix multiplication. The term 
(Ac/fic )? in Eq. (1) may be neglected in compari- 
son with q?. The sum over n entering into Eq. 
(11) is transformed as follows: 

D1 | Fon? = (FF*)oo 


n+0 


Saar ee (12) 


The operator F in Eq. (12) may be taken in the 
form 


Z 
|e (Z— Syexp {igr;}) Ag 
j=1 


(13) 


the remaining terms will contain, after averaging 
over the ground state of the atom, an additional 
factor of order (v)/c)* and may be neglected. 
Substituting Eq. (13) into Eq. (12) we obtain 

211 Foal? = ZS (q) | Aol, 


n+0 


(14) 
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where S(q) is the “incoherent scattering function” 

pub odugen by Heisenberg'® and tabulated by Bewilo- 
7 

gua. 


4 
S(q) = 1—FR(q) + > Yrexptia(t;— re}, 15) 
i#k 


where F(q) is the atomic form factor. From Eqs. 
(14), (11), and (1) we obtain the following expression 
for the angular distribution of polarized particles 

in inelastic scattering through a small angle 

(O° ae 1)? 


do/dQ = 2Z (e*/po)® S (q) 04 {1 + Oye 
— = 6? (meG1) (m$2) + ee a AO eo 1)/7?| ($1) (n2$s) 


— [(y — 1)?/247] [am $1) ($2) + (12251) (11252) ]}. (16) 


The dependence of the cross section on polarization 
is precisely the same as that obtained in Coulomb 
scattering of electrons in the Born approximation. 
This is explained by the fact that the neglect of Ae 
is equivalent to going over from inelastic to elastic 
scattering in a certain spherically symmetric field. 

Equations (10) and (16) are valid for electrons, 
positrons, and pp mesons. Exchange effects, which 
exist in the scattering of electrons and positrons 
and which were not taken into account, are unim- 
portant in the region of validity of these formulas 
Mon <a1.) 


3. SCATTERING ON FREE ELECTRONS 


If the scattering angle satisfies the condition 
6 >p,)/p (which means that the energy transfer 
is much larger than the binding energy) then the 
binding effects of the atomic electrons may be 
neglected. In this region inelastic scattering by 
an atom is equivalent to scattering by free elec- 
trons. The change in the polarization vector of 
electrons and positrons in scattering by free elec- 
trons was calculated for certain special cases in 
a number of papers. Ford and Mullin® obtained 
the change in the polarization of a longitudinally 
polarized electron when scattered by an electron. 
Mukhtarov and Perov?’ calculated the longitudinal 
component of positron polarization after scattering 
(the initial polarization being assumed to be also 
longitudinal). Lastly, Kresnin and Rozentsveig’ 
determined the polarization of an initially unpolar- 
ized electron beam after scattering by polarized 
electrons. Since the results in reference 7 are 
given in the center of mass system one could de- 
rive from them an expression for the polarization 
vector of an electron beam deflected by an angle 
6 after scattering by unpolarized electrons, by 
replacing 6 by a-—9@ in formulas (23) — (27) of 
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that paper. However there apparently are mis- 
takes in the indicated formulas since, for example, 
it follows from Eq. (26) that in the nonrelativistic 
limit in scattering through an angle 6=0 the 
polarization is reduced four fold which is obviously 
false. From Eq. (27) one obtains the information 
that in the scattering of a longitudinally polarized 
electron in the extreme relativistic limit its spin 
keeps its original direction independent of the scat- 
tering angle, which is also false. Therefore we 
give here expressions for the polarization of an 
electron beam after scattering by unpolarized 
electrons, obtained by the conventional method 

of projection operators: 


G2 (do/dQ) = A,Oi + [A2 (n2b1) 
+ Ag (m01)] my + [As (m01) + Aa (m901)] me. 


In this formula £, and ¢ refer, as before, to the 
rest system of the electron; however n, and n, 
now indicate the momentum direction before and 
after scattering in the center of mass system; 
do/dQ is the Moller scattering cross section of 
unpolarized electrons 
2A ops NP 2__4)2 
ia ms Da ls = an F ae (1 a Hat sd: 
(18) 
Here ry) =e?/mc’, and y and @ are the energy 
and deflection angle of the electron in the center 
of mass system. The energy is measured in units 
of mc?. The coefficients Aj are given by 


Ay eee tala, 

a, = (2y?— 1)?(1 + cos 9)/sin* 6 — (244 — 1)/sin? 9, 

ay = — (x? — 1) [(2y2 — 1) + 27? cos 8]/sin* 6, 

Gy =A = 1) (y= 1) Sy at) 20 ey 
xcos 6]/sin* 6 — (y— 1)? (2y? — 1) (1 + cos 8)/sin%6, 


ay = (y— 1) [— 2x8 + 2y + 1 — 7 (2x? — 1) cos Oy/sint 8 


(17) 


-— (y¥ — 1) (24? — 1)/sin? 8. (19) 
In the nonrelativistic limit we obtain 
tees 2(1 + cos ®) cos 0 Eh (20) 


4+ 3cos? 0 
In this case the spin does not turn since there is no 
spin-orbit interaction, however the degree of polar- 
ization is reduced due to exchange effects. In the 
extreme relativistic case we obtain 


Co = 4 (3 + cos? 0)? {(1 + cos 6)? §, — (1 + cos 8) (m2$3) my 
+ (1-+cos 6) (3— sin? 6) (ny$1) n, — (1+ cos@ + sin? 4) 
x [(m1$1) M+ ($1) Me]}- (21) 


If the initial polarization is longitudinal then after 
scattering through a small angle (0 «1) {= ny, 
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i.e., the polarization remains longitudinal. 

The polarization of final state positrons in the 
scattering of a polarized positron beam by elec- 
trons may also be expressed in the form of Eq. 
(17). However do/dQ now stands for the scatter - 
ing cross section of unpolarized positrons by elec- 
trons 


dows fo Og AB. wl 8y4— 1 1274 +4 
dQ ~ 16y? | (7? — 1)?sin# (0 / 2) 72 (¥2— 4) sin? (0)/ 2) “a 
b(y®@ A) Qy2— 1)". 4 9 (y2—1)2 -.., 0 
a sin? 5 +4 if = sin4 =|. (22) 
In this case the coefficients Aj are 
en ro (272 — 1)? ca 8y4 — 1 , Me 
Ss 16y? = — 1) sin? (0 / 2) 7? (72 — 1) sin (@ / 2) ae : 


i‘. 42 — 1 4 

A, = sal—-aaaery t sey | 
2 (72 — 1) sin (6 / 2) sin? (@ / 2) 
ro 


pee 1248 + 4x2 — Ty —3 4 (Ty4 + 473 — 37? + 1) 
3 8272 L(y + 1)2(7 — 1)2sin? (6 / 2) 1? (y + 1)? sin? (0 / z) 

16 (y — 1) (272— 1) 16 (y—1)? .. 5 9 

“s V(r + 1) gee Z| 


A ee 
Gmmeey2 (i a( ye) Asiné (07/2) 


2 (278 — 472 — 7 + 1) 8 (y — 1) 


arene Ca at: ) 


do _ ee cos 8 + p? (372 + 2ye — 2) + A? (y? + 1) 
8 (e + y)? p4sin4 (0 / 2) gi 


qaQ” \e 
_ where A=m/u. The coefficients Aj are: 
2 2 ; ie) 1) 

Ai = (Se) a; [8 (e + y)? p4 sin | ; 

Qy = p* (2%? + 2ye— 1 + A?) cos 8 4+ p? (242 + 2ye— 1) 
sa” (X71), 

dg = — 2p* — p* (2y2 + A?), 

pa P (x — 1)? cos? 0+ 2 (y— 1)? f(y +) 
x (y + 2c) + A*] cos 8 + 3p4 + Qp*ye + p?A?, 

meeps (i — 1) cos 8 — p2 (v1) (24-1) 


— 2p% (y— 1) —(y— )7A*. (26) 


In Eqs. (25) and (26) y and e denote the total en- 
ergy of the meson and electron respectively meas- 
ured in units of pc’, and p is the momentum in 
units of wc where pw is the meson mass. If the 
meson is longitudinally polarized then the proba- 
bility of the spin flipping with respect to its initial 
direction is given for low meson velocities by the 
formula* 


*In the paper by Ford and Mullin* the analogous formula 
(20) contains an superfluous term —sin‘* (@/2). 
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In the nonrelativistic limit the positron polarization 
is not changed by the scattering, i.e., ¢; = ¢. This 
is explained by the fact that exchange effects are 
absent in positron-electron scattering in the non- 
relativistic limit. 

In the extreme relativistic limit we obtain 


Ce = cos? : {cos* : G1— - [(m201) (my + me) + (1,03) my] 


af: (1 + = cos? 8) (m,$1) n| 


x [sint -- (1 + sint* 5) cos* an : (24) 


In the scattering of a longitudinally polarized posi- 
tron through a small angle we have, as in the elec- 
tron case, &) = ¢4N». 

In the scattering of mesons by electrons the 
exchange effects are absent and the masses of the 
colliding particles are different. Meson polariza- 
tion after scattering is given by Eq. (17) in which 
do/dQ now stands for the scattering cross section 
of unpolarized mesons 


(25) 


2 . 5 O Sr) 
OE (=) Br sin? > (1 + sint >) : (27) 
where £1, is the meson velocity in the laboratory 
system in units of c. In the extreme relativistic 
case we find 


Se = {4(1 + cos) 0, — 4 (mob,) my + (cos?6 + 6 cos 6 + 5) 


x (my$1) mg — 4[(m,01) my + (n,5,) nQ]} 


x (cos? 6 + 2cos§+5)72, (28) 


For a longitudinally polarized meson Eq. (28) be- 
comes 
Se = Cin. 

The authors are grateful to A. Z. Dolginov for 
suggesting the research project of which the pres- 
ent paper is a part, and for valuable discussions. 

Note added in proof (October 5, 1959). After 
this paper was submitted to the editor, G. V. Frolov 
has shown us his unpublished work which is a con- 
tinuation of his previous work.!® Our formulas 
(25) — (27) are special cases of Frolov’s results. 
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Dispersion relations for a process of the type K+N—Y+7 are written down. The struc- 
ture of the amplitude for scalar and pseudoscalar K mesons is described. 


1p Amati and Vitale! considered nonrelativistic dis- 
persion relations for inelastic K-meson processes; 
relativistic dispersion relations for ™+N—Y+K 
(Y means A or Z) and y+N—Y+K were stud- 
ied by Polivanov and Okubo.” In the present work 
the processes K+N—+yY+7 are considered, in 
particular K  +p— ~°+ 7°. Because of the differ- 
ence in the Ma and My masses, which particles 
also occur in intermediate states, the energy spec- 
tra are different for each process. 

2. We make use here of a complex field for K+ 
and a real field for 7’ which directly represent 
the physical K and 7 particles. 

Using the notation of Bogolyubov and Shirkov? 
for a complex scalar field and the definitions 
as : 
30K (x) Se 

8S Se 


so, (x) 


In (X) = 1 
in (x) =i 


we get for K7+p—° + 7° 


3(q+p—p'—q') /V 24%, 
<p'|S + S*|p> =i [T™ () —T™ (k)] = iT (h), 
where |p> is a state of momentum p, and p’ 
and p are the momenta of the hyperon and nu- 


cleon, while q’ and q are the pion and K-meson 
momentum, where 


(p')? = My, (p)? = M?, 


, dropping the factor 


(q’)*= mz,  (q)? = mk. 


Here, using the Bogolyubov causality condition 


ret i »| bin (— 1/2) i re 
ee © re. ain |? = \ae OR a, 
dj, (0/2) 


ade (k) = \ dine’ (kn) Cp" aren fe >> = \ ane! (#n) pado (n) 
where k=3(q’—q) and (kn) =kom —kn. In 
getting the second term we use the condition 
SS*=1 and the invariance of the vacuum and 
one-particle states. 

Later we shall work with the Fourier transforms 


T (k) = 2iA (k) = | dre! (kn) F (1), | 


D(k) = \ drei F(x), 
where 


F(n) =i <p’ |Lix(—/2), in (n/2)1| 
and 


F (9) = Yo [F™ (y) + F (x)1, 


which represent the antihermitian part A(k) 
and the Hermitian part D(k) of the retarded 
matrix Tret(k), 
3. We introduce the coordinate system in which 
Pp =p) and q)=q). We put p’ =ap; the condition 
Po = pj, Vp? + M? = Va%p? - M2, gives 
a=+VI—-A/p=+a, 


where A = (M%,— M?). The sign of @ is deter- 
mined below from the condition that there is a 
break in the energy spectrum, and it turns out to 
be positive. Therefore 


p’ = ap. 
Using momentum conservation and the definition 


k = 3(q’+q) =Ae — yp, we get from the conditions 
ep=0 and e*=1 


T=—8/2(1—a)p, d= (mb—m), = g?— Ey, 


where 
Et = "/a(1—a)*p* + 2p" + m. 


and m = 3(mi + m=): 
Therefore, for k = 3(q’+q), where ky 
= 2(4) +9), we get 


Rk = (E; k) =(E; }e— yp), 
ee a 


Here E, is the threshold energy in our coordinate 
system. 
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4, We thus have 
T(E) =\ dyexp (iE — xe + eynp) F(n). (4-1) 
For the process 1’ +p—-2°+K* we get 
T(E) = —\ daexp (iE — dye — inp) F(— 1). (4.2) 


Expanding the members of the commutator in the 
complete system of intermediate states we find that 
the first member in T(E) contains the state 


SD i eon oe 
and the second 
luo = A, D°4n,..., 


i.e., from baryon and strangeness conservation we 
have a nucleon branch |v> anda hyperon branch 
es 


Integrating over 7, we get 
T (E) = i (2n)4 rp <p" | ix (0) | p»> <pv| in (0) | p> 8 (E — py + DY) 
— >} <P" | ix (0) | Pu <Pulix(0)| p>8(E + pp —Po)\ (4.3) 


and the momenta of the intermediate states, deter- 
mined by the delta-functions 


Py = 4/2 (1 + 4)p—k =[(1-+ a) /2+y]p—re, 
Pp =4a(1+e)p+k—=[(l4+%)/2—y]p—re. (4.4) 


The delta-functions determine the spectrum of the 
nucleon branch 


3 4 
—2p.E, = (Mz — M?—m) —p?(I a) — + ( te). 


t—a 


(4.5’) 
and the hyperon branch 


; Ol 
2poEu = (Mj, — M?—m) — p? (1 —a) +572). 


1—a 


(4.5”) 


Here My and My, mean the mass of the inter- 
mediate states. The spectrum has the form given 
in the figure. 


| 
| 
| 
rE. E- 


sm 


Form of the spectrum for the process K” + p> 2° + 7° 


5. Examination shows that the two regions of 
the continuous spectrum are not joined for all val- 
ues of p’ within the limits 


104A <p?< 


(A is the minimum p’ value). 
We see that here the continuous spectrum in the 
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unobservable region takes up an even greater area 
than it does in the K-meson scattering case, where 
we also have a continuous spectrum even for for- 
ward scattering. In this case the reaction K™ +p 
— Y +7 contributes in the unphysical region, since 
M+myK>My+m, always. For dispersion rela- 
tions in the K -scattering case, Galzenati and 
Vitale® got reasonable results, in the sense of com- 
parisons with experiment, by neglecting the inte- 
grals over the unphysical region; lowest order per- 
turbation theory for K7 +N—Y+7 shows'® that 
the introduction of an amplitude below the threshold 
is smooth for the case of a pseudoscalar K meson. 

In all reactions of the K' +p—Y+7 type, 
there is a contribution in the unphysical region 
from the reactions m™, + Yy— Yy+m and m + Ny 
— No +7; estimating these contributions is made 
more difficult by the fact that both branches still 
contain states of the type (p+ 27) or (Y + 27) 
and so on, corresponding to different processes 
of the strong pion interaction. 

6. The spectrum of the function Te(E) for the 
reaction 7’? +p—2°+K* is reflection symmetric 
relative to the spectrum of the function T(E). 

From (4.1) and (4.2), we have 


ST (Ey ss Sey 


UT (—£) = 4 UT ¢ (E), (6.1) 


where Se, %e mean symmetrization with respect 
to e, which excludes the doublevaluedness of A 
(see reference 7). The expression (6.1) corre- 
sponds to the “crossing symmetry” and affords 
the possibility of excluding the negative-energy 
region in dispersion relations. 

Dispersion relations can be obtained by sub- 
stituting the Cauchy integral formula in the func- 
tion T(E); the contour of integration is evident 
from the figure. Under the same conditions as in 
reference 7, we get the relation between D(E) 
and A(E): 


4 ° S,A (€) S,A, (€) 
SD (E)=—P\ a[ e+ ee. 
0 
i 6 THA) = Med) 
UeD (E) = tpl de (Zoe — | (6.2) 
0 


Combining equal relations for T,(E) we can write 
the symmetric expressions 
Se {D(E) — De (E)) == P\ sas {SA (©) — Sede ()}, 


0 


co 
2 e de 


2, {D (E) — De (E)} =P \ a (eA (6) — MeAc ©), 
0 (6 .3) 
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where the subtraction of the amplitudes plays a 
“cutoff” role at high energies. 

7. For pseudoscalar K mesons the amplitude 
of the process is scalar. 

Then 


T'! = BygT? + ih[ex p] <o>ssT}, (7.1) 


where s’ and s are the spin states of the hyperon 
and the nucleon. The other possible invariant ep 
is equal to zero in our coordinate system, so that 
T°, T! do not depend on the sign of e or p. 
Separating T° and T! into hermitian and antiher- 
mitian parts, corresponding to De and Tu we get 
from (6.3), applying the symmetrizations Se and 


\ ea (A) — AL), 


D°(E) — D3(E) = 


= (A? (e)— AS) (7.2) 


For scalar K mesons the amplitude is pseudo- 
scalar. The only non-vanishing pseudoscalars 
are o-p and g-e, which expresses the fact that 
we have here only the spin-flip amplitudes; the 
spin flip compensates for the change in internal 
parity. 

Therefore 


T= (ad ep) TP {Cod ee) TO. (7.3) 


This gives, together with (6.3), the relationship be- 
tween the hermitian and antihermitian part of the 
amplitudes TP) and T‘©) 


Dp” (E) do p!? (E) = —p\; = “5 fA) (s) — A”? (s)}, 
0 
D® (E) — DP (E) = P| 5A () — AP @)}. 


(7.4) 

8. Let us examine the contribution of the poles. 
The first terms in A(E) for one nucleon or one 
hyperon in the intermediate state give the ampli- 
tudes 


dp =|1— Ep/p°| D:<0"|ix | P,8"> 
X <p,» 8"| in (0)|p >8(E—E,), 


ay =|1—Eq/p?| 2:<p' lin (0) 7,8" 


x <Pys 8" ig (0) |p >8(E + By). 


They contain the the coupling constants (88xKp) and 
(S>Ar8ApK) where g is the pion-nucleon coupling 
constant. We note, however, that the energy Ep cor- 
responding to a pole is not the same as the pole con- 
tribution for pion-nucleon scattering. 

In both the scalar and pseudoscaler K-meson 


VOL’F | 


cases, the contributions from the poles are | 


(2Enxp) eae {+ EF (p*) + f (p’)} 


(@n)? (E2 — 

y E 2 2 , 
BH (Bayx&aoK) m2 (E2 — EX) {E,® (p?) + p(p*)},  (8.2”) 
and 


E 
De oe iP W (p? 
Can) Gere eee 


+ (B5\n& apr) (ny? (2 — E) ¥ (p?), (8,275 
corresponding to the first and second equations in 
(7.2) and (7.4). 

The functions F(p?), @ (p?), etc depend on 
our coordinate system and we do not give their 
general form. 

9. It has already been remarked that these rela- 
tions contain integrals over the unphysical regions, 
even more than the K-scattering case. According to 
perturbation theory results® or to the dispersion re- 
lations for K scattering, this difficulty may not be so 
serious for scattering; but this question is still open. 

In our case the possibility of estimating the 
coupling constants is reduced by the existence of 
the nucleon branch of the pion-nucleon coupling. 

As an approximation, as for example a one-- 
meson approximation, we can express the ampli- 
tudes <2Z,7|j,|Y>, for which there are no 
experimental data, in terms of other amplitudes 
by making some assumptions about strong inter- 
action symmetries. 

I express my thanks to A. A. Logunov for sug- 
gesting the problem and to M. K. Polivanov for 
valuable discussions. 
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A method is considered which can be employed to calculate the reduced widths of compound- — 
nucleus levels decaying with emission of deuterons, tritons, and a particles. The analysis is 


based on the shell model of the nucleus. 


lr has been pointed out several times that the 
shell model and the a@ particle model are not 
mutually exclusive. For example, it can be easily 
shown!» that, using oscillator functions, the wave 
functions for the lowest states 0*, 2*, and 4* of 
the Be® nucleus are the same in the shell model 
with LS coupling and in the a particle model. 
This is an illustration of the fact that the @ asso- 
ciation of the nucleons is compatible with the Young 
scheme of the orbital part of the wave function if 
this scheme contains the maximal number of four- 
groups. An essential part of the features of the 

@ particle model is, therefore, already contained 
in the symmetry properties of the wave functions 
of the lowest states of nuclei with shell structure, 
as has been noted earlier.‘ 

It should be mentioned that by basing the analy- 
sis of the q@ association in the nucleus on the shell 
model, we can not only make a formal comparison 
between the models as mentioned above, but also 
obtain for the first time the possibility to calcu- 
late all those effects in which the q@ association 
(or the d, t, and other associations) plays the 
principal role. This means we can use the experi- 
mental data immediately to test the correctness of 
the approach to this problem. One of these effects 
is the decay of the compound nucleus under emis- 
sion of d, t, He’, or a. The probability of the 
decay through one of these channels is determined 
by the corresponding reduced level width y’, which, 
in the instance of @ particles, is given by°® 


Anh 
= ( OD (MAM | JpMo) 
4 Vip M,M; 


x \ X39 a am (Ri — Ra) do (1) 


where |R,;—Rg| =a. X, is the wave function for 
the level A of the compound nucleus; %, and Yq 
are the functions of the final state of the nucleus 
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and of the q@ particle, respectively; Y~w(R; -—Rq) 
is the angular part of the wave function describing 
the relative motion of the recoiling particles with 
the orbital angular momentum A and its projec- 
tion M; wu is the reduced mass of the recoiling 
particles; 


@ = Al/m\(A—m)!; 
m 


a is the channel radius; Jy, My and J,, M, are 
the angular momenta and their projections of the 
initial and final states of the nucleus, respectively; 
(J;M,AM|J )M,)) are Clebsch-Gordan coefficients; 
the integration is to be taken over the internal vari- 
ables of the recoiling particles and over the angular 
coordinates of their relative motion. 

Using oscillator functions to describe the rela- 
tive motion of the nucleons in the states X), 7%,, 
and %q, we can connect the internal functions of 
X,, %, and %g with the shell model functions 
xsh, ysh, and ae corresponding to the lowest 
energy state for the center of mass of these nuclei. 
According to the theorem of Elliot and Skyrme,‘ 
we have for states with one unfilled state, 


XS be (RG SB aSE: (2a) 
gr = Poo (Rx) ?1 = | 8, Be fi] TS,Ly), (2b) 
ben = doo (Ra) Pu = |S4[4] 000, (2c) 


where w%o(R) is an oscillator function describing 
the motion of the center of mass of the nucleus 
with the quantum numbers N=9 and L=0 [N 
is the principal quantum number: En], = hw(N +¥,)] 
B is a symbol denoting all closed shells, and n 
is the number of nucleons in the unfilled shell. 

With the help of the technique of fractional 
parentage coefficients a group of four nucleons 
can be separated out of the function x We 
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shall be interested only in the fractional paren- 
tage coefficient 


<B, UF] TSL|B, [fi] TSLi; (4 [4] 00A), 
corresponding to the separation of four nucleons 
in the state with T=0, S=0, and the same 


Young scheme [f,] =[4] as for ysh. For these 
coefficients we have the following relation: 


1, 
8, EFL TSL |B, Ufa ToSaLa; UM Ufal ToSoLs) = (| 


> @ iN GAD eT EES ERIC AUR SEG... 
(3) 


The function |74[4]00A> contains the state 
%3 = ~nNA(Rq) %q with the coefficient 


K (NA) = <14[4] 00A | dia (Ra) 9x?» 
for which (2c) gives the expression 


vv, (R,) 
Yoo (R,) 


s4[4]000-5. (4) 


K (NA) = C14] 00A > 


If we integrate in the right-hand side of (1) not only 
over the angular variables of the vector R;—Rg, 
but also over the radial variable, we can rewrite 
the expression for y in the following form: 


A "Ye i 
T= Reg (IR—Rel= a4) ye 


| Xadadada (Ri — Ra) ded (| Ri — Rs! (5) 


(¥, and yn are coupled in the state Jy, Mg). 
Let us consider the integral 


2 *s TES i Al a2 
Pa) XP" ded(|Ri—Ra[)aR = (4) "(2 | 


OE UPITSL IE “Til TSL;; A[4}00A) K(NA). (6) 


Separating the relative motion of the recoiling par- 
ticles and their center of mass motion with the help 
of the Talmi transformation® and using expression 
(5), we can write this integral in the form 


00} NA ee ee 
ee es A— 4.4/0 >TRwa(|Rs— Re| =) eal 
00 NA ‘ P 
aC aes “ 0.0 >) Mo (Rs) Fira (Re) $00 (R) diy 


(7) 


Ni2/n i 
os h A His jn—4 ) 
Ue aaiirs C7 a ) SLATSL OT TSLy; 1 [4]00A) 


x K (NA) Rwa (|Ri— Re| =). (8) 
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Assuming that at the nuclear boundary | 
$a5Ri A (a) =1 (reference 5), we obtain for the | 
reduced width for the decay of the compound nu- 
cleus under emission of an a@ particle 


pa (GAs) (4 sense eth Tsk 


1 [4] OOA)2K2 (NA), (9) 


This formula can be generalized to the case where 
a cluster with an arbitrary number of nucleons m 
and with spin S, #0 is emitted: 


2 N 
Trades Fr ~; G 2 H ie » ie [7] TSL | acti [fi] T,S\L); 


LoJ2 
L” [fo] ToSole>?K? (NA, Le) U? 


S( SL Sola dab) U2 (aSidsSeee 1a) (10) 


where Jy and J; are the total angular momenta 
of the initial and final states, respectively, Jy is 
the channel spin, U(ABCD:EF) is a Racah co- 
efficient,’ and 


Yvan (Re) 


Se) Ss sh 
Yoo (Re) 


K (NA, Ls) = C1" [fa] T2SaL2 ee 


For the deuteron we take ygh =|s*[2]010>, and 
for the triton, ysh =|s*[3Ts40>. Here we as- 
sume that the internal wave function of the recoil- 
ing particles is not changed appreciably during the 
transition in the external region. Rough estimates 
support this assumption. According to the shell 
model we describe the states of the nuclei H?, He’, 
and He‘ by the configurations s* and s‘ with os- 
cillator wave functions. To obtain the correct 
binding energies for these nuclei, we must set 

hw =16 Mev (the “width of the well” is ry 

= Vi/mw =1.6 x 104% em). This value is very 
close to that used in the description of the p shell 
nuclei in the framework of the intermediate coup- 
ling model. Thus the internal wave functions of 
the three-nucleon and four-nucleon clusters, cor- 
responding to the states |s®[f]TS)> and 
|p"([f]TSL>, are close to one another. If we 
recall that in general the same form of potential 
for the nucleon interaction is used to calculate the 
binding energy of t, He®, and @ as well as the 
binding energies and level energies of p shell 
nuclei, we find that in these nuclei the binding 
energies of the t and a clusters (and of He? 

as well) agree with good accuracy (5 — 10%) 

with the experimental binding energies for the 
corresponding free particles. This gives rise to 
the hope that our “algebraic” separation of the 
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Reduced widths for the d, t, and a decays of levels of light nuclei 


KKK 


Nu- | E* 27 -44,25-14 Sahai 
cleus | Mev J,T 4,2S+1765)] Type of decay A Th E i a - {0%cm 
e- xperi- 
ory ; ment 
) 
He® | 2.0 | 3/2,1/2 22 [4] Het +n 4 | 5/6 | 1p] 
pul 25109). 3:0 12 
ed eet Soy 18D [2] Het +d PCa Cea 
Be? | 4.65 | 7/2,1/2 22F [3] Het + He? 3 = 0.328] | 4.4 
Bes | 2,9 2-0 UD [4] Het=G ate 4 4722] 5.0 


three- and four-nucleon complexes in the frame- 
work of the shell model reproduces the most es- 
sential features of this association. In the case 

of deuterons the situation is somewhat worse. It 
should further be noted that the smallness of the 
binding energy of the deuteron and the triton may 
lead to an additional factor smaller than unity in 
the corresponding formulas for the reduced widths, 
as a result of the action of the nuclear boundary on 
the internal function of the emitted particle. At the 
same time one might think that our method of cal- 
culation will satisfactorily reproduce the relative 
values of the reduced widths for the emission of d 
and t for the different levels of the same nucleus. 
The results of this work are given in the table (E* 
is the excitation energy of the level). 

Mang,?° in his calculation of the @ decay of 
heavy nuclei, also used oscillator functions for 
the separation of the internal motion of the nuclei 
and the a@ particles. 

In conclusion it is of interest to anticipate the 
appearance of those effects of the peculiarities of 
_ the qa association which are due to the correlations 
between the nucleons which are not taken account 
of in the shell model. 

1. One might think that, if we use nucleon inter- 
action parameters that reproduce the energies of 
nuclear states which do not admit of @ association 
(for example, the levels with T =1 in Be®) to 
compute the levels which do admit of @ associa- 
tion, i.e., which are characterized by a Young 
scheme with maximal number of 4-groups, the 
latter will lie above the corresponding experimen- 
tal levels as a consequence of the additional en- 
ergy connected with forming the four-nucleon com- 
plex. 

2. The q@ associations should involve LS coup- 
ling, i.e., the states of the nuclei admitting @ 
associations should be more adequately described 
by the LS coupling scheme than is the case in the 
intermediate coupling model. (Thus, for example, 
the Be® core in the nuclei of the type B! is ap- 
parently better described by LS coupling, while 
the outer nucleons should conform to jj or inter- 


mediate coupling.) Correlations in the @ associ- 
ations which are not considered in the shell model 
can also show up in the 6 decay. Thus, these ad- 
ditional correlations can lead to a higher value of 
ft for the decay B!-C!* than is obtained in the 
usual shell model theory with intermediate coupling 
3. As another consequence of these additional 
correlations, the fractional parentage expansion of 
the true wave function of, for example, the Be? nu- 
cleus should contain the a associated states Be® 
with a greater statistical weight than that given 
by the fractional parentage coefficients of the shell 
model wave function. 
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A phenomenon of Raman scattering of electromagnetic waves by fluctuations of the magnetic 
moment is predicted. The coefficient of extinction for the scattered radiation is calculated. 


Raman scattering — that is, the appearance of 
shifted frequencies in the spectrum of the scattered 
radiation — is connected with an interaction of the 
incident electromagnetic wave with the characteris- 
tic oscillations of the scattering object. A ferromag- 
netic dielectric possesses an additional branch of 
oscillations, produced by propagation of spin waves. 
The magnetic field of the incident wave interacts 
with the oscillations of the magnetic moment (with 
the spin wave), and this also should lead to charac- 
teristic Raman scattering. The present communi- 
cation is devoted to the theoretical elucidation of 
this phenomenon. 

We consider the case in which the frequency wy) 
of the incident wave is much larger than the char- 
acteristic frequencies of the ferrodielectric. The 
discussion applies to waves in the millimeter range 
or in the far infrared part of the spectrum, since a 
ferromagnetic dielectric is transparent at these fre- 
quencies. It is true, of course, that this can be the 
case only at sufficiently low temperatures, where 
the semiconducting properties of the ferrites are 
not exhibited. Then the system of equations that 
describes the scattered field in the medium has 
the form 


OBso 


g Was 4 
curl ie A OL. = 0, curl Eso+ @ OL = (O) 


Bsc= et 47Msgc, OMg,-/ df= g [Msp x Hinc]. (1) 
Quantities related to the scattered wave are distin- 
guished by the index “sc”; Mgp is the oscillating 
part of the magnetic moment, due to the spin wave; 
Hinc is the magnetic field intensity of the incident 
wave. Hing satisfies the linear Maxwell equations 
for a ferromagnetic dielectric. 

Since by hypothesis the frequency of the incident 
wave is large, the magnetic permeability of the fer- 
rite can be set equal to unity, i.e., Mjpo =0. This 
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has permitted omission, in the equation for Msc, 
of all terms containing Mjinc. Omitted also are 
terms g[HeffxMgcl], with Hepp = Hy) + BMy (Hy 
is a constant field applied to the ferrite along its 
axis of easiest magnetization; My is the saturation 
magnetic moment; ~ is the anisotropy constant), 
since by hypothesis wy > gHeff.- 

From the system (1) we have 


Ca We 
S wT 
soe curl [Mgp x Hine]. 


aN Shee (2) 


We expand Mgp as a Fourier integral in time: 


Mgp= \ Moe-2t dQ. 


—oco 


(3) 


Since the magnetic field of the incident wave is pro- 
portional to e!“0t (Hine = Hye tot), we get from 
(2) for the Fourier component E,, of the scattered 
field, where w=w)+Q, 
, , t ikR 
Eo(G = —£\ curl’ [Mg (r’)XHq, (r’)] < do’. (4) 


where 


RP =wre(o)/c?. R=|r—r’'|. (5) 


On taking into account that the distance to the 
point at which the field is sought is much larger 
than the linear dimensions of the scattering body 
(the ferrite), we find from (4) 

efkRo 


Roe 


Ey =—g \curl [Mo (r’)XHa, (t’)] e-*"" du’, k = ke/r. 


(6) 


Since Hy,(r’) = Hyetko where kj = wre(wy)/c?, 
it is easy to obtain from the last expression 

‘ efkRo 
— 10 


oS cRo 


Es = \ {Mo (r’) (KH,,,) wk H,,, (kKMg (r’))} eter. dot, 


(7) 
where q=k-—k). 
We are interested in the scattering of an electro- 
magnetic wave by thermal fluctuations of magnetic 
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moment; that is, by spin waves of random amplitude. 
Naturally the mean value of the scattered field in 
this case is zero, since <Mg> =0. Here and 
hereafter, <f> denotes the statistical mean of 
the quantity f. 

For description of the properties of the scattered 
radiation, it is convenient to introduce the tensor 


BEEN qa ey reg (8) 
which according to (6) is equal to 


2» RV 


os 2 i 
Tag = g waa V2\<MaMs> oe 9 dv, 


sara HoHz\ <MaMz)n e~?d,— H\ <MpM.)a e— #4 du, 


+ H.H;z \ «M.M2>oe—*?” dog\ (a, p =%, y) (9) 
(V is the volume of the scattering body; Hj 
= (Hw, )i)- 

In obtaining the last formula we have made use 
of the facts that: (1) in the tensor Ij,x only the x 
and y components differ from zero, if the z axis 
is taken along the vector k; (2) <Mi(r) Mk(r’)>Q 
= <MiMk>oQ depends only on p=r-r’. 

It is clear from formula (9) that the tensor com- 
ponents Iqg are determined by the Fourier trans- 
forms <MjiMkK>Q,q (because of the smallness of 
the correlation distance as compared with the dimen- 
sions of the body, the integration in (9) is extended 
over all space). If we neglect spatial dispersion of 
the magnetic susceptibility, then by proceeding as 
was done, for example, in reference 1, one can 
obtain 


<MiMp>e, ¢ = <MiMe>a, 0 = 


Xin (2) = (1 / 2%) {yee (Q) — x3, (Q)}- 


Here xXjx(Q2) is the magnetic susceptibility tensor 
of the ferrite. 

Neglect of spatial dispersion is legitimate if the 
incident wavelength satisfies the following condi- 
tion: 


sa (Q) coth * on ; 


(10) 


> aV1/ghHest ~ (30 to 100) a, (11) 


where I is the exchange integral (I ~ 10-erg) 
and a is the interatomic distance. This condition 
shows that up to ultraviolet frequencies the inci- 
dent wave interacts chiefly with the uniform oscil- 
lation of the magnetic moment. From (10) and 

(9) we have 


9 ARV 


— sf Cxlpy..}- 
2nR2C? CaleXp2 + CalBX ze! 


(12) 


RQ 0" 
coth a7 {e2X.p — eeeeXaz 


leg = & 


We assume that the incident wave is linearly 
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polarized. The vector e=H/H is its polarization 
unit-vector. 

By definition, the extinction coefficient h is 
equal to 


h = (R3/VH?) \\ Lee (Q) dodo, = oop, ads) 


where do is an element of solid angle (the inte- 
gration is extended over all directions of the wave 
vector of the scattered wave). On substituting (12) 
in (13) and carrying out the integration, we get 


Rh a 
h=—= RY ya \ cot oT ie (e, x"e)} do, (14) 


where ¥”e is the vector with components Xfi OK: 
If xf, = X"Oj,, that is, if the anisotropy of the 
tensor Nile can be neglected, then 


h = (8g7#*R /3c*) | y" (Q) coth (KQ/2T)dQ. (15) 


If the incident radiation is unpolarized, then the 
expression (14) must be averaged over all orienta- 
tions of the vector e. The result of the averaging 
is 

h = 2g2=h (1-3 cos? 0) \ x, coth © de. (16) 
In the averaging we assumed that xf{j = X22 = xj 
and that Xj3 = X3j) =9 for j=1, 2,3; @ is the 
angle between axis 3 and the direction of propa- 
gation of the scattered wave, ky/kp. 

The tensor xj{j, that was used is characteristic 
of ferrites (with axis 3 pointed along an axis of 
easiest magnetization) if we suppose that we have 
to do with a ferrite magnetized to saturation. Under 
these conditions, the magnetic susceptibility is de- 
termined by rotation of the magnetic moment under 
the influence of the external field. 

The expression (16) determines the total inten- 
sity (at all frequencies) of the scattered radiation. 
The integrand is the density of radiation in the fre- 
quency interval (w, w+dw). Since x;(w) hasa 
resonance character, the scattered radiation is 
concentrated near the frequencies w = Wy + Wy, 
where Wr = gHeff is the ferromagnetic resonance 
frequency :* 

p= VE (w+ @,) do, 


I = (1 — 1/3 cos? 9) g? (R®AM/c?) coth (ho,/2T). (17) 


In the derivation of the last formula, we used 


*w, = gHer¢ is the frequency of uniform ferromagnetic reso- 
nance for an infinite ferrite or a specimen in the form of a 
sphere. For specimens of more complicated shape, the reso- 
nance frequency depends on the demagnetizing factors. The 
possibility of neglecting the shape of the specimen is based 
on the fact that representative dimensions L of the specimen 
are large (L > c/w, ~ 1 cm). 
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the expression for xj (w) known from the theory 
of ferromagnetic resonance: 


: aoe: gMo 
Q) = lim — » ———_—_. 
Kaos (o, £2) + wa (18) 

Here we have neglected the finite width of the 
ferromagnetic resonance line. If we take account 
of the line width, then according to (16) and (18) we 
get 


_ 1 (1; 1 cocag \ eter, uate 
h= (1 3 COS ) oe oueatt (19) 


2 


c2 
0 


where 7 =A/gM; A is the relaxation constant in 
the equation of motion of the magnetic moment. 

In order to estimate the magnitude of the extinc- 
tion coefficient, we may use formula (17). If we as- 
sume hwy « 2T and take the incident wavelength 
equal to 1 mm, then h * 10718, Such extinction co- 
efficients are easy to measure by modern methods 
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of radio technology. Study of the dependence of Iy 
on frequency provides a possibility of determining 
the resonance frequencies (and line shapes) of a 
ferromagnetic dielectric. 

In closing, we mention that the radiation scat- 
tered by a ferrite possesses peculiar polarization 
properties. Because of the gyrotropy of the scat- 
tering medium, the scattered radiation is a mixture 
(superposition) of two circularly polarized beams, 
with the relative intensity different in different 
directions. 


11,. D. Landau and E. M. Lifshitz, 
JneKTPOAMHAMUKa CAOWHIX Cpex (Electrodynamics 
of Continuous Media), Fizmatgiz, 1958. 


Translated by W. F. Brown, Jr. 
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A method is developed for finding a nonstationary solution of the Boltzmann equation in the 
case of strong electric fields. An expression is derived for the electron distribution function 
in a completely ionized plasma located in a strong electric field. It is shown that in the first 
approximation the distribution is a Maxwellian one superimposed on the general translational 
motion of the electron gas. In the first approximation the translational velocity increases pro- 
portionally with time, whereas the temperature remains constant. 


ly the solution of the problem of the velocity dis- 
tribution of electrons in an electric field usually 
the investigation is restricted to the stationary 
case. Moreover, the method of successive approxi- 
mations is used, which is based on expanding the 
distribution function fe(v) in spherical harmonics 
in velocity space.!»? However, this method is jus - 
tified only when the anisotropic part of the distribu- 


tion function is much smaller than its isotropic part, 


or, which is the same thing, when the mean directed 
velocity is smaller than the thermal velocity. In the 
stationary case this condition, as a rule, is fulfilled, 
as a consequence of the small exchange of energy ¢€ 
between the electrons and the gas atoms (Aé¢/e 

~ 2m/M «1). However, for times shorter than 
the relaxation time, the mean directed velocity 

may exceed the thermal velocity, and thus the 
above solution method turns out, generally speak- 
ing, to be inapplicable to the description of the 
processes leading to the establishment of a steady 
state. In a number of cases, however, such proc- 
esses are of an essentially nonstationary charac- 
ter. Thus, for example, it can be shown that if the 
cross section for the collision of electrons with 
heavy particles falls off faster than 1/v, then no 
stationary state exists at all in the presence of a 
constant electric field. The nonexistence of a sta- 
tionary distribution is associated with the appear- 
ance of so-called “run-away” electrons.* > The 
“run-away” phenomenon consists of the following. 
The energy lost by an electron per unit time is 
proportional to the collision frequency v(v). Evi- 
dently if v(v) falls off with the velocity faster than 
1/v, then when the electron velocity exceeds a cer- 
tain critical value the increase in the electron en- 
ergy under the action of the external electric field 
becomes larger than the energy losses due to col- 


*Reported at the IV International Conference on Ionization 
Phenomena in Gases (Upsala, August 1959). 
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lisions, and therefore, the electron energy will 
continuously increase with time.* 

This effect is most pronounced in the case of 
fully ionized gases,f when the particles are sub- 
ject to a Coulomb interaction and, consequently, 
the collision frequency is given by v(v) ~v°. 
However, in the case of weak fields and not very 
high temperature, the number of such electrons 
is very small, although it does increase with time. 
Therefore for limited time intervals in a number 
of problems one can still utilize the stationary so- 
lution for the distribution function, if one formally 
cuts it off at large velocities (of the order of sev- 
eral times the thermal velocity). But if the elec- 
tric field is sufficiently large, so that even over 
one mean free path the electrons acquire sufficient 
energy to enter the state of continuous accelera- 
tion, then the number of “ run-away” electrons is 
large, the mean directed velocity may consider- 
ably exceed the thermal velocity, and the usual 
method of solution becomes inapplicable. In this 
case it is natural to utilize another method of ob- 
taining an asymptotic solution, which consists in 
expanding the distribution function in inverse pow- 
ers of the electric field, taking for the first approx- 
imation the solution of the Boltzmann equation with- 
out collisions. 

As an illustration of the application of the method 


*An attempt at a theoretical investigation of this phenome- 
non on the assumption that the ratio of the ion mass to the 
electron mass is infinite (m/M = 0) was made by Dreicer,* who 
reported the results of a numerical integration of the Boltzmann 
equations for the case of a fully ionized plasma. 

T Strictly speaking the ‘‘run-away’’ electrons are present at 
any degree of ionization, even when collisions with neutral 
atoms play the dominant role, since at sufficiently high veloc- 
ities the screening becomes unimportant, and the electrons are, 
in fact, scattered by the atomic nuclei. However, in this case 
the number of such electrons is very small and, as a rule, they 
need not be considered. 
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outlined above we shall obtain the velocity distri- 
bution of electrons in a fully ionized homogeneous 
plasma situated in a strong electric field. Let us 
first consider the case when the electric field is 
constant in time. 

The equation from which the electron distribu- 
tion function fe(v, t) may be determined has the 
following form 


Of, ' Of. 
OL We ase = Ot {fe}, 


St {fe} = Size (Fefe} = Stes herpys (1) 


where y=-—eE/m, the terms Stee {fefe} and 
Stei {fefi} take into account the electron-electron 
and electron-ion collisions, while fj(v) is the ion 
distribution function. 

By following the procedure outlined above and 
by setting 


[.(v,t) = PONS Ce Nee) tees (2) 
we obtain 
af) of) 
a Ov 
of” of”) 


cory al top amie secede = 2.08 (3) 


From this equation, letting f)(v) denote the initial 
distribution function 


fo(V) = fe(V, 4) |t=os 


we obtain 


f2 (v, 2) =fo(v—yt), 


t 
fev, ) = Sar \st ge w, 1) 8 (wv —v yl adv’. 


(4) 
We note that from the relation 
(st (fbdv=0 
it follows that 


TO veo pita 20o. Ace.) (5) 
and, thus, the normalizing factor is determined 
just by the first approximation to the function. 

In order to calculate ££ (v, t) we must know 
the collision operator St{fe}. The expression 
for this operator is given by Landau.® It has the 
following form 


a Ot ee uns ; 
Stee Afele} SS eeles a le= ie a0, VieRvy v aE, (6) 


of; , 0 e 
Sta (fd =—4 55,\ [85+ —Hiagt |Valws v)av', 


dv, Un, 
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where summation over n, k =1, 2, 3 is implied; 
R=fv.t), f=f,(v,8, &=m/M, 


Vien = (USen— Uplln)/U®, Uk = Uk — Vy» = Qrret*h/m?, 


while A is a slowly varying function of the particle | 
velocity. The expression for A obtained by Landau 


is applicable only to a low temperature plasma 
(e?/hv > 1). In our case we must use a different 
expression given by Landshoff.’ Since A is in- 
sensitive to the choice of the values of the density 
and the velocity we will in future suppose that 
A = const. 

Let us suppose for the sake of simplicity that 


| 
| 
| 


the ions have a Maxwellian distribution correspond- | 


ing to the temperature Ty, i.e.,* 


fi(V) = N (B:/2n)" exp (— B,0*/2), 


fo(v) = N (Be/2n)'# exp (— Bev?/2), (8) 
where v? =v? +v3+v3, while Be = 68; =m/kT). 
We choose the z axis in the direction opposite to 
the electric field vector E. Then it follows from 
(4) that 


jo (v, t) = N (Ge/2n)%*exp {—+ B, [08 + 03 + (2, — re)4I} 


(9) 
where y=|y]. 

We substitute expressions (8) and (9) into (7) 
and integrate over the velocities. Then, on taking 
into account the fact that Stee {fr} =0, and 
neglecting quantities of order 6 compared to 
unity, we obtain 


St {f27} = —aBeB,fe” (v, t) [os¥ (0 V 8,/2) — dytx (v)] oy, 
(10) 
where 


Y (z) = 2° (@(z) — 20O/dz), O(z) = 7 jew dy, 
0 


x(v) = (1— 02/0") [® (v V'B,/2) — 4 ¥ (0 VB,/2)] 


+ (v2/0") B (0 V'B,/2). (11) 


Now on substituting the expression obtained for 
St {f+} into (4), and on integrating, we obtain to 
the same order of accuracy after introducing the 
notation v2 = v3 4 vo Vz =V3: 


*In general, the ion distribution function in strong fields 
need not have the form (8). However, in the case under consid- 
eration at present the specific form of fi(v) has only a small 
effect on the final result. 


| 
| 
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‘ 2aN 2(y, — ees 
fO(v, t)} =o Pe FO (v, iy} eorlte ONG taal aes ort 2/8) 
| 2 (0? + 2/B,) (v? + 2/8,)' 
p2iBit oF + aber [vz — 1)? = 27 
(0% + 2/8,) (o? + 2/8,)"" 


Beer (02 = t4) Uo, — yh)? + OF + 2/81" 
2 (oF + 2/8,) 
) - (v? + 2/8)? + 0, 
Bee Age eh ve 2/8) (0, — 40) 


By proceeding in a similar manner we can, in 
principle, determine fe(v,t) to any predetermined 
degree of accuracy. However, since the successive 


approximations are of no fundamental interest, while 


the expressions obtained for them are rather awk- 
ward, we shall limit ourselves to the second ap- 
proximation. In this case we have 


\P/e 
itn) = N S aa —s| 


u,u2 (u® +.8)72 
ur+ 


cu ue (uP + 0) + 7 [8 + uP (1 + 2 — 12)] 
e (uP + 9) [(u, + te)? + u2 + 8)" 


(12) 


+ (uy in eee | 


(uw +d) + u, ig 


where the following dimensionless variables have 
been introduced 


u? = 1/28,07, u2 = 1/58 v2 


vine 


w=1/8 (v,—t)?, t= rol, 


w= V 2aN 82, S = ¥«/%, rp = eE,/m = 2aNB,. (13) 


By comparing the successive terms of the ex- 
pansion (2) we can easily obtain a sufficiency cri- 
terion for the applicability of the method outlined 
above. It has the form 


E > E,\n(4tE/8Ex), 
where in accordance with the definition [cf. (13)] 
E,=2-1072N/T) v/em, 


if the temperature T, is expressed in electron- 
volts. We note that if we are interested only in 
the calculation of averages, then it is sufficient 

to require that the series (2) should converge 
only for velocities which in order of magnitude 
are equal to the thermal velocity. In this case 

the condition for convergence is somewhat relaxed 
and assumes the following form 


fe Fini 27k / Ee). (14) 


By utilizing the expression (12) obtained above 
for fe(v, t) we can determine the time depend- 
ence of the average directed velocity z(T) 


S (3Be)¥ 2%, and of the square of the components 
of the mean squared relative velocity along and 

at right angles to the electric field: wy (rT) 

= 368e(v2 —vZ) and w,(T) = 36evz. However, it 
is simpler to proceed directly from equations (3). 
On multiplying each of them by v, adding them, 
and integrating over the velocities, we obtain after 
neglecting, as was done previously, quantities of 
order 6 compared to unity 


Z(t) = (y/ye) {¢ —(2°/Vx) [1 — Yet te Vx® (x/e)]}. (15) 
Similarly we obtain 
w, ()=1+e{[0(2)—5¥ (Z)jin(Z) 
t/é ; 
3 \ [= ' iE Z| In x dx| : (16) 
t/E 
Wy (t) = Sek {5 \ 2 dx —®(=) 
0 
pide meas wD 


i.e., w, increases logarithmically with time, 
while wy, remains practically constant. 

The figure shows the contours of the distribu- 
tion function for different instants of time in terms 
of the dimensionless variables uy, uz for the case 
€=5x107*. It is interesting to note that in the re- 
gion of small uy the distribution function has a dip 
which increases with time, i.e., the number of par- 
ticles with zero radial velocity continuously dimin- 
ishes. It is also characteristic that the distribution 
function is asymmetric in the direction of the elec- 
tric field. The physical reason for this asymmetry 
lies in the difference in the initial conditions for 
particles which have different directions of veloci- 
ties at the instant when the field is switched on. 
Thus, for example, the velocity of those electrons, 
which have been moving against the field at the ini- 
tial instant of time, will continually increase, and, 
consequently, the probability of their colliding with 
ions will decrease, while the velocity of electrons 
with negative values of v, will at first decrease, 
and the probability of collision will increase. In 
general, the particles at the trailing edge of the 
distribution function (uz < 0), undergo a larger 
number of collisions than the particles at the lead- 
ing edge (uz > 0), and this leads to the asymmetry 
indicated above. The fact that the distribution 
function has a “gap” is apparently also related to 
the previously mentioned dependence of the colli- 
sion frequency v on the velocity. Indeed, those 
electrons which have a low radial velocity have a 
greater probability of colliding than electrons with 


992 Tn MO ROV RIZE Noe 
If, moreover, the initial distribution is Maxwellian, 


we have 


St {7} a ae 8,8, fH) (Vv, t) 


20 faye (o V2) —aye(t) x] 0") 


and the problem of finding the second approxima- 
tion to the function reduces, as before, to a single | 
integration. Finally, the expressions for the av- | 
erage directed velocity 2Z(T), w 1(T), and wi|(T) 
may be obtained in the same way as in the case 
y(t) =1. After a few simple transformations we 
find 


T/Vy 
Zi) oa {¥9X (4/0) — =~ \ ty (ee) dt}, 15’) 


0 


T/Ve 


oo= 14+) [o(e) 29), ae 


72 € 
0 


To 


op =F ror f 20t) vA) ae 
0 


Lines of constant values of the distribution function 


N“[B,/2n]"£,(u, 1). 


the same longitudinal velocity vz, but with a E af SO)! 


larger value of vy, as a result of which the num- 
ber of particles with small values of vy, decreases 
continually. 

Thus we see that in a strong electric field the 
electron velocity distribution stays close to the 
initial distribution (with the exception of a small 
range of uy close to zero) superimposed on the 


—.\ foc) 3 ye (we) a7) 
0 


where the functions @(z) and W(z) are defined 
in accordance with (11). The criterion for the ap- 
plicability of these formulas may be obtained from 
the condition that the correction terms in formulas 
(16’), (17’) should be small compared to the princi- 
pal terms. It has the following form 


average translational velocity z(T), and merely w,(t)—1 <1. (14’) 
spreads slowly with time in the direction perpen- 
Micdiay tothe electric field vector: We note that in the case when the electric field 
In the above discussion we assumed that the increases monotonically with time, it follows from 
electric field E was constant in time. However, expressions (16’) and (17’) that the quantities w) (rT) 
this assumption is not essential, and the method and w)(7) remain bounded, i.e., in contrast to the 
of solution outlined above may be easily general- case y(t) =1 the electron “temperature” tends to 
ized to the case when the electric field depends on a certain constant value which is equal to 


the time. Indeed, on setting E(t) = E(t), where —®) 

E is constant, and on taking into AR ne fact Tmax = */sTol@1 (oo) + Wy (c0)]- 

that the replacement of the variable t by x(t) In conclusion we note that if we do not make the 
t assumption that the initial electron temperature 

Te is equal to the ion temperature Ty, then for 

ile 4 o(t)rce = Stipe} (1’) 6T)/Te K1 the formulas obtained earlier for fg, 

Z, wy, and w) remain valid if in them we replace 
Ty by Te, and” dsby oTj/Te: 


= f elé)ae brings the equation 
0 


into the form (1), we evidently obtain in place of (4) 


fog Vet Gera) The author is indebted to M. S. Rabinovich for 
useful discussions. 
f(v, 2) Note added in proof (October 21, 1959). In this 
paper we have assumed that the ion distribution 
t a £ function is given. The simultaneous solution of 
= \ ai \st {72 (wv, £°)} 8 (v’ —v— 4x [x (t)— x (D)]) dv’. equations for the electrons and the ions shows that 
0 


(4’) ‘the results referring to the electrons remain unal- 
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A possibility is discussed for setting up a system of the baryons and mesons based on the pos- 
tulate that there is a single “elementary” baryon and a single “elementary” meson, with a strong 
interaction between them. The “elementary” particles chosen are an isotopic singlet baryon Q7 
with strangeness —3 and an isotopic doublet of mesons K”, K° with strangeness +1. Conclu- 
sions are obtained that agree qualitatively with the known experimental data on processes that 
involve “strange particles.” Some qualitative results on form factors are obtained. 


As the result of the great achievements of experi- 
mental high-energy physics, during the last decade 
a number of new unstable particles have been dis- 
covered — the hyperons and K mesons. The foun- 
dations of the systematics of these particles have 
been laid in the well known papers of Gell-Mann 
and Nishijima (the G-N scheme ).' But such a 
large number of “elementary” particles is in 
some respects surprising. Therefore doubts as 
to their elementary nature arise from time to 
time. This gives rise to attempts to represent the 
known particles as some sort of composite struc- 
tures, so as to diminish the number of “elementary 
particles, and also to restrict the set of the inter- 
actions. 

We present here one more possibility, which 
we believe has not been discussed so far; retain- 
ing all the baryons and mesons that are known and 
predicted by the G-N scheme, we can nevertheless 
decidedly diminish the number of “elementary” par- 
ticles. 

It would be extremely attractive to leave in the 
systematics only one “elementary” baryon and 
only one “elementary” light particle. Remaining 
within the framework of the G-N scheme, we can 
limit our choice to the isotopic singlets Q°, ie 
and Z*, with the respective strangenesses —3, 
—1, and +1. The most interesting possibilities 
are obtained with Q- and Z*, with which we can 
associate as the “elementary” light particles the 


” 


isotopic doublets (K*K®°) and (KGK?), respectively. 


dnersets. 2, K*, K® and Z’, K-, K® are sym - 
metric with each other. An explanation of the vari- 
ous effects can be given with either one or the other 
type of theory. In what follows we shall use the 
type with Q-, K*, K", since it seems to us that 

it corresponds more to the known experimental 
data. 


Thus we shall assume that there exist only elec- 
trically neutral and singly charged baryons and K 
mesons. 

We shall suppose that the “elementary” baryon 
is the hypothetical negatively charged Q”™ hyperon 
of the G-N scheme, an isotopic singlet (I=0) with 


strangeness S=-—8 and usual baryon spin (s = half-- 


integral number). 

We assume that the “elementary” light particle 
is the isotopic doublet (K*, K°), I= oe , which is 
a boson in ordinary space (s = integer) and has 
strangeness S=+1. The antiparticles of our 
chosen particles will be 2* and (K~K®), re- 
spectively. 

We define a strong QK interaction and begin the 
construction of the series of baryons with the iso- 
topic doublet of the = hyperons; we define their 
structure by combining Q~ with each of the two 
K mesons we have postulated, i.e., in the form* 


m= (Q°K*), > = (Q°K?). 


We then define the structure of the sequence of 2 
hyperons, an isotopic triplet, by combining two K 
mesons with the ™ in the three possible ways, 
namely 


SS (ORR), D> = (Q-KK?), 


It is known that the >° hyperon cannot exist long 
and goes over intoa A hyperon by a fast electro- 
magnetic transition. This could be explained by 

assuming that it is not possible for the K*K® pair 
to exist together near the Q°, and that through a 
strong K*K® interaction (in an isotopic singlet 

state) it forms a bound state w*t = (K*K®), which 
could be understood as a meson with the strange- 


Eo = (Q-K*K%), 


*In the type of theory with Z*, K’, K° the construction 
begins with the isotopic doublet of the nucleons, according to 
the scheme p = (Z*K°), n = (Z*K’). 
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ness S=+2, isotopic singlet, predicted by the 
G-N scheme. 

Thus the structure of the isotopic singlet A’ 
hyperon can be written in the form A’ = (Q7w*). 
Continuing with the addition of K* and K® mesons, 
we get the structure of the isotopic doublet of the 
nucleons in the form 


p = (Qo'K"), 


Now, in virtue of our original assumptions, there 


ft == (22°@'K®). 


remains only one possible structure Z* = (Q°w*tw*), 


which corresponds to a hyperon that is an isotopic 
singlet with strangeness S=+1, which is also con- 
tained in the G-N scheme. 

From the pairs of particles (K*K") and anti- 
particles (K°K”); in combination with a QQ* pair 
we can construct four isobosons with schemes of 
the type (KKQQ). 

We can identify the charged systems with the 7* 
and ma mesons, and from the neutral systems we 
can construct the third component of the isotopic 
triplet (7*, 7, m ) and a neutral isotopic singlet, 
which is contained in the G-N scheme as the p° 
meson. 

Thus, by postulating only two elementary par- 
ticles we have been able to construct all the par- 
ticles of the G-N scheme. The attraction of the 
scheme under discussion is that we can get along 
with only two particles both in ordinary and in iso- 
topic space, and also with only two types of inter- 
action. Furthermore we can identify the 7 mesons 
with the quanta of the field that gives the (QK) 
coupling. 

Using the proposed scheme, we can get from 
the measured masses of the known hyperons esti- 
mates of masses for the predicted hyperons. The 
differences my- >my? >my+ and Mp >My are 
very probably a consequence of the fact that mx? 
>m?+ (cf. reference 2). Then we may suppose 
that the =° particle must be lighter than the =~ 
by an amount of the order of 5me (cf. reference 3). 

For the absolute magnitude of the energy of 
coupling of the K mesons with the Q” one gets a 
value of the order of 1200 —1300me. It follows 
from this that the Q™ hyperon is 250 —350Mme 
heavier than the = particle. This means that 
obviously the Q™ hyperon should decay by the 
schemes (if we accept the rule | AS| = 1) 


An interesting situation occurs in the estimate 
of the mass of the Z* hyperon. If we begin with: 
1) the masses of the proton and the K meson and 
their binding energy, or 2) with the mass of the 
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\ particle and the mass and binding energy of the 
w*, both routes lead to the conclusion that the 
mass of Z* must be of the order of 1500meg. With 
such a mass, however, the Z* hyperon cannot be 
observed, since we know of no ways in which it can 
be converted into a stable baryon or nucleon, since 
it is lighter than the latter. The question of the 
existence of the Z* hyperon, the value of its mass, 
and the manner of its decay is extremely interest- 
ing. 

The scheme developed here provides possibili- 
ties for explaining a large number of known experi- 
mental facts about the production and interactions 
of hyperons and K mesons. We shall examine only 
some of them. 

It seems most natural to explain a reaction of 
the type 


Rody oa, 


by a process of dissociation of the am meson in the 
field of the Q” particle into a pair of mesons 
(K,K), followed by annihilation of the K meson 
so formed with one of the K mesons around the 
Q- (with annihilation of a pair K*K~ or K°K°). 

In this scheme the A’ particles produced in re- 
actions 


z-+N—A°+K, 


will be produced predominantly “backward” in the 
center-of-mass system, since in this case the K 
meson leaves the composite system practically 
without interaction, moving in the “forward” di- 
rection, and the K meson interacts only with the 
K meson, without touching the w* system. 

The charged hyperons from the reactions 


pee poe De Ke ayia eee 


will have a sharp “forward” directionality in the 
center-of-mass system, since now both the K™ 
and the K meson interact with the Kw* system 
in the nucleon.* 

On the other hand, in the reactions 


mf p+ K, x tah + Ke, 
pg a gt ce @ UGE erties oP PR las 


both of the channels that have been mentioned can 
take part. Therefore it seems that the angular dis- 
tributions of these reactions should be more nearly 
isotropic in the center-of-mass system, possibly 
with some preference for emergence of the 2 
particles in the “backward” direction. It would 

be interesting to check these arguments for the 
reaction 


*For experimental data on this point see reference 4. 
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for which the experimental data known so far* con- 
tradict the consequences of our scheme. 

With increase of the energy of the incident 7 
meson a KK pair that is produced may leave the 
compound system; this leads to the production of 
K*K~ and K°K® meson pairs. With the same total 
cross section for production of strange particles 
this can lead to a decrease of the cross section for 
production of YK pairs as compared with its value up 
to the threshold for production of KK pairs (at 7- 


meson kinetic energy 1.34 Bev).* An analysis shows: 


that reactions of the type 
nr +N>N+K-+K, x*+N—>N+K°+K*, 
that go in one step are preferred over the reactions 


Bp on Ki Ky or np Ke Ke: 
which require a further step of charge transfer 
Kos kK", 

Let us now consider the question of the interac- 
tion of K mesons with nucleons. We first note the 
smallness of the charge-transfer effect in the reac- 
tion K~ +p —K" +n, which is due to the necessity 
for this process to go through a link K”°K* — Keke et 

Of all the reactions of the typet K'-+N— Y +17, 
the most probable is the reaction K™ +n — he, 
since it goes through the process K~K’ — 7 with- 
out the participation of the Q°w* system. 

Another curious point that we note is that in in- 
teractions of =* hyperons with nucleons, reactions 
of the type 


0 SE 
ae se Nt x0 + N° : 
are more probable than reactions of the type 
NaNO Ne 


since the former go only through the charge-trans- 
fer process K* = K°. 

Is the observation of the w* particle possible? 
If it can actually exist, then the most convenient 
way to produce it is by the reactions K + N— 
+w*. If my < 2mx, the threshold for these reac- 
tions must be at a K -meson kinetic energy less 
than 1.23 Bev. Decay of this particle is possible 
through the schemes w*—K+qa or wt—nrt 7’, 
So far there are no definite experimental indica- 
tions of reactions and decays of these types. The 


*Such a behavior of the cross-sections for the YK and KK 
reactions has been suggested by Wang Kang-Ch’ang on other 
considerations. es 

tIn the Z*, K~, K° scheme this reaction is allowed, which 
is clearly in contradiction with experiment. 

tIn the Tae K’, K° scheme the treatment has to be in terms 
of a virtual KK pair around the Ze 
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observation of the w* particle is one of the basic 


problems of the scheme we are discussing.* | 


We now go on to the problem of the production 
of the cascade particles = and Q7. 


ous that the simplest way of producing the = hy - 


It is obvi- 


peron will be by reactions with neutrons, since they 
go only through the Kw* interaction: 


K+tnse 4K, . eat eiaek ake 
On the other hand reactions of the types 
K+p-2 4K", ws +p>e +k TR 


are less probable, since for them an additional re- 
distribution of energy between the K* and w* 
mesons is required. The production of the = hy- 
peron is possible only in reactions with protons, 


Kp poet k, 2+ ps Ske. 


Reactions of the type K+n— =" +K are less 
probable. Thus the observation of =" is possible 
in liquid-hydrogen bubble chambers, and the pro- 
duction of = is difficult. 

As is well known, the Alvarez group? has ob- 
served the =° hyperon in a liquid-hydrogen bubble 
chaniber and has not observed the = hyperon. 
Thus the facts are in agreement with the conse- 
quences of our scheme. For the reasons indicated 
the reaction 7 +p— = +w* is also unsuitable 
for the observation of the w* meson. 

The process of production of the Q hyperon 
is still more difficult to observe. In this case all 


the possible reactions of the type 
Bap NS ane 


involve more than one stage, and their yields must 
be very limited. 

We must also note the interesting possibility of 
explaining the decay properties of hyperons by the 
mechanism of production of a virtual KK pair fol- 
lowed by decay of the K meson. This gives results 
in qualitative agreement with existing experimental 
data. 

Finally, we can try to draw some qualitative 
conclusions about the electric form-factors of 
nucleons. In our scheme they have the structures 


p = (2°0") K*, 
From this it can be seen that since the system 


(Q°w*) is very tightly packed the core of the nu- 
cleon must be electrically neutral.{ Because the 


Kok Me On crak oak, 


eae KOREA 


*The same is true of the reaction K” + p> Z* + w for the 
z*, K~, K° scheme. 

TA similar picture was suggested by V. I. Veksler on the 
basis of an analysis of the angular distributions of hyperons 
from 7 + p reactions. 
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outer “shells” of the proton and neutron have re- 
spectively . Kt anda K? meson, we can suppose 
that these particles mainly determine the natures 
of the electric form-factors of the respective nu- 
cleons. It seems to us that-this picture corre- 
sponds to the known experimental facts.° 

A question that could be discussed is that of the 
mean radius of the electric charge distribution in 
the proton. It may perhaps be somewhat smaller 


(by a factor of about mx /m, ~ 3) than is believed. 


A possibility that seems more attractive, however, 
is obtained by introducing the KQ coupling by 
means of mt mesons. Then the electric radius 

of the proton will be that corresponding to the 7 
meson, and the magnetic moments of nucleons will 
be given by the sum of the Dirac moment of the Q 
particle and the additional moment of the 7-meson 
“coat,” with a mean radius of the order of that of 
the m-meson cloud. 

We have here dealt only with effects associated 
with the existence of the “strange” particles. We 
believe that within the framework ~f our model 
there are interesting possibilities for explaining 


many questions of the structure of nucleons (iso- 
bars, etc.), and a number of effects associated 
with them (photomesonic processes, etc.). 

The writer is grateful to Academician V. I. 
Veksler and to Chou Kuang-Chao, and V. N. 
Ogievetskii for interesting discussions of this 
subject. 
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The equations of the phenomenological Ginzburg-Landau theory near Tg have been deduced 
from the Bardeen-Cooper-Schrieffer (BCS) theory. As in the case of pure superconductors, 
a double charge is encountered in the equations. The relation between the constant k of the 
alloy with Kk, of the pure superconductor has been found under the assumption that the shift 
in Te is small. For a sufficiently “impure” alloy, x depends only on the coefficient in the 
linear law for the electronic specific heat of the metal. Agreement between the theory and 
experiments has been found to be satisfactory. 


Ir has been shown by us! that it follows from the 
superconductivity theory of Bardeen, Cooper and 
Schrieffer (BCS)* that, close to the critical tem- 
perature, the behavior of pure superconductors in 
a magnetic field is described by the equations of 
the phenomenological theory of Ginzburg-Landau.? 
Below we shall carry out a similar consideration 
for superconducting alloys. As usual, we assume 
the concentration of the impurity to be so small 
that we can neglect any change in the critical tem- 
perature. This can be done, for while the shift of 
Te is a comparatively slow effect, the magnetic 
properties of the superconducting alloys depend 
very strongly on the concentration of the impurity. 
The role of the impurities in a superconductor, 
as is well known, lies in the fact that the scatter- 
ing of the electrons by the atoms of the impurity 
leads to the disappearance of the correlation be- 
tween electrons which is established in the transi- 
tion to the superconducting state. For appreciable 
concentration of impurity, the role of the correla- 
tion length will be played by the mean free path. 
For sufficiently “impure” superconductors, the 
penetration depth is greater than the mean free 
path; consequently, its behavior in the magnetic 
field will be described by local “London” equa- 
tions. As is known, one can distinguish two groups 
among pure conductors which differ, according to 
their properties, in a weak magnetic field.2*4 The 
so-called “London” superconductors are charac- 
terized by the fact that for them the penetration 
depth over the whole temperature range is larger 
than the characteristic correlation parameter of 
superconducting interaction. Such a parameter 
in the BCS theory is the size of the pair coupling 
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£) ~ fiv/kTg. To this case there correspond the 
electrodynamics of London. A “Pippard” metal 
represents the opposite limiting case. For such 
superconductors, at almost all temperatures, the 
penetration depth is much smaller than &). Most 
of the known superconductors belong to the Pippard 
type and to the intermediate type. The ordinary 
Pippard metal has a London interval of tempera- 
tures only in the immediate vicinity of the critical 
temperature. This region is very small. A super- 
conducting alloy like a London or intermediate 
metal has a much larger region of temperatures 
close to Tg where their properties in a magnetic 
field (as is shown) can be described by equations 
corresponding completely,to the equations of the 
Ginzburg-Landau theory. 

As in reference 1, we shall in the derivation 
begin with the equations® for the Fourier compo- 
nents of the thermodynamic Green’s function: 


fin -+ go(5- — eA ()) +V 0) +e} 
‘X Gy (r, r’) + A(r) $a (r, r’) = o(r—r’), (1) 


{— lon om (5 + eA ()) +V (r) + uh 


x Gt (rs F’) —A* (G(r, r’) = 0, 


A*(r) = gT>St(r, 1), w= xT Qn+1), 


A(r) is the vector potential (below we shall use 
everywhere the standard div A=0), V(r) is the 
potential energy of interaction with all atoms of 
the impurity: 


V(r) = Diu (r —ra), (2) 


a 
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where the sum runs over all atoms of the impurity 
arbitrarily distributed over a lattice. The small- 
ness of the concentration means that the mean dis- 
tance between atoms of the impurity is large in 
comparison with the interatomic distances in the 
lattice. 

Repeating the derivation of reference 1, expand- 
ing © and 3° near Te in powers of |A|, we 
obtain the following equation: 


A* (rt) = gT D)\ Gye (r, 1’) Gyo (r, 1’) O* (1) dr’ — 
* ZN Eve ( s, r) Gye (s, 1) Gyo (m,1) Gy_. (m, r) 


x A (s) A* (1) A* (m) d3sd2ma?l. (3) 


This equation differs from Eq. (8) of reference 


1 by the fact that the Green’s function Syy appear - 
ing in it represents the Green’s function of electrons 
in a normal metal in the absence of impurity atoms. 


The corresponding quantity in the pure metal By 
as was found in reference 1, depends on the ae 
netic field in simple fashion: 


6, (r, r’) = exp {ie (A(r), r—r’)/c} Ga (r—r’), (4) 


where ©,)(r—r’) is the Green’s function of nor- 
mal electrons in the absence of a field. The de- 
pendence of Gy. on the field has precisely the 
same form 


Gy. (r, r’) = exp {ie(A(r), r—r’)/c} Gya(r, r’), — (4’) 
where Sy,,(r, r’) is the Green’s function in the 
normal metal in the absence of impurities, but 
without a magnetic field. Actually, the twisting 
of electrons in a magnetic field is very small, 
the radius of twisting being much larger than the 
free path length. Therefore, scattering on im- 
purities takes place independent of the motion in 
the magnetic field. 

Equation (3) should be averaged over the posi- 
tion of each atom of the impurities at distances 
large in comparison with interatomic distances. 
The function A(r) is slowly changing since the 
functions Gy, oscillate rapidly at atomic dis- 
tances (~1/p)); therefore, averaging in (3) leads 
to an average of the corresponding combinations 
of functions Syw(r, re Ns 

In accordance with what has been said about 
the dependence on a magnetic field, one can take 
the phase multipliers in (4’) out from under the 
averaging sign. After averaging, Eq. (3) has a 
much simpler form. Getting ahead of ourselves, 
we can point out that the essential distances in the 
integration will be distances of the order of the 
free path length 1 if 1«K &) =hv/27kTg, and of 


the order é) if 1 > &). Further, close to Tg the 
change of A and of the field takes place at dis- 
tances much larger than when the same quantity A 
is small. Repeating the discussions of reference 1, 
we can, for example, take all A and A* interms 
of third order in (3) out from under the integral at 
the point r and neglect the dependence on the field 
(4’), after which it is shown to be necessary to 
compute the constant 


B=T.>)\\\ Gye © ¥) Gye (1) Gye (tn, l) Gy. (1) 


x @sd3md?'l, (5) 


in this term, where the bar indicates averaging 
over the position of the impurity atoms. 
If we introduce the notation 


Q(r—r’)=T by Gy. (r, r’) Gy_. (r, r’), (6) 


then, by consideration of (5) and (6), we can write 
Eq. (3) in the form 


g1d* (rt) =) Q(r —r’) exp (2ie (A (r), r—1')/c} 
x A* (r’) dr’ — B| A (r) PA* (r) 


Expanding the expression under the integral in the 
second term on the right side in terms of second 
order in r —-r’, we get 


g1A* (r) = A* (1) | Q(R) OR + 7 (F4-BieA (nr) A* (1) 
1) Q(R) R°d? R— B| A(r) PA* (0). (7) 


To obtain the constants in (7) it is consequently 
necessary to calculate the average in (5) and (6). 

A diagram technique has been developed in the 
work of Abrikosov and the author, and also in that 
of Edwards,® by means of which it is convenient 
to perform the averaging over the location of the 
impurity atoms. Each scattering of an electron 
by an impurity atom leads to a factor u(q) 
x exp {iqer, } in the expression for the Green’s 
function in the momentum representation, where 
q is the forward momentum, and u(q) is the 
Fourier component of the potential of the impurity 
atom. In averaging over ra, inasmuch as |q| 
~ py essentially, this factor vanishes only if there 
is no term in the averaged expression correspond- 
ing to scattering by this very atom, but with 
q’ = —q; in this case there appears |u(q) |? 
— a quantity proportional in the Born approxi- 
mation to the probability of scattering with ex- 
change of momentum q. Thus, in the averaging, 
it is necessary to throw away pairwise all scat- 
terings by identical atoms. If we represent scat- 
tering by each atom by a cross on the diagram, 
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then in the averaging it is necessary to connect 
two crosses, corresponding to scattering by iden- 
tical atoms, by a line. In the matrix element 
n|u(q) |? corresponds to such a line, where n 

is the number density of the impurity atoms. Ac- 
cording to reference 6, if the dotted line on the 
diagram includes a vertex with a large transferr 
of momentum, then the corresponding contribution 
from this diagram is small (~1/pgl ) and it can be 
discarded. 

Averaging of the Green’s function itself leads 
to the factor exp{—|r-—r’|/2l}, which must be 
multiplied by the Green’s function of the pure 
metal. Here the mean free path /=vT inthe 
Born approximation is directly connected with 
the potential of the impurity atom: 


1 
Stes namo = \ le ( | w (q) (2 do. 
Tt (2)? 


Averaging of the product of several functions, 
which takes place in (5) and (6), is somewhat more 
complicated. Let us first consider the averages: 


Ka (t 


We introduce the Fourier components 


—s, r’—s) = Gya(r, s) Gy_m(r’, s). (8) 


Ko (X, y) = (2n)-* | eto K, (Bs, Pa) @ Pda. 


The product of the two Green’s functions in (8) 


ee 


is shown graphically in Fig. 1, where the crosses, 
as indicated above, express scattering by individual 
impurities. In the averaging, in correspondence 
with the program that we have outlined, we shall 
connect the crosses with one another pairwise in 
all processes by dotted lines, which corresponds 

to scattering by one and the same impurity atom. 
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In Fig. 2 diagrams are shown of lower orders 
which arise as a result of such averaging. As 
has been pointed out, diagrams with an inter- 
section of dotted lines are not important in this 
group. All dotted lines joining points together 
that are located on a single electron line evidently 
give the following Green’s function for the corre- 
sponding line: 


LL. PS GOR KOYV 


OF (r —r’) = exp {—|r—r’ |/21} Ge (r — r’). (9) 


Taking this into account, it is easy to write 
down the integral equation which Kw (Py, Pz) 


satisfies: i 
Ke (Pi, P2) = So (Pi) Go (Pe) 


xf ash iu iP) P Ko (0, Bo) iI, 
where py +P) =P, +p, =q. This equation sums 
the set of diagrams shown in Fig. 3, where the 


electron line must now be compared with the av- 
erage Green’s function ae 


FIG. 3 


(10) 


The kernel Q(r-r’), in terms of which the 
first two coefficients in Eq. (7) are expressed, is 
evidently connected with (8). We write down the 
expression for the Fourier component Qq in 
terms of K,)(P4, Po): 


Qq = T (2n)-3 D}\ Kw (p, p—a) ap; 


Then, as is seen from (7), the constant which we 
must determine is simply 


Qo = J Q(R) aR, — 0°Q,/09? |\q=0 = \ QR) R2d®R. 


Therefore, in the calculation of Ky(p, Pp—q) we 
must consider q to be small and limit ourselves 
in the expression for Ky(p, p—q) to terms of 
second order in q. 

For the solution of Eq. (10), it is useful to in- 
troduce the notation 


Lo,a.p = (22) \|u (p—P’) Ko (P', p’ — 4) ap" 


The equation for this quantity is obtained in obvi- 
ous fashion after multiplying (10) by n(27)73 

x |u(1—p)| and integration over p: 

Lo,a,p =n (2x)-8 \| u(p —p’) PG (p’') @, (a —P’) 
moive (11) 


In accordance with reference 6, we have the fol- 
lowing simple expression for the components of the 
Green’s function 6]7,(p): 


Se IL! iene 


©) (P) =[mo—414, = 0(p— po), Y=14 1/2t/o| 


The product of the two Green’s functions under 
the integral in (11) quickly falls off upon increas- 
ing distance from the Fermi surface. Integration 
over € can easily be completed. It is evident that 
because of the slow dependence of u ( P-p’) on 
the quantity p, only the dependence on the direc- 
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tion of the vector p (|p| ~ py) enters into Lw,q,p- 
The equation takes the form 
Weenie 720. \ eden) Yorg wll + Lye otdop. (12) 


where 


Yo,q,p = (2| 0% |)—! [1 — qp/2imoy)]— (12’) 


‘is the result of integration of the product of two © 
functions in (11) over é. 

We limit ourselves only to calculation of Qp. 
In (11), q= OF Vu,0,p’ = 4/wn| and Lw,0,p 
= 3 T|w|. Then, in accord with (10), 


Ke (p, p) = 18; (p) & , (p). 


In the calculation of Q), before summing over 
all frequencies in the expression 


Qo = TY (2x) | dG; (p) &, (p) 1 


(13) 


we must satisfy ourselves, by integrating the dif- 
ference G7,(p) @7.,(p) n — G,,(p) @_,)(p), that 
Q,) for alloys coincides with the corresponding 
integral for the pure metal: 


AT py d 
Qo = LL >} Can \ d*pG., (p) ONE (p) = au Dee 


(w= xT (2n + 1)). 
Completing the summation, we find 


Qo = ee \ agemGe 
The divergence in this integral for large & 
must be eliminated by a cut corresponding to the 
fact that only electrons found in a layer within a 
distance @ fromthe Fermi surface interact in the 
model under consideration.” In accordance with 
reference 2. 


MP 207 _ mPpo neat 3) 
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No difficulty arises in finding — 8°Qq /2qj |q=0; 
differentiating Eqs. (10) and (12) with respect to q, 
we obtain, after some calculation, 


— 07Qe | 09? \g=o = (Po/2*) (x0°T/2) Dea 


oO 


where 
Me =14t12rlo|, w= no \ (de/do) (1 —cos 6) do. 


Finally, the average (5) is computed in the fol- 


lowing fashion. The product of the four Green’s 
functions in the integral (5) is drawn in Fig. 4. 
Their average over the position of the impurity 
atoms, in accord with the method employed, leads 
first to the diagram of Fig. 4a, in which now the 
average Green’s functions appear. There will be 
other diagrams such as those in Fig. 4b, for ex- 
ample. These diagrams represent a modification 
of the corresponding vertices and are summed by 
means of Eqs. (10) and (12). In addition, there are 
two types of diagrams shown in Figs. 4c and 4d. 

It is not necessary to consider other diagrams, 
inasmuch as the diagrams with the intersection 

of dotted lines make a small contribution, accord- 
ing to the results of reference 6, while diagrams 
such as those shown in Fig. 4e contribute nothing 
in the integration over the internal momentum 1, 
since the product of two @ functions appearing 
under the integral has a pole for & only in a single 
halfplane. 


Figure 5 shows the final form of the diagrams 
which are to be computed; the heavy dots at the 
vertices correspond to summation of all correc- 
tions to the vertex according to Fig. 3. Inasmuch 
as the momentum q =p; +p, =0 in Eq. (5) at all 
vertices, this means that the heavy dot corresponds 
to the factor 7, as was found in (13). The integral 
and sums over the frequencies are easily computed: 


B = (mpo/2n2) (76 (3)/8 (®T)”), 


where £(x) is the Riemann function, ¢(3) =1.202. 
Substituting the results obtained above in Eq. (7), 
we find the following equation: 


2, 4 ea 
I 


[KG : 7E (3 
\on (= —2ieA (r)) ee T : 


8 (xT 


1 1 (r) Pla (7) = 9, 


c c: 


which differs from the corresponding equation of 
reference 1 only in the expression for Ar: 


he = rox (0), (14) 


where Ay is the corresponding coefficient for a 
pure superconductor, Ay = 76 (3) en loner and 
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eS \ { 
xe) = 7¢(8) — (Qn +1)? |[2n +1+p] 


xt ie +3 {#z)—2 +e) 


(for p—0, xX(p)—1, while for p—o, xX(p) 
~ m/7¢6(3)p). Here, p=37TcTtr, ~(x) is the 
logarithmic derivative of the IT function. 

For the determination of the value of the elec- 
tromagnetic current, it is necessary to know the 
contribution of second order in |A| to the Green’s 
function. Repeating the derivation given in refer- 
ence 1, we obtain 


68g (ier) = —\Gv. (r,s) A 
x A* (1) Gy_o (I,s)d2la’s. 


(15) 


(s) Greo(l, Le mY 
(16) 


As above, the averaging over the sites of the 
impurity atoms of a combination of three Green’s 
functions of the normal metal does not show any 
dependence of the integrand on the magnetic field. 

In the determination of the current, 
j(t)= 

ie 


ale Ea (Wie 


m 


Vr) G (x, x’) AW — A (r) G c=) ie tvv=—t+o (17) 


a Green’s function appears with coinciding argu- 
ments; therefore, in the averaging of (16), it is 
sufficient to limit ourselves to this case. Consid- 
ering the field to be weak, and A(r) to be of the 
order of 1, changing slowly with distance, we 
carry out the corresponding simplification in (16) 
and (17). We shall not linger over the calculations, 
limiting ourselves only to the scheme of averaging 
over the impurity in Fig. 6, which represents the 
corresponding diagram which must be summed. 


FIG. 6 


We note that the corrections to the vertex into 
which enter two Green’s functions with the same 
frequency are absent, inasmuch as such correc- 
tions lead to the integration of products of two 6 
functions with poles located in one halfplane. After 
computation we obtain the following expression for 
the current: 


j(r sg Bg) EAP ya 


m Or 


If we introduce the “wave function” ~(r) con- 
nected with A(r) by the relation 


Le P.. GOR*K OW. 


b(r) = [x (9) 76 (3) N/16n° PZ)” A (r), 
then the resultant system of equations can be writ- 
ten in a form corresponding to the equations a the 
phenomenological pad of Ginzburg- Landau:® 


{ial eA) mal ees ng tor)e =0 
1-2 —o 8) —Saciyr 08) 


The most interesting part of ae result is the 
two-fold charge which figures in the equations. The 
existence of bound pairs of electrons in the BCS 
theory makes this result entirely understandable. 

In this light, the meaning of the wave function 7 (r) 
of the Ginzburg-Landau theory as a quantity propor- 
tional to the wave function of a bound pair (more 
precisely, the coordinates of its center of mass) 
becomes clarified. An identical result was obtained 
by us for a pure superconductor.! 

The difference of alloys from the case of a pure 
metal lies, as is well known, in the constant k 
which appears in the phenomenological theory of 
Ginzburg-Landau, and which is determined (with 
consideration of the double charge) by the relation 


x = V 22H ordz/hc, (19) 


where HeT is the critical field, and 67 is the 
penetration depth close to Tg which is tempera- 
ture dependent. 

The equations (18) permit us to find the connec- 
tion of the constant « for alloys with ky) of a pure 
superconductor, and to express it in terms of the 
parameters of the BCS theory. The constant k 
for alloys is equal to 


% = Xo/Z (9), 


where the function xy(p) has been introduced 
above in (15), while ky for a pure metal is ex- 
pressed (according to reference 1) in the follow- 
ing form: 


3), =91:202)a4 (20) 


In the relations that have been obtained and in 
the determination of p = 37TcTty, four parameters 
generally appear: Tg, m, py for the pure metal, 
and the “transport” time of the free flight tty. For 
pure superconductors of the London type and for 
intermediates, i.e., such for which throughout the 
whole temperature range the penetration depth is 
larger or comparable to the correlation length £é, 
=hv/27Te, an appreciable temperature region 
close to Te exists where one can use the relations 
(19) with the experimental values of Hg and 6, 
for the determination of Kk». The theoretical ex- 
pression? for 6) close to Te has the form 


%9 = (3nT me, e) VY Qnmj7E (3) p> (C( 
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89 = do./V2(1—TI/T.) (50. =V me?/4nNe*) (21) 


In the isotropic model under consideration, the 
time between collisions tty can be expressed in 
terms of do], and the conductivity o: 


tr = 4nod),, /c?. (22) 
In terms of these quantities 
p = he?/8nkT 08} (23) 


The function x(p) is shown graphically in 
Fig. 7. We also give the formula which connects 
the penetration depth of a weak magnetic field for 
an alloy with the penetration depth for the pure 
superconductor 


6 = 8/V x6). (24) 


If the quantity of impurity is sufficiently large, so 

that 1 <«< &), the equations are simplified. In this 

case, x for alloys can be expressed only in terms 
of the parameters of the normal metal: the coeffi- 
cient in the linear law for the heat capacity y and 
the conductivity o: 


x = (ecy'h/okn®) V 21C (3)/2m = 0.065ecy"2/ck (25) 

For metals of the Pippard type, i.e., those for 
which at low temperatures the penetration depth 
is much smaller than the parameter £é), chief in- 
terest lies in the latter formula. This is connected 
with the fact that for a pure superconductor of the 
Pippard type, the London region of temperatures 
close to Tc, where the Ginzburg-Landau equa- 
tions hold, is very narrow (for aluminum, AT/Te¢ 
~ 10"). The presence of impurities enlarges this 
region. In order that this region be experimentally 
accessible, it is necessary that 1 « &). 

Equations (20) and (25) permit us to determine 
the critical concentration of impurities for which 
the superconductor in a strong field begins to re- 
veal the characteristic peculiarities of alloys. As 
is well known, the surface energy on the boundary 
of separation between the normal and superconduct- 


ing phases vanishes for kKgy =1/V2. At the same 
time, the critical field of supercooling is made 

equal to the critical thermodynamic field, while 

for large x it exceeds it. Therefore, for k >1/V2, 
the transition in the magnetic field from the normal 
to the superconducting state begins at fields larger 
than the critical field Het of the pure supercon- 
ductor, namely at the field Hg; =V2 KHeTp. This 
peculiarity of alloys was pointed out by Abrikosov. 
For Pippard superconductors, xk =1/V2 is 
achieved at such concentrations of impurities that 
l<« & ; therefore, it follows from (25) that for the 
critical amount of impurities, the residual conduc- 
tivity is connected only with the coefficient y in 
the linear law for electronic specific heat ogy 

= 0.092 ecy2/k. 

The linear dependence of He-t/Hg, on the path 
length 7 for contaminated alloys on the basis of 
phenomenological considerations was first pointed 
out by Pippard.’ For 1 « é), the formula for the 
penetration depth was obtained in the work of Abri- 
kosov and the author.® 

We note that, as experiment has shown,®”” the 
actual region kK ~ 0.7 corresponds, for example, 
in the case of an alloy of tin and indium, to 1~ 5 
x 1078em (or a concentration of indium ~ 3 per- 
cent). For such concentrations of impurities, there 
is a certain insignificant shift in the temperature? 
(ATe/Te ~ 5 percent). We shall neglect this ef- 
fect, assuming the number of impurities to be so 
small that we do not have to take into consideration 
their effect on the fundamental lattice. At high con- 
centrations, it appears that such an approximation 
is improper. However, it is possible to assume, 
that the relation (25) will still hold in such alloys, 
inasmuch as there appear in it only quantities 
which refer to the normal metal. The coefficient 
in the linear law for the specific heat y must be 
introduced in this case for the alloy itself. 

The available experimental data refer to tin.®> 
In the work of Dodge,” the transition in a magnetic 
field from a normal phase to the superconducting 
phase was studied for an alloy of tin and indium. 
For concentrations of indium of about 3 percent, 
this transition has the usual character; for higher 
concentrations, the appearance of the superconduct- 
ing phase occurs at fields larger than the critical 
thermodynamic field. The ratio HeT/Hg, i-e., 
the value x(p)/V2 k) is plotted in Fig. 8 asa 
function of the mean free path length 1. (We have 
made use of the result of the research of Cham- 
bers?! for tin: g/l = 8.5 x 10”*, by means of which 
one can express p in terms of the mean free path 
length: p=2%10°/l.) For pure tin, kp = 0.158," 
the value of xk of the alloy (0.707) corresponds 


(( 
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in the calculations to 1 ~ 5.5 1078cm, while the 
experimental value is somewhat less than 8 x Lome 
cm. 

Taking into account the known crudeness in the 
determination of dp], (we have used doz, = 599 /V2 , 
where 6o) is the coefficient in the law for the skin 
depth 


$= 89/V 1— (T/T), 
is equal to 69) = 5.1 X 10°-8em), one can consider 
the agreement to be excellent. 
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Results are shown in Fig. 9 of a comparison of 
the formula (24) for the skin depth with the results 
of Pippard,® which apply to an alloy of indium and 
tin with a concentration up to 3 percent of indium. 
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We note that the proportionality of the penetration 
depth 1-¥/: 2 is still not attained for such concen- ‘ 
trations. 

In conclusion I express my deep gratitude to 
Acad. L. D. Landau for his interest in the work and 
for the comments that he has made. 
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The approximate form of the magnetohydrodynamic equations has been obtained for a fluid of 
low electrical conductivity (small magnetic Reynolds number) in an external magnetic field. 
Several characteristic problems which illustrate the physical behavior of such a liquid in a 


strong magnetic field are examined. 
1. GALVANIC APPROXIMATION 


As is well known (cf. for example, references 
1—3), in magnetohydrodynamics there are addi- 
tional characteristic dimensional quantities beyond 
those in ordinary hydrodynamics: the Alfvén veloc- 
ity, ca = B(4mup)/, and the magnetic field dif- 
fusion coefficient, Dm =c?/4muc. Here, B is the 
magnetic induction, p is the density, o the elec- 
trical conductivity, and p the magnetic permea- 
bility of the liquid, while c is the velocity of light. 
To these correspond two additional dimensionless 
similitude criteria, the magnetic analogs of the 
Mach number, v/ca, and of the Reynolds number, 
Re y/ Dre Or Rm = 1-w/Dm (l,-v, and ware 
respectively the characteristic linear dimension, 
the velocity, and the frequency). The magnetic 
Reynolds number characterizes the entrainment of 
the magnetic lines of force by the liquid in its mo- 
tion. If Rm > 1, the lines of force behave as 
though frozen in the material — this is the case 
which is usually considered in magnetohydrody- 
namics, astrophysics, etc. We consider the other 
limiting case: Rm «1. The equations used below 
can be obtained from the equations of magnetohy- 
drodynamics by an expansion in powers of Rm, 
but it is more convenient to introduce them directly. 

The volume density of the electromagnetic forces 
f is 


f=c™[jxB], (1.1) 


where j is the current density. The currents 
which arise in the liquid are proportional to its 
electrical conductivity (small), but may result 
in the appearance of rather large forces if the 
liquid is located in an external magnetic field. 
This is the case which is considered here. 
Because of its motion, an emf of order (v/c)B 
and a current of order o(v/c)B are produced in 
the liquid. The magnetic field due to this current 
is of order B; ~ RmB and can be neglected when 


Rm «1. The variation of B, produces an induced 
electric field E, ~ Ry(vB/c) which is always un- 
important when Rm <1. Thus, in the approxima- 
tion being used here it may be assumed that the 
magnetic field is given and equal to the external 
field. This field satisfies the equations div B = 0 
and curl B=0 (we assume that pw is independent 
of the coordinates or is approximately unity). 

In determining the force f it is sufficient to 
consider only the currents which are produced in 
the liquid; the fields produced by these currents 
can be neglected. This approximation may be 
called the “galvanic” or non-induction approxima- 
tion. 

The current density in the moving liquid is 


i = (</c) {IvxB] — Vp — 9A /4t}, (1.2) 


where q is the scalar potential (in magnetic units, 
i.e., P=CPabs), A is the vector potential of the 
magnetic field (external) and curl A=B. We use 
the gauge condition div A=0. As in “galvano- 
statics” the equation for g is obtained from the 
condition that the charge is neutralized. 


divj —0. (1.3) 
For a uniform liquid this condition yields 
Ag = Bcurl v. (1.4) 


If the conductivity is a function of coordinates, how- 
ever, we have 


Ag = Beurl v—c(jV)o?. (1.4’) 


Equation (1.1) for the volume forces assumes the 
form 


pss a {tIvxB] x B] — [VpxB] — [ = 


(1.5) 


Bit 
This force appears in the equation of motion of the 
liquid 

e(dv/ot + (vV)v) = — Vp -+ pg + Vv =f. 


Here p is the pressure, g is the acceleration of 


(1.6) 
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gravity, the viscosity force is written for an incom- 
pressible liquid, and the viscosity is 7 = pv. 

In the galvanic approximation, in addition to the 
equation of motion of the liquid it is necessary to 
have one scalar equation (1.4), which does not con- 
tain differentiation with respect to time; on the 
other hand, in true magnetohydrodynamics it is 
necessary to add a vector equation for 0B/dt. 

We assume that the magnetic field is constant, 
dA/dt = 0. If the currents produced by the induced 
emf c !(v x B) can flow freely, the interaction of 
the liquid with the magnetic field results in an ani- 
sotropic “friction force” f= —(oB*/c*)v,, where 
v, =v - (v:B)B/B’. If however div (v x B) 
= B-curl v 40, in accordance with Eq. (14), 
charges will be produced and will create an elec- 
tric field —Vgy. Charges and an electric field are 
also produced if the boundary conditions are such 
that the currents (o/c)v x B cannot flow freely. 
In these cases the interaction of the liquid with the 
magnetic field does not produce magnetic friction 
and is not localized but, as before, the force f is 
a linear function of velocity. Since g is linear 
in v (if the boundary conditions are linear), in 
the general case f is a linear function of the 
velocity taken at the same instant of time. 

We may note that the magnetic field and the con- 
ductivity appear in f only in the combination cB’. 
In the galvanic approximation this is the only addi- 
tional dimensional parameter which appears beyond 
the usual hydrodynamic quantities. 

In our analysis we shall consider a uniform in- 
compressible liquid in a uniform magnetic field. 

In this case it is possible to obtain a convenient 
equation for the force f directly. Assuming that 
div v=0, from Eq. (1.2) we find 


curl j = (s/c) (BV) v — (o/c) OB / ot (E77) 
and, using Eqs. (1.1) and (1.3) 
curl curl f = (cB? /c?) (bV)* v, (1.8) 


where b=B/B is a unit vector in the direction of 
the magnetic field. It is apparent that in the inter- 
action of the liquid with the field there is a consid- 
erable change in the velocity component in the direc- 
tion of the field. 
Viscosity effects and the Joule heating effects 
cause dissipation of energy; this energy is given 
by 
Q» = (4/2) (00; / Ox4 + Ovp / Ox;)2, 
Qs = J? / 9 = (¢/c*) ([vx B] — Vo). (1.9) 


If Vg =0, the Joule dissipation can be regarded 
as the result of magnetic friction: 
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Qo = —- fv = (oB?/c*) v1. 


In order-of-magnitude terms the ratio of the 
magnetic force to the viscosity force and the ratio 
of the corresponding dissipations are determined 
by the dimensionless Hartmann number, M = xl, 
where 


2 = oB? | 102. (1.10) 


The ratio of the magnetic force to the inertia force 
is determined by the dimensionless number 


N pd OS Hel SaVRG 
where R is the Reynolds number, 


Ke = 0B? / ac. (1.11) 


Which terms predominate in the equation of motion 
depends on the relative magnitudes of the quantity 
oB’, the velocity, and the linear dimensions. 

1. If oB* is very small, so that M <1, the 
magnetic field has only a small effect on the~motion 
of the liquid which, in the first approximation, is the 
same as in ordinary hydrodynamics. The chief new 
effects are the production of currents and potentials 
which, for a given velocity distribution, are deter- 
mined by Eqs. (1.2) and (1.4). These effects can be 
used, for example, for measuring velocities. From 
a knowledge of the current one can find the force f; 
then, substituting in Eq. (1.6) if necessary, it is 
possible to determine the small corrections to the 
velocity and pressure. This case is typical for 
electrolytes; for example for a 25% solution of 
NaCl in water o=2%x10!! and for B= 103 gauss, 
k =0.15 cm7!. For liquid metals under laboratory 
conditions it is easy to make M > 1. 

All the numerical examples below are given 
for mercury: the pertinent parameters are as 
follows: o = 0.95 x 10!® sec™!, p = 13.6 g-cm73, 

n = 1.56 x 1072 g-em™! sec™!, v = n/p = 1.15 x 1073 
em? sec™!, Dm = c?/470 = 0.75 x 104 em? sec™!. 
For B= 103 gauss, K = 26 em™!, Ym = 0.78 sec™!, 
The ratio R/Rm =Dm/v =1.5 x10" so that the 
galvanic approximation applies for values of the 
Reynolds number up to R < 10". 

2. At large values of the Reynolds number it is 
possible to have M>1, but N <1. In this case 
the magnetic forces are small compared with the 
inertial forces and the behavior of the liquid is 
approximately that of an ideal liquid. If the motion 
is laminar the magnetic forces play an important 
role in the dissipation of energy (damping of os- 
cillations etc.). Furthermore, the magnetic forces 
change the nature of the boundary layers and this, 
in turn can change the flow as a whole and the sta- 
bility conditions as, for example, in flow in tubes. 
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Flow between parallel planes has been shown theo- 
retically* and experimentally° to be stable ina 
transverse magnetic field up to R~ 10°M. Ifa 
turbulence develops, however, the effect of the 
magnetic field is small. For motion on the basic 
scale the magnetic forces are small compared with 
the inertial forces since N «<1; however, the fre- 
quencies of the turbulent motions increase with a 
reduction in scale and in all smaller scales it is 
certainly true that N=7my/w «1. When dy 

~ IRS ‘however, where the basic dissipation 
occurs (cf. reference 2, §32), the viscosity domi- 
nates: Ky ~ N’/?R-Y/4 «<1 so that the magnetic 
forces are also unimportant in dissipation. 

3. The effect of the magnetic field is most pro- 
nounced when M >1, N > 1, in which case the 
force f dominates. The high Joule dissipation 
characteristic of this case has a stabilizing effect 
on the flow. Stuart® has shown, for example, that 
Poiseuille flow between plates is stabilized by a 
longitudinal magnetic field when N 20.1. How- 
ever, the stabilizing effect of the Joule dissipation 
may be insufficient if the production of the insta- 
bility is associated with small-scale high frequency 
motions, for which N is already small. This is the 
case, for example, in the experiment carried out by 
Lehnert.’ Turbulent motion for M >1 and N>1 
is also subject to a strong effect of the magnetic 
field, which plays a decisive role in motion of 
large-scale vortices and may change the entire 
motion pattern. 

At small Reynolds numbers, if curl (v-V)v =0, 
because of symmetry, from Eqs. (1.6) and (1.8) we 
can obtain the following equation for stationary 
flows; this equation determines the “leakage” of 
the fluid through the magnetic field: 


AAy —x2(bV)2v = 0. (1.12) 


From Eqs. (1.4) and (1.6), curl f= ce '(B:V)j and 
Eq. (1.2) we obtain the same equation for ¢: 


AAg — x? (bV)?o = 0. (ep) 

Equation (1.12) for curl v has already been ob- 
tained by Lehnert® for stationary small perturba- 
tions by linearization of the equations of magneto- 
hydrodynamics with an arbitrary conductivity. 

Suppose that a characteristic dimension of the 
system in the direction perpendicular to the field 
is 1, and along the fieldis J). When M=xkl >1 
both terms in Eq. (1.12) may be of the same order 
if ly ~Kt«l or ly~ kl? > 1. An example of a 
solution of the first type, which describes a per- 
turbation transverse to the field, gives the bound- 
ary layer formed in the Hartmann’ analysis of flow 
between plane plates in a perpendicular magnetic 
field: 
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v = U)[cosh xh —cosh x (h — y)] /cosh «A. (1.13) 


The magnetic field is along y, the velocity along z, 
and the distance between the plates is 2h. 

A solution of the second type describes perturba- 
tions which are along the magnetic field. For ex- 
ample, they may act like tangential discontinuities. 
Equation (1.12) is satisfied by the expressions 
vV=c,Vv,+cC_v_, where v4, represents solutions 
of the equation 


{A -- x (bV)} v4 = const... 


Let B=By, v=vz and 8/az =0. If we neglect 
o*/ay? compared with 97/dx? in the A operator, 
the curly brackets will contain the same operators 
as those in the usual thermal-conductivity equation 
so that we can write the approximate solution imme- 
diately: 

=2o(/ 2 ), @ - 2h era 
i ORE iia ia (1.14) 
This solution describes the velocity jump from 
—v)/2 to +v)/2 at x =X . The effective half 
width of the discontinuity 6 is 


If K(yyt+y) >1, 8*/dy? can be neglected com- 
pared with 02/dx?. 

We now compute the current. From the equilib- 
rium equation f, + nAv = 0, we obtain jy = —(c/B) 
x nAv; however, Av = Kdv/dy so that jx =—Von 
x dv/dy. Then, integrating Eq. (1.3) we have jy 
= Von dv/ox. Thus, Vonv(x, y) isa function of _ 
the current for the vector j. The “surface” current 
flowing along the discontinuity is Jy = fiydx = Von vo 
or 


(1.15) 


J, = —V on ([nxv]}, + [nxv].); 


the subscripts 1 and 2 refer to the left and right 
side of the discontinity, n,, corresponds to the 
corresponding inward normals. Knowing the cur- 
rent, it is easy to find the potential gradient 9p/dy 
= —(B/k) dv/ox, 8~/8x = -vB + (B/k) dv/dy. 
Whence it is apparent that there is a tangential 
discontinuity in the charge and the discontinuity 

in the electric field is 


(1.16) 


(Og / Ox). — (Op / 0x), = — vB. (lel?) 
These same results apply if there is a fixed pres- 
sure gradient 0p/dz = —I; it is only necessary to 
add the constant terms jx(«©)=-—cI/B and cI / 
oB, to jx and dy/6dx. 

The tangential discontinuity may also be re- 
garded as a jet of electric current along the mag- 
netic field. In the “galvanostatics” of solid con- 
ductors such jets are not possible because the 
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current tends to flow along the line of least re- 
sistance and diverges to a large cross section; 

in a liquid, however, the force due to the jx com- 
ponent produces a velocity vz, which in turn re- 
sults in an emf which supports the current in the 
eb. 

Changing the sign in front of y in Eq. (1.14) we 
obtain the solution v_, which corresponds to the 
current J_ and differs from Eq. (1.16) only in 
sign. 

It will be shown below that in the motion of a 
liquid the current frequently appears only in thin 
layers and has a surface density von v. In these 
cases the region of applicability of the galvanic 
approximation can be expanded since the magnetic 
field which is produced is of order B, ~ (4mu/c) 
xVonv~ (Rm/M)B rather than RpmB. 


2. SMALL OSCILLATIONS 


In small oscillations we can neglect the quad- 
ratic term (v-V)v. The equation of motion is 
written in the form 


Ov/Ot=yvy?v+F, divv=0O, (2.1) 


where F =—Vp’/p +f/p and p’ is the deviation 
of the pressure from the equilibrium value po. In 
accordance with Eq. (2.1), div F=0, and from 
Eq. (1.8) we have 


AF = — Ym (bV)2v. (2.2) 


Volume waves. Weconsidera plane wave in which 
all quantities are proportional to exp(ik-r iwt). 
From Eqs. (2.1) and (2.2) we find that the possible mo- 
tions for aplane wave are two slipping motions vk, 
which are damped with the same decrement 


@ = —i(vk? + Ym(bn)?), (2.3) 


where n=k/k. The magnetic damping is due only 

to the field component parallel to the gradient. The 

perturbation of the motion is found from div F = 0; 

the quantities j and @ are found from Eq. (1.7) 

and Eq. (1.4): 
i 


= ar (bk) (by), 


5 o B2 
Vy OK) KX, 


Thus, in the galvanic approximation magnetohydro- 
dynamic waves are not possible. The small con- 
ductivity leads to the appearance of an additional 
mechanism but, in contrast with the high-conduc- 
tivity case, there is no elastic restoring force. 
When w ~ Ym, Rm = ¥m/Dypk?; this result has 
been obtained by Lundquist;!" the galvanic approxi- 
mation applies if Rm is small. For mercury with 
B=10 gauss, k=1cm™' and Rin "108" 
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If the compressibility of the liquid is taken into 
account we find that in addition to the damped slip- 
ping motion it is also possible to have longitudinal 
sound waves with frequencies given by w = Cgk. 

The acoustic velocity is large (for mercury Cs 

= 1.5 x 10° cm/sec) so that it is not very sensitive _ 
to the magnetic field (Ym « w); however, the damp- 
ing of the acoustic wave may be a strong func- 

tion of magnetic field. The current (o/c) vx B 
flows freely along k xB so that the Joule dis- 
sipation can be regarded as the result of mag- 
netic friction. The mean dissipation rate is 

oB*/e? yt = Ym (b xn)? pv’, where pv’ is the 
energy density of the wave and the magnetic damp- 
ing is 


Ymag = [bn]? Ym /'2. (2.5) 


We note that this quantity is anisotropi¢ and in- 
dependent of frequency. Equation (2.5) applies only 
when Rm =c%/wDm <1, i.e., for high (and not 
low!) frequencies; for example, w > 10° for mer- 
cury. The ratio of the magnetic damping to viscos- 
ity is of order Vy /vk? = x*k?; with w ~ 10° sec}, 
k~10cm™ and B= 104 gauss, this ratio is ap- 
proximately 103. 

Surface waves. Suppose that the z axis is 
vertical and the x axis is in the direction of prop- 
agation, so that all quantities vary as exp (ikx —iwt). 
The unperturbed surface is given by z = 0 and the 
perturbed surface by z = £= £ X exp(ikx —iwt). 

The unperturbed pressure is py) = —pgz. We limit 
ourselves, for simplicity, to the case in which vis- 
cosity can be neglected k? < «?. In this case the 
boundary conditions at z = 0 (with surface tension 
taken into account) assume the form (cf. refer- 
ence 2, §61) 

v2.(2=0)=—iwl, p’'(z=0)=(eg+ak*)t, (2.6) 
where a is the surface tension coefficient. An 
additional condition at the surface is jz =0. 

It is apparent that it is sufficient to consider 
the velocity components vx and vz, taking Vy 
= 0. In this case the force F, as follows from 
Eq. (2.2), has no y component; curl v and the 
current density j are along the y axis so that 
the condition jz(z=0) =0 is satisfied trivially. 
Thus, By of the magnetic field has no effect on 
the wave. 

We seek a solution proportional to e™4 and 
introduce the complex vector q(k, 0, -im). From 
Eqs. (2.1) and (2.2) we find the condition which 


must be satisfied for a non-trivial solution 
iog? = Ym (bq)?, (2.7) 


and also q-v = 0. The quadratic equation (2.7) 
determines m; we must take values which give 
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damping inside the liquid, Rem>0. The expres - 
sion for p’ can be obtained by replacing k by q 


in Eq. (2.4). Using q'v = kvx—imvz =0, we can 
express vx and p’ interms of vz: 
p’ / 0 = (iw/k) (bq) (mb, — ikbz) 02. (2.8) 


Here we have also made use of Eq. (2.7). Substi- 


tuting Eq. (2.8) in Eq. (2.6), we obtain the relation 
for the frequency: 


w? (mby — ikbz) = w? (bq), (2.9) 


where wy is the frequency in the absence of the 
magnetic field: 


wo? = gk + ak? /p. (2.10) 


After some elementary algebraic transforma- 
tions, we obtain from Eqs. (2.7) and (2.9) 


m/R = (w%by + wibz) (wb, + wid), — (2-11) 


ot — 08 + wim (02 +62) = 0. (2.12) 


If Ym «K w, damped oscillations are possible: 


© = ©) — (itm / 4) (02 + 83). (2.13) 


The motion in this case is approximately potential 
motion, m *k, as is to be expected for N «1. 
However, if ym >w the perturbations of the sur- 
face are damped aperiodically: 


© = — inm (by + 02). (2.14) 


These results agree with the experimental data. It 
has been found in reference 8 that in a field of 10* 
gauss surface oscillations in mercury are com- 
pletely suppressed. Under these conditions ym 

= 78 and the oscillations are damped rapidly; when 
k<4cm!, generally speaking it is impossible to 
have oscillations at all. 


3. FLOW ALONG A TUBE 


We consider stationary flow of a liquid in a long 
tube transverse to the magnetic field. We take the 
z axis along the axis of the tube: v =vz and B 
= By. All quantities are independent of z except 
for the pressure, which has a constant derivative 
in this direction.* This problem has been solved 
by Schercliff!! for a non-conducting tube with cross 
section symmetric with respect to the x axis. The 
solution in reference 11 was obtained by substitution 
of variables; for the case of a conducting tube or an 
asymmetric tube this procedure is not quite as ef- 


*In the liquid there are induced currents in the xy plane; 
the magnetic field in the z direction due to these currents has 
no effect on the force f, since there are no time variations so 
that for an infinite tube length it is not necessary that Rm be 
small. 
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fective. Below a more general case is considered. 
Projecting Eqs. (1.1), (1.2), and (1.6) on the z 
axis we have 
T+ yAv0+ fe =0, 


fz =¢7j,B = — (0B? /c*) (v + B0p/ 0x). (3.1) 


Here I = —0p/8z and for an inclined tube I 
= —dp/dz + pg sin a, where a is the angle of 
inclination with respect to the horizontal. 

When M <1, viscosity predominates and the 
flow is approximately the same as ordinary Poi- 
seuille flow. We consider the opposite limiting 
case, M > 1. In this case viscosity is important 
only in the thin layers close to the walls of the tube. 

Boundary layer. We will approximate a small 
section of a wall as a plane and introduce the co- 
ordinates s, along the periphery of the cross sec- 
tion, and r, along the normal n. Taking deriva- 
tives with respect to r only we obtain the solution 
(1.12) corresponding to the Hartmann layer v = vo 
x [l1-—exp(-—Kkpyr)], where Ke =K?(ben)?. By Vo 
we mean the value of the velocity obtained from the 
solution for the inner region for a given point of the 
periphery. 

Let the wall be insulating; then, close to the wall 
j=jg. Using Eq. (1.7) we have 


js = (¢Bn/c) exp (— *al) + Jsco- 
The “surface” current in the layer is 
rp \ (Shar Vane, 
or 


J = V sy [nxvo] (bn) /| (bn) |. (3.2) 


If jgo Kjg, using Eq. (1.9) it is possible to com- 
pute the energy dissipation in the Hartmann layer. 
The viscous loss and Joule dissipation are the 
same and their sum per unit surface is 


Qi = V o7c7 | De | Os 


If the conditions in the layer change slowly and a 
current j flows toward the insulating wall, it is 
possible to write an equation for conservation of 
charge for the layer 


dJ,/ds + (jn) = 0. 


(3.3) 


(3.4) 


Let the wall of the tube be highly conducting; in 
this case it assumes a fixed potential gy. If the 
electric field outside the layer is much smaller 
than the field inside we can write the potential 
drop in the layer ~~ — po. 

Using Eq. (1.4) we have 


= Go + Bs¥oxn (1 — exp (—~nr)]. 


The potential discontinuity in the layer is 
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Poo — 9 = (B/ xn) (b [NXvo]). (3.5) 


The relations in Eqs. (3.3) — (3.5) serve as the ef- 
fective boundary conditions for the equations inside 
the region. 


FIG. 1 


It should be noted that this picture of the layer 
is valid only when Kyl > 1; if, however, Bn — 0, 
the relations which have been obtained no longer 
hold. This situation pertains, for example, to the 
regions near the points x, and x, (Fig. 1). If 
the wall of the tube is parallel to the magnetic 
field a longitudinal surface layer of the type con- 
sidered by Shercliff!! is formed; this is similar in 
structure to the tangential discontinuity (1.14). The 
layer thickness is of order Vi/x [cf..Eq. (1.15)]. 

Viscosity can be neglected in the inner part of 
the tube and Eq. (1.12) yields 0°v/dy? = 0, 
op~/dy? = 0. Whence 


U(X, Y) = Vo (x) + 01(X) ¥, @(%, Y) = Go (x) +91 (x) y, (3.6) 


where @) and ¢, are related to vy and v, in 
accordance with Eq. (3.1). In the inner region, 
from Eq. (3.1) jx is constant and since div j = 0, 
ly depends on x and is determined by Eq. (1.7) 


jie =—(CT/B),  djy/dx =(sB/c)0,(x). (8.7) 


Tube with insulating walls. Let the cross sec- 
tion of the tube be given by two single-valued 
curves y;(x) and yo(x) (cf. Fig. 1). The effec- 
tive boundary conditions (3.2) at these boundaries 
can be written in the form 


Jy = V oxo (x, 41), 1p ae ie V oy CG; Yo). 


In terms of the difference of these quantities, using 
Eq. (3.6) it is easy to express the total flow of 
liquid V through the cross section of the tube: 


(3.8) 


V = \edxdy = 2-4 (on) (Jy — Ja) (Yo — yn) dx. 
Now, making use of Eq. (3.4) and taking account of 
the fact that nyds = dx and nx/ny = —dy/dx, we 
obtain 
d (Jy — jx) /dx = — jy, 


d(J2— jx¥2)/dx = — jy. (3.9) 
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Subtracting the second equation from the first and 
integrating, we have 


Jy —J2= — jx(Y2a—41) = (cl / B) (Y2— 41)- 


Thus, the flow of liquid in a tube of arbitrary cross 
section with non-conducting walls is 


X2 


V = (0 /BV 2%) \ (ya(x)— ni (x)P ae. 


x 


(3.10) 


Summing Eq. (3.9), taking account of Eqs. (3.7) and 
(3.8), and neglecting the term of order 1/kl, we 
have 


iy = — (cP /2B) d(yi + yz) / ax. (3.11) 


If the tube is symmetric with respect to the x 
axis jy =0, vy =0 and Eq. (3.10) coincides with 
the result which has been obtained by Shercliff. 
If the shape is not symmetric, then jy ~ jx but the 
velocity shows almost no change along the field vyy 
«vo. Actually, from Eq. (3.10) v ~ cl'l/BVon 
whereas from Eq. (3.7) vyl ~ (c/oB) jy ~ v/kl. 
Tube with highly conducting walls. A com- 
pletely different picture obtains if the walls of the 
tube are highly conducting. In this case, the cur- 
rent can flow freely across the magnetic field, 
being closed in the walls of the tube, the potential 
of which may be assumed constant. In the zeroth 
approximation the interaction of the liquid with the 
field leads to magnetic “friction” and the term as- 
sociated with the production of a potential differ- 
ence is small, approximately M~!. In this approxi- 
mation, for the entire inner region we have 


v= cl (cB, j= jp eBu/ cartes “Oalg) 


The corrections associated with the next approxi- 
mation can also be found easily. As before, in the 
inner region we can neglect viscosity since nAv 
~M~ so that v and gy inside are of the form 
given in Eq. (3.6). The electric field inside 
(~g/l) is much smaller than in the layer (~Kg) 
so that we can use the effective boundary condition 
in (3.5). If y=y, and y=yp», this condition be- 
comes 


p(X, Yi) = (Bu /x) dy, / dx, 


The quantities ~) and , are determined by the 
conditions: 


o (x) = (Bo /x) (Ys — y1) +d (Yiye) / dx, 
$1 (x) = —(Bo/*) (Y2— 1) 1d (y, — yi)/dx. (3.18) 
Tubes with electrodes. Comparing the velocity 
in tubes with conducting walls and nonconducting 
walls, we see that for a given I, the velocity in 
the first case is approximately M times smaller 


P(X, Y2) = — (Bu / x) dy, / dx. 
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than in the second. If the walls of the tube are in- 
sulating, but the upper and lower walls have elec- 
trodes which are connected through an external 
resistance R, it is possible to obtain a continuous 
transition between the two cases. The equivalent 
electric circuit of this tube is shown in Fig. 2. The 
current Ij produced by the induction emf € flows 
across the tube through the liquid (Rj) part of it 
returning through the resistance R and part through 
the liquid in the boundary layer (Rg). 

We consider in greater detail a tube of rectan- 
gular cross section ABCD in which the sides AB 
= CD =1, perpendicular to the magnetic field, are 
insulating and the sides AC = BD =h, parallel to 
the field, are highly conducting and connected 
through an external resistance. The length of the 
tube is L. On sides AB and CD Hartmann layers 
are formed; on walls AC and BD longitudinal 
boundary layers similar to the Shercliff layer are 
formed. Since the thickness of the longitudinal 
layers [cf. Eq. (1.15)] is approximately (h/x)!/2 
~ M'/2 x«-1 and is much thicker than the Hart- 
mann layers, the resistance of these layers is 
much smaller and the role they play in dissipation 
is not important. In general they need not be con- 
sidered. From Eq. (3.6) and the symmetry condi- 
tions, over the entire inner region of the tube 
~ = (xX); consequently, jy = 0. Whence it follows 
that the currents in the layers are constant and, 
in accordance with Eqs. (3.2) and (3.6), the veloc- 
ity v is constant over the entire inner region. 
For this case of uniform flow it is easy to find 
the current which issues from the tube: 


[=jAL +25.L =—cThAL (B+ 2V owl, 


and the difference of potentials between the con- 
ducting walls 


ldp / dx = —lvB 4+ lc?°T/oB. 


On the other hand, Jdg/dx =cIR so that 


Ces Le Rael iowa ie yi 
de | ee a ee) if, 814) 

where we have used the notation 
R; =1/shL, JRo == ally) Wel. & = (u/c) Bl. (3.15) 
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The meaning of Eq. (3.14) is simple. When R > Rg, 
the electromagnetic force IBl/c vanishes since 

I~ 0. The magnetic field is found to have only an 
indirect braking effect, producing a thin layer in 
which the friction force is nkv; hence v =Th/2nxk 
is approximately M times smaller than in Poiseuille 
flow. If R<«Rg, the basic retardation effect is due 
to the force IBl//c, where I= €(R+Rj)! so that 
v = (c’T'/oB?)(1 + R/R;). 

For other cross sections the circuit (Fig. 2) is 
still valid but Eq. (3.14) is accurate only to an order 
of magnitude. We may note that if the side walls 
are inclined rather than parallel to the field, Hart- 
mann layers will also be formed on them. This 
means a certain increase in resistance; on the 
other hand there is an increase in the stability of 
flow at high velocities since the effective Reynolds 
number Rg =vd/v is reduced (6 is the thickness 
of the layer). 

Self-excited dynamo. If the current flowing out 
of the tube I is used for producing the magnetic 
field in the tube, under certain conditions it is pos- 
sible to obtain a self-excited system. In this case 
the magnetic field is proportional to the current 
B=KI, where K ~ 4m/ch and n is the number 
of turns of the coil which produces the field. As- 
suming that & = (v/c) Bl, we obtain the equation 
which determines the current: 

Lab pdt Ree = 0, 


Repr= R + RiR;(R; + Rs) — Rs (Ri + R;) *Kiefe, 
(3.16) 


where L is the self-inductance of the coil. The 
criterion for self-excitation is Reff<0 or v 
>Vexce where Vexc ~ (c*h/4ml)[Rj+R(1+Rj/Rs)]. 
At small fields Rg ~ Rj. In order to increase K it 
is convenient to increase the number of turns of the 
coil; conversely R can be reduced by reducing the 
number of turns. In a system without iron the turns 
are wound along the tube R ~ n’L/acS, where o¢ 
is the conductivity of the wire in the coil, S is the 
total cross section of the turns (S S hl). The most 
favorable conditions are obtained when R~ Rj or 
n? ~ o¢S/oL*?. When o¢/o = 60 (copper and mer- 
cury) this condition gives n~ 3—4. For mercury, 
with L=10cm an estimate yields vexe ~ 10° or 
several times 10? cm/sec. If a ferromagnetic ma- 
terial is used in the electromagnet, it is possible 
to reduce the dimensions of the turns and a greater 
number of turns can be used for the same R. With 
n=10 and L=10cm, for example, for mercury 
we obtain Vexg ~ 10% cm/sec. 

After excitation the field grows so long as its 
retarding effect does not reduce the velocity in 
such a way that Reff=0 or 4mlv/c*h = R+Rj. 


1012 oe 


Substituting this criterion in Eq. (3.14) we find the 
magnetic field B? =4mdp, where 6p=IL is the 
pressure difference in the gap with the magnetic 
field present. With 6p ~ 1 atmos, values of sev- 
eral kilogauss are obtained. If iron is used, the 
field can be limited by saturation; this causes a 
reduction in K. 

This scheme represents an example of the trans- 
formation of mechanical energy of a liquid into mag- 
netic energy although, obviously, it is not a “true” 
hydromagnetic dynamo since solid conductors and 
insulators are used. 

Flow along a channel (trough). If the tube is 
symmetric with respect to the x axis, in the me- 
dian plane the boundary conditions for a free sur- 
face jy =0 and dv/ay =0 are satisfied; hence 
the problem of a channel reduces to the problem 
of a tube with IT =-—gp sin a. For example, the 
flow of a liquid layer of thickness h along an in- 
clined plane is the same as the flow (1.13) between 
plates with a spacing 2h. When kh > 1 the flow 
velocity along an insulating inclined plane is kh 
times smaller than along a conducting plane. 

The damping of surface waves has been con- 
sidered in Section 2 for short wave lengths, i.e., 
kh > 1. On the other hand, if kh <1 itis pos- 
sible to have (cf. reference 2, 813) long gravita- 
tional waves with propagation velocities Vgh. In 
these waves the velocity is essentially parallel to 
the bottom. We now find the damping of these 
waves (assuming that it is small and that kh > 1) 
in the presence of a vertical magnetic field. If the 
trough is conducting, the currents flow freely and 
the damping is computed in exactly the same way 
as for the acoustic waves. The decrement is y 
=Ym/2 [cf. Eq. (2.5)]. If the trough is insulating, 
dissipation takes place chiefly in the boundary layer 
at the bottom. According to Eq. (3.3) the mean dis- 
sipation per unit surface is von (B/c) v2; com - 
paring this with the energy of the wave hpv’, we find 


1 =V o7B / 2hee = Ym | uh. (3.17) 


For a channel of arbitrary cross section the damp- 
ing can be determined by using Eq. (3.10) to com- 
pute the resistance of a corresponding symmetric 
tube. 


4. ROTATION OF A LIQUID 


We introduce the cylindrical coordinates r, 9 
and z. We assume that 90/dy = 0, that the mag- 
netic field is vertical, B= Bee and that the veloc- 
ity of rotation Vo = Vv (r,z). We will also assume 
that vr, vz <v andneglect curl(v:V)v_ so that 
Eq. (1.12) can be used. We will also neglect the 
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meniscus at the free surface; at small rotation 
velocities this procedure is valid. 


Rotation of a Liquid Caused by Rotation of the 
Bottom of the Container 


A. Insulating Bottom. Let the annular region 
R, <r =R at the bottom be rotated with a con- 
stant angular velocity 2. The boundary conditions 
are of the following form: on the bottom z= 0, 
v=vq (vq =8r foroR=r'= Ryivg0 Mor 
r<R, and r>R), jz=0 or 0y/8z=0; at the 
free surface z=h, dv/9z=0, jz =0 or dp/dz 
= (0. Ina strong magnetic field, M > 41, only the 
layer of liquid above the rotating part of the bottom 
rotates. It is easy to construct the approximate 
solution (1.12) in this case. At r=R, and r=R 
there are tangential discontinuities in the velocity 
v=9R,($+6) and v=QR(z-@), where [cf. 
Eq. (1.14), x =4— Ror x= ee RI 


® = 1/4 (Vx/ 42x) + © (Vx / 4 (2h—2z) x)I, 


and between the discontinuities the liquid rotates 
as a whole, together with the bottom, with veloc- 
ity Qr. In this case, Eq. (1.4) (with the boundary 
conditions in (1.17) at the charge discontinuities ) 
gives 0y/dr = BQr =vB, whence jr =0 so that 
no tangential force acts on the liquid. The centri- 
fugal force pv?/r is equalized by the pressure 
gradient. Across the rotating liquid there is a 
potential difference (BQ/2)(R2—R?). When R, 

= 0 there is no inner discontinuity. _ 

We consider the velocity discontinuity in greater 
detail, for example, at r=R. Equation (4.1) is a 
superposition of solutions for current jets which 
flow upward and downward; for z =h, one is easily 
convinced, this equation yields jz =0, a current 
jet which behaves as though reflected from the 
free surface. At the bottom the current is closed 
by the Hartmann layer, which is formed at the inter- 
face of the rotating and fixed portions of the bottom 
at r=R. In accordance with Eq. (4.1), the velocity 
distribution at the interface of these layers is given 
by the relation 

YU = (QR /4) [3 — © (Vx/Bhy)], 


Uo = (QR/4) [1 — © (Vx /8hx)], (4.2) 


The current entering the layer is jz =Von 8vo/dx, 
and the current in the layer is given by Eq. (3.2), 
where, in place of vg we substitute vy — vq. It is 
apparent that the equation of continuity (3.4) is sat- 
isfied; at x =0 from the right and left there flow 
currents whose sum is exactly equal to the current 
in the jet which diverges from this “point.” The 
only place at which the indicated solution does not 


(4.1) 


Fac (0): 
Or 
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apply is in a region of dimensions given roughly by 
kK at x= 0, 2=0, which is a singularity point. 

Integrating the friction expression 7k (vg — QR), 
we can compute the moment of the friction force 
Mz, which acts on the rotating bottom: 


Mz = QnV 2nxh(R? + R3). 


B. Conducting Bottom (Lehnert experiment’). 
In place of the condition 9¢/8z =0 at the bottom, 
here we have 0y/dr =vB or jy=0. As in the 
preceding case, in the annular region Ry =r =R 
the liquid rotates with the bottom; v = Qr, d¢/dr 
=vB andat r=R, and r=R there are velocity 
discontinuities. However, in this case no Hartmann 
layer can be formed; hence the solution for the tan- 
gential discontinuity, although qualitatively similar 
to the earlier solution, is not made up of self- 
similar solutions (4.1). We may assume, from 
Eq. (4.2), that the half-width of the discontinuity 
is given by 


(4.3) 


8 =V8h/x. 


Under the conditions of the Lehnert experiment 
(h=0.6cm., R}+R=7cm, R~R,=1ecm., 

Q = 0.2 rev/sec) the rotating ring of liquid starts 
to form at approximately B= 600 gauss; this re- 
sult is in qualitative agreement with Eq. (4.4) which, 
for this field, yields 6 = 0.55 cm. 

The experiments carried out by Lehnert indi- 
cate that the tangential discontinuity is not stable 
and that a vortex path of cylindrical vortices, 
which behave like the rollers in a roller bearing, 
is formed under the rotating ring. As has been 
indicated by Lehnert, this effect is to be associ- 
ated with the influence of the magnetic field on 
the form of flow. The velocity profile in the tan- 
gential “jump” has an inflection point and flow 
patterns of this kind, as is well known from the 
theory of stability in ordinary hydrodynamics,” 
become unstable at Reynolds numbers of the order 
of several tens. For the highest field which was 
used (B = 8000 gauss), however, a calculation 
made on the basis of Eq. (4.4) gives Rg = vd/v 
=570. Correspondingly, Ns = Ym6/Vv = 1.7; this 
value is insufficient for stabilization since an in- 
stability may develop completely in regions with 
dimensions appreciably smaller than 6. It is rea- 
sonable to expect that with a several-fold reduction 
of the rotation velocity (so that the ratio R/N 
= v?/vYm is of the order of ten) the flow would be 
stable. 

The value of N is rather large for the rotating 
liquid ring as a whole; for 7=R-—R, =1 cm we 
find N=14, R=3.8 x 10°. In the experiment car- 
ried out by Lehnert the stabilizing effect of the 


(4.4) 
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magnetic field is felt and instead of the develop- 
ment of turbulent motion in the jet there is a proper 
vortex row with a relatively small number of large 
vortices. 


Rotation of a Liquid by a Transverse Current 


Let a container with liquid, a cylindrical con- 
denser with inner radius R,, outer radius R, and 
height h, be placed in a strong magnetic field B 
= Bz. The faces of the container are insulators 
while the side walls are cylindrical coaxial elec- 
trodes. If a current flows between these walls the 
liquid is set into rotation. At the electrodes there 
are longitudinal boundary layers with thickness of 
the order of 6 in Eq. (4.4); Hartmann layers are 
formed at the bases, In the inner region the viscos- 
ity can be neglected in accordance with Eq. (1.12) 
and, in this region. 0*v/dz?=0 and &y/dz*? = 0. 
Invoking the symmetry conditions we have v =v(r) 
and » =(r) sothat jz =0. Thus, the total cur- 
rent in each of the Hartmann layers 27rJg is in- 
dependent of radius and, since Jg ~ v, we have 
vy ~r}. In the inter region there is a potential 
flow. When v~r7 the viscosity force is ex- 
actly equal to zero and consequently there is no 
radial current. The longitudinal electric field here 
is compensated by the induction emf dy/ér = vB. 
The total current I flows in layers at the faces 
(1 =2+2mrVon v), whence 

v=1(40V cnr) 
In ordinary hydrodynamics, flow between cylinders 
is stable when v ~ r7/; since the magnetic field 
increases the stability, one may expect that the flow 
will also be stable in the case considered here. 

It is interesting to note that the velocity is in- 
dependent of magnetic field although the rotational 
moment is proportional to the field. The point is that, 
friction at the faces is also proportional to the field 
since the reciprocal thickness of the layer k ~ B. 

It can be shown that the resistance to rotation arises 
at the intersection of the magnetic lines of force at 
the faces of the container. This flow pattern applies 
if the longitudinal layers (thickness of order 
(h/«)'/2) are thin enough, i.e., if h « KR?. If, for 
example, h~ R~ 10cm this means that B >4 
gauss. For h—o!® the friction force is of order 
nv/R and the rotational force is approximately 
jB/c so that v ~ 1,BR/2men, where I, is the cur- 
rent per unit height. In a real cylinder of height h 
this relation applies only when h > KR2. In rotation 
of a gas of low density the thickness of the layer 

x! may be smaller than the mean free path, in 
which case the gas does not adhere to the faces 

and the velocity again increases with field. 


(4.5) 
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As long as the mode of rotation is not estab- 
lished the current flows over the entire cross sec- 
tion and communicates to the liquid a velocity given 
approximately by (I/27Rh) B/cp; hence, for a con- 
stant current the time for establishing the velocity 
(4.5) is of order t)=h (ym) ¥?. For example, 
with h=10cm and B=5 x 10*gauss, ty = 1 min. 

The rotation of the liquid produces a radial pres- 
sure gradient 9op/dr = pv’. In the layers at the 
faces the liquid has a smaller velocity than in the 
remaining part of the container so that the motion 
is characterized by circulation in the meridian 
planes; the liquid in the layers moves towards the 
axis while the liquid in the center part moves away 
from the axis. The azimuthal currents can flow 
freely and there is a radial magnetic friction force 
_ (oB?/c?) vy which equilibrates the pressure gra- 
dient. In this case the radial velocity in the layers 
is of order vy ~ v*c?/oB’r = vN"! while the veloci- 
ties vy and vz in the center part are smaller by 
a factor of kh or KR. Above we have neglected 
(v-V)v_ terms in the azimuthal velocity equations 
as compared with the term vAv. The ratio of the 
neglected terms to those which have been consid- 
ered is of order (v/ymR)* = N7’; for example, 
with v = 10? cm sec™! and B = 10! gauss, we 
never Na 2 < 10--, 

I am indebted to M. A. Leontovich and E. P. 
Velikhov for discussions. 
~ TL. D. Landau and E. M. Lifshitz, 
INEKTPOAMHAMUKa COWHDIX Cpeg (Electrodynamics 
of Continuous Media), Gostekhizdat 1957 Chap. 8. 
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The three-particle A -nucleon potential is calculated in the lowest order of meson theory. It 
is shown that the contribution of this potential to the potential energy of a A particle in a hy- 
pernucleus is positive and of insignificant amount. The estimates so obtained do not confirm 
Spitzer’s! conclusion that three-particle forces play a large part in hypernuclei. 


Pe eaioNe that many-particle forces can 
play a large part in the interactions of A particles 
with nucleons have been put forward repeatedly .2~> 
The absence of interaction between a A particle 
and a nucleon through the exchange of a single 7 
meson has the result that the radius of action of 
the pair forces is of the order of 1/2m 7. At the 
same time, on the assumption of charge independ- 
ence of the forces the exchange of single m mesons is 
allowed in three-particle interactions (see figure). 
This leads to forces with a radius of action of the 
order 1/myz. Therefore it might be expected that 
three-particle forces are of more importance in 

A -nucleon than in nucleon-nucleon interactions. 

Spitzer! has calculated the three-particle forces 
in the lowest order of perturbation theory and found 
that these forces make a very large negative con- 
tribution to the potential energy of the A particle. 
This result is somewhat unexpected, since such 
forces do not play any important part in nucleon- 
nucleon interactions.* The study of these forces 
is continued in the present paper. 

The eight diagrams of the type shown in the 
figure lead to the following expression for the 
potential-energy operator of the interaction be- 
tween a A particle and a system of A nucleons: 


A 
pe 4M3, 5 (7,2) \ (kro) (0k) (3 ko) 
mt Mi i+] (27)? OA 


Ve 


x {exp [7k, (x —x,) + ik, (x -— x;)]} 07(R,)v? (Rp) dk, dk; 

(1) 
Xj and xj are the coordinates of the nucleons, x 
is the coordinate of the A particle, and v(k) is 


the cutoff function. 
In the calculation of the potential we have neg- 


lected the mass difference A = My — My and have 
assumed that the parities of the A and 2 particles 
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= 
> 
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are the same as for nucleons. It must be noted that 
if the parities of A and 2 are different, then in 
the adiabatic approximation the forces of the type 
in question are zero. 

The potential (1) does not contain the spin op- 
erator of the particle. In both the singlet and the 
triplet symmetric S state of a pair of nucleons the 
operator (7475) (OK, ) (Oj. ) has the value: 


<(tt;) (9;k,)(;k,)> es (kik,). (2) 


Therefore in the case of light hypernuclei the con- 
tribution to the potential energy of the A particle 
from the forces (1) is proportional to the number 
of pairs of nucleons in the core nucleus. 

To obtain an estimate of the potential energy of 
the A particle in a light hypernucleus the distribu- 
tion of nucleons in the core nucleus was taken to be 
a Gaussian distribution: 


o(r) = aexp {—r?/y?r5}, (3) 


rn =1/my7 is the Compton wavelength of the 7 
meson, and a is a normalization constant (we 
take h=c=1). The parameter y was chosen 

to make the density distribution in the core nu- 
cleus agree with the data on the scattering of elec- 
trons by light nuclei (taking account of the size of 
the proton). 
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The distribution of the A particle in the hyper- 
nucleus was also taken to be Gaussian: 


pa (r) = aaexp {— rf /y?rx}. (4) 


The variation parameter 7 characterizes the de- 
viation of the distribution of the A particle from 
that of the nucleons. Using Eqs. (3), (4), and (2), 
we get the following expression for the potential 
energy of the A particle in a light hypernucleus, 
with the central part of the force fixed by Eq. (1): 


C= 3ni ane ™ 2 A(A 1)F (x2, 2, 2), (5) 
A 
xm Xm 
F (2, (2, %2) = \ \ (y4x8a8 — 2x20? + Moaryare) 
0 0 (a? 4 1) (#2 + 1)” 


exp [— i (eyo Lo)” — Voy?X1Xq] dx dzp, 


i= Mer (L+7%), 13 = (477)7, 


43 S/O Gin = Merl Mr (6) 
ky is the cutoff momentum (a rectangular cutoff 
is used). The function F (y*, vy, yi) was calcu- 
lated numerically for x, =6. The values of the 
variation parameter were found from the condition 
that the binding energy of the A particle be a mini- 
mum, as calculated by means of the two-particle 
potentials of the meson theory.’ The constants in 
these potentials were taken to have the values given 
in reference 7. The table shows the values of y” 
and 7 that were used, and the potential energies 
calculated from Eq. (5) (f% = 0.083 ). The last line 
shows for comparison the potential energies for 
the pair forces caused by the exchange of two 7 
mesons. The comparison shows that the contribu- 
tion of the three-particle forces is insignificant. 


Hypernucleus He His Hed He? 

iC 1.00 0.80 0.88 

7? 0.33 0.42 0.25 
Three-particle forces, Mev 0.4 0.3 0.5 
Pair forces, Mev —8 aa —18 


From (5) it can be seen that as the number of 
particles in the core nucleus increases the contri- 
bution of the three-particle forces increases as A’. 
In heavy hypernuclei, however, owing to the short- 
range nature of the forces, the contribution to the 
potential energy will be determined not by the num- 
ber of particles in the core nucleus, but by the den- 
sity of the nuclear matter. We can estimate the 
contribution of the potential (1) to the potential of 


Vid. DYU LYRA ands VA PGW NOR 


a A particle in a heavy hypernucleus if we regard 
the nucleons as a degenerate Fermi gas and describe | 
them by a wave function » that is a determinant | 
made up of plane waves, taking account of the spin 
and isotopic spin of the nucleons. In this case the 
technique of calculation used earlier to find the 
contribution of the pair forces®*? leads to the follow- | 
ing expression for the potential energy of a A par- | 
ticle in a heavy hypernucleus owing to the forces 


(ae 


M; 
: Sethe alt anmnunee 
U =, Vid) = han \ (a? + 1) 


x (Fabel — 5 abe’ + 532°) de, (7) 
xp=kp/m,, and kp is the maximum momentum 
of the nucleons in the nucleus. (In obtaining the ex- 
pression (7) we have assumed that the number of 
protons is equal to the number of neutrons.) For 
nuclear radius R=1.2A'/ F, xp = 1.77. With this 
value of xp and f? = 0.08 we get from Eq. (7) 
U =2.6 Mev. This result is to be compared with 
the contribution of the pair forces from interchange 
of two mt mesons, whichis U%™ = —78 Mev.® Thus — 
the contribution from three-particle forces of the 
type under consideration is positive and of negli- 
gible size both for light and also for heavy hyper- 
nuclei. The results of these calculations do not 
support the conclusion of reference 1, that three- 
particle forces play a large part. 

There can also be three-particle forces between 
a A particle and nucleons owing to the exchange of 
K and mt mesons 


NE AEN SIN SE KAW eo Ns A any eee 


N+A+N->A+K+A(QQX)+r4+N4A4N4N. 


Estimates show that forces of this type make a 
negative contribution to the potential energy, but 
here also it is negligibly small both in light and 
in heavy hypernuclei. 

In conclusion the writers thank Professor D. D. 
Ivanenko and N. N. Kolesnikov for their interest in 
the work and for a helpful discussion of the results, 
and Kh. A. Khachartyan for making the numerical 
computations. 
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The excitation of the first vibrational level of an even-even nucleus by charged particles with 
energies close to the height of the Coulomb barrier is considered. 


ly an earlier paper! the author considered the ex- 
citation of the rotational levels of nuclei by charged 
particles with energies close to the height, B, of 
the Coulomb barrier. The excitation of the vibra- 
tional levels can be discussed in an entirely analo- 
gous fashion. If the energy of the incoming par- 
ticle is E~ B, the basic process leading to collec- 
tive excitations is, besides the ordinary Coulomb 
excitation, the direct nuclear interaction. Compound 
nucleus formation should play only a secondary role, 
since the compound nucleus can decay in a very great 
number of ways, out of which only one gives a con- 
tribution to the reaction under consideration. This 
is true especially in the case when the incoming 
particle is complex (a particle, deuteron, etc.). 
Since the internal structure of the nucleus is 
not affected by the excitation of the collective lev- 
els, it is natural to describe the direct interaction 
with the help of the optical model, which is modified 
in such a way as to take into account the collective 
degrees of freedom in the nucleus. This modifica- 
tion consists of regarding the parameters specify - 
ing the shape of the complex nuclear potential as 
dynamical variables in the Schrédinger equation 
for the system consisting of the target nucleus and 
the incoming particle. Thus, if the nuclear poten- 
tial has the form 


Va(r)=Vq[——"2)), (1) 
where 
R = Re ! ot Di. Lae (6, ¢) | ’ (2) 


one conveniently chooses for these collective coor- 
dinates the coefficients a),. The Hamiltonian of 
the system can then be written in the form 


H = Hoi (x) — (R2/2m) 9? 


--+ Z,Z,¢7/r + Va(r, %) + V(r, ), (3) 


where a is the set of coordinates Qy, =r (ies 
6, ~) is the radius vector of the incoming particle, 
Ve(r, @) is the non-central part of the electrostatic 


interaction leading to the Coulomb excitation, and 
Hyib(q@) is the collective Hamiltonian of the nu- | 
cleus :? | 


Heio(2) = 3 [EBs Jara F Calon P| (4) 


We are interested in a solution of the Schrédinger 
equation 
JeeXe (r, %) == jg (r, a), (5) 


which, for large r, has the form 
Y (r, a) —> oft” (a) exp {ik r + iy, In (kr — kr)} 


+ Dr frun(9, 9) put (a) exp {ikar —innlnkar}. (6). 


Tj, 
Here ol a@) are the wave functions of the station- 
ary states of the nucleus, satisfying the equation 


Hoon’ == En of". (7) 


The oscillatory levels of the nucleus are charac- 
terized by the value of the total moment I, its 
projection yw, and the number of phonons n. The 
quantities ky and ny in (6) are the wave number 
and the Coulomb parameter ZZ e/tiv of the in- 
coming particle with energy E-—En, respectively. 

In the following we shall consider only the quad- 
rupole (A = 2) oscillations of even-even nuclei 
(Ip = 4) = Ny) = 0) with respect to the spherical 
equilibrium shape. Estimates show that the term 
Vo(r, @) can here be regarded as a perturbation, 
as in the usual theory of the Coulomb excitation. 

Our first task, therefore, is to solve the equa- 
tion 


HF a yi or (8) 


where the Hamiltonian Hy) differs from the com- 
plete Hamiltonian (2) by the absence of the term 
Vo(T, @). 

We introduce the system of orthonormal func- 
tions 

yin = Di Chis imu h(a) ¥ s,m» (8,9): (9) 
U 

these are the eigenfunctions of the total moment of 
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the system J, its projection M, the moment of 
the nucleus I, and the moment of the particle l. 

The function W) is conveniently expressed in 
a form analogous to that used in ordinary scatter- 
ing theory: 


= VaR RNITIET PYoTH1 YO (r,), (10) 
u 


where the functions a at r—o have the form 


YP) > Dpto sin (kor — In /2 + 8; — qo In Qhyr) 


As 


D bhren DP yn exp {thar — inn In2 kyr}. (11) 


If the energy of the incoming particle is close to 
the height of the Coulomb barrier, the function 


yy changes relatively slowly outside the nucleus 
for r~ Ro, while it oscillates strongly inside the 


nucleus. This means that at the nuclear surface 
WP < d¥ 70 (kr) (12) 
so that we can make the approximation 
YP [R (8, ¢, a] = 0. (13) 


The inequality (12) is not satisfied for certain 
resonance values of the energy; however, all these 
resonances lie above the Coulomb barrier and are 
therefore not important to us. 

Outside the range of the nuclear forces the func- 


tions W{") can be expressed in the form 


BP = Fy (Rot) Doiot Dy Ovlorrn Gr (kwr) iF (Ret)IOPrn 
I’l'n' (14) 

where Gy ‘and Fj are the radial Coulomb func- 

tions, which for large r have the asymptotic forms 


F,~sin (kr — [n/2 -- 6; — 4 In 2kr), 
G,~ cos (kr — 1x/2 + 8; — 41n 2kr); (15) 


the b are certain unknown amplitudes. Condi- 
tion (13) allows us to determine these amplitudes 
without considering the solution in the internal re- 


gion at all. This condition can be rewritten in the 
form 
F, (RoR) Dpto + MS born (Gr(knR) 
1 fa Sas 
+ iF y (RvR) Orn (8, %) = 0, cS) 
where R=R(6, 9, @) is given by (2). Equation 


(16) must be satisfied for all values of 0, 9, a. 
The amplitudes b‘? are now found in exactly the 
same way as in the problem of the excitation of 
the rotational levels.! 

By analogous methods we obtain 


(0) 
Povo,r'e'n’ ae 


1D) Bhan Leen aren Fr (RneRoVGe (Rn Ro) 


” 
Ran 


To10,1't'n’ 
(17) 


where 
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Ve TANG is tee bran’ hy (ko Ry)/Gy (RnRo), (18) 
Tiiagtint = =i Diao tie Oi), dQ dz, (19) 
Trin 
Frin => Fy [RnR (6, 9, a) IF, (RnRo); 
tin = Gi [RnR (9, %, #)/G1 (Rn Ro): (20) 


As in reference 1, we have neglected in (17) all 
integrals which differ from (19) in that f is re- 
placed by y. Since in all known cases the distance 
between vibrational levels is ~1 Mev, we have 
F] (kyRy)/G](kypRy) K 1 for EB and n>0. 
In the sum over n” in (17) we may therefore keep 
only the terms with n” = 0. In the following we 
shall be interested in the excitation of the first 
vibrational level (n’ =0, I’ = 2); for the corre- 
sponding amplitude we have 


Fl (RoRo) lou0,20'1 


G,, (eRe) 1 FTIF, (RoRo)/G; FoR (21) 


©) oes 
boto,2d hes ol Lois: are 

The integrals TJn,I’J’n’ can be calculated by 
expanding the logarithm of the function f/y in 
powers of the quantity 5 Qey4You, keeping only 
the linear term: 


1 (koRo) 


tea 
lin’ Fr (koRo) 


— exp feaRy E — etd | Sten Yau | (22) 


koGy (ki Ro) 


(the prime denotes differentiation of the function 
with respect to its argument). Using the equations 
satisfied by the functions Fz and Gj and formulas 
(32) and (33), it is easily shown that the neglected 
terms have the order 1/n. Substituting (22) in (19), 
we obtain 


To10, 010 == 10,003 Lot0,20'1 = 210,11 % 400,01 V 5/4nCh ; (23) 
el hha a RaRo [F; (RnRo)/F 1 (RnRo) 
— kn Gr (Rn Ro) [Rn Gr(Rn’Ro)], 

2) =h/Y 2BC, Qin,V'n’ = EXP { (50%9/1 62) xin, tn! ie (24) 


Formulas (23), (24), and (20) solve the first part 
of the problem. 


The exact amplitude b is connected with the 


amplitude found above, b‘”’, by the known relation 
biinwin = Olinin + Onan ; (25) 
OVin, Vin! = 4 (eOVE Par da., (26) 


where wy ) is the J-th component in the expan- 
sion of the exact wave function W‘~), analogous to 
(10); for large r, ww ) consists of an incident 
plane wave and an incoming spherical wave. 

As already indicated, we regard Vg as a per- 
turbation, and we can therefore replace the exact 
function W}-) in (26) by eA. It is easily seen 
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that we can also neglect the diverging wave in (26) 
which is due to the scattering by the nucleus. This 
leads to a small error in the total cross sections 
which is connected with the fact that the nuclear 
amplitudes b‘) decrease much faster with in- 
creasing J than the Coulomb amplitudes p), 

Retaining in (26) only the “incoming” waves 
and assuming for simplicity that the charge.den- 
sity in the nucleus is constant, we find 


bigaers == — (67/5) Rokr Rox, V 5/4 Ginn Mi, 


where Mj}: is a radial matrix element defined by 


4 

im \ Fy (kyr) r-3F 1 (Ror)-dr. 
0 

For the total cross section for the excitation of 


the first vibrational level we now have 


(27) 


Mip= (28) 


eC (A) (ne) 
Fo41== 9951 + 90.41 —F F051) 


where 
overs = 4 hy* 221 -+ 1) | (9/2 = 
Ube 


(45/161?) ko "72(Fex/Ry) R525 (Ro/@)*f 2 ("n; €); (29) 
Gye = Anke? > (21 4-1) Nears |, (30) 
Ta 
of) = 8rkp* Ds (2/ +1) Re[bo%,201 Ob tal: (31) 
i 


Here a= Z,Z,e7/2E, =n) —m, and fro(n, €) 
is a dimensionless function known in the theory 
of Coulomb excitation (tables for this function 
can be found, for example, in the review article 
by Alder et al.3). 

To calculate o™ and o™°) it is necessary 
to know the Coulomb functions Fj7(kr) and Gj) (kr) 
near the classical turning point kr = 27. In this 
region these functions are given with good accuracy 
by the expressions 


1 2+. /(/+41)—k 

Fy = (27) m6) Se ; (32) 
1 P+ l(d+1)—k 

G; = (2%) iy | ae ee, (33) 


where u and v are Airy functions in the Fock 
notation.’ These functions are related to the Bes- 
sel functions of order '/ in the following way: 


u(t) 


v(t) = Vt {Ian (s 1) +1y,(30% )\ Sep 


HV EfaGieenGuen) to 


[the upper sign refers to the function u(t) ]. 
The important values of J in the sums (30) and 
(31) are 1~ (2n)/3, If the incoming particle is a 
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proton, a typical value of n is n~ 3. In this case 
it is easy to carry out the summations in (30) and 
(31) immediately. To evaluate the radial matrix 
elements Mj}: in (31), it is convenient to use the 
approximate quasi-classical expressions for them, 
which are quite accurate for 7 > 1: 


Mi? = Iu (9, &)/477?, wHl—l, 


6=2sin= (1-004 1)_ ps 
where 1y (4, é) is a classical orbital integral 
known in the theory of Coulomb excitation.® Tables 
of the function Ihy,(9; &) are given, for example, 
in reference 3. 

If the excitation of the nucleus is due to @ par- 
ticles, then 7 >1 (n~ 10) and the summation in 
(30) and (31) can be carried out analytically (with 
an accuracy up to terms of order 1/n). Let us 
first consider the sum (30). It is seen from the 
expression (21) for the amplitudes by that for 
7 > 1 only the Clebsch-Gordan coofticient C he 
depends strongly on the value l’ for a given 
1; in the other factors we may set l’ =l. 

Since the Airy function is quite sensitive to 
changes of its argument of order unity, the root 
in (82) and (83) may be expanded in terms of pow- 
ers of 1(1+1)/n’, keeping only the linear term. | 
Furthermore, we can replace the summation over 
l in (30) by an integration over the variable x 
=1(1+ 1)/(2n)if. We then obtain for o™ 


o”) = 5 (24)*Rea2 ( { a” (29, 21, x) | oS: Tz) age zn) 
0 


2 
Rou (x + 23) v (x + 2p) 


u® (x + 20) 0? (x + 20) 


where : 

2,= (2m, = R,Ro) / (2m,) Is, 
pu’ (Zp + x) heh (2, + x) 72 
Ru (2p + x) Di(Z ines) }} 


50% 


a (Za, 2p, x) = exp \ ion (FnRo)?| 


The integrand can now be written in the form 


A v (Zo+ x) u8 (29 + x) [Ryu’ { 
{a? (29: 245°) “Ge “ 2 73 = al bad a 2: ; ae oan ai 
¥% { : __¥ (29 + x) } 
us (20 + x)[1 + a? (20,20, x) 0? (zo + x) / u? (29 + x), 

For all values of the excitation energy of the 
first vibrational level occuring in real cases, the 
first factor depends very weakly on x as com- 
pared to the second factor (in a typical case, 

No = 10, kpRo = 2m) and n, =9.5, it varies by 

less than 20%, whereas the second factor changes 
by more: than two orders of magnitude). This 
comes from the fact that in the considered region 
of values of the arguments, the Airy functions 
change monotonically, while the logarithmic de- 
rivatives u’/u and v’/v, the products v (x) Cx 
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and the ratios u(x+a)/u(x+b) vary slowly (not 
exponentially) in comparison with expressions of 
the type u or v/u. 

The first factor can therefore be pulled out from 
under the integral sign, with x =0. To calculate 
the remaining integral it is convenient to change 
to a new variable of integration, t = v (z)+x)/ 
u(z +x); by virtue of the relation u’v -—uv’ =1 
we have 


G5) WU (25-5 x) = dt. 


The slowly varying quantity a(z), Zz), x) must be 
regarded as a constant, setting x=0. 
As a result we obtain 


td 2 2/4 p22 (Zo 21, 0) v (20) 48 (20) 
ge) 8 ey ee.) wa) — 


. EB uw’ (zr) __ 0" (20) i Inf + a2 (2), 2, 0) =|, (34) 


Ro u (21) U (Zo) u* (2p) 


= 


The summation in expression (31) for o®° can 
be carried out in an entirely analogous fashion. The 


factor Toy( 6, €) can be taken out of the integral with 


@=7 (i.e., 1=0). 


We finally obtain for o'@°): 


2 efi’ (21) — v’ (20) ] a (Zo, 21, 0) 
aime) = 6 (ty Ro) Ro % a (z1) 9 (20) | (20,20, 9) 
2 = ( 
x PEab 2) Poon, &) tan“*{a(zo, 2, 0) Er}. 89) 


We note that all quantities a(z,z,0) are very 
close to unity for the parameter values occuring in 
reality. 


a5 1B 


20 Wy “4 26 E,Mev 
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The figure shows the ratio of the total cross 
section for the excitation of the first vibrational 
level over the cross section for Coulomb excita- 
tion by q@ particles for the nucleus 5,Te!”° (E, 
= 0.56 Mev). 

In the case of protons the nuclear corrections 
are more important. 

We note in conclusion that in the case of q@ par- 
ticles we can replace the boundary condition (12) by 
the condition of complete absorption, accounting for 
the presence of a diffuse boundary in the same way 
as was done in the discussion of the excitation of 
the rotational levels. Our discussion is easily gen- 
eralized to the case I) #0, A #2. The excitation 
of higher vibrational levels (n >1) has to be con- 
sidered together with terms of higher orders in 
Vc. This is connected with great difficulties, since 
the adiabatic approximation is not applicable in this 
case. 
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Properties of infinite-dimensional representations of the Lorentz group are considered which 
are of interest for the solution of problems in relativistic elementary particle theory. Infinite- 


dimensional representations are applied to an analysis of the amplitude of the reaction a + b 


—>cid. 
1. INTRODUCTION 


A study of the symmetry properties of a system 
of particles enables one to draw a number of im- 
portant conclusions with respect to the behavior 
of the system even in the case when the nature of 
the interaction between the particles is unknown. 
The conditions of invariance of a problem under 
different groups of transformations impose strong 
limitations on possible types of solutions. These 
restrictions are widely used in the analysis of the 
processes of interaction between particles. Par- 
ticularly wide use is made of the symmetry prop- 
erties of a system with respect to the group of 
rotations and reflections of three-dimensional 
space. In contrast to the representations of the 
three-dimensional group the representations of 
the Lorentz group are utilized comparatively in- 
frequently. This refers particularly to the infi- 
nite-dimensional representations of this group. 
But they may turn out to be useful both in the 
phenomenological analysis of processes involving 
relativistic particles, and also in the development 
of field theory. 

One of the reasons for this insufficient utiliza- 
tion of the irreducible representations of the Lo- 
rentz group is the lack of mathematical apparatus 
similar to the one available in the case of the 
three-dimensional group. For finite-dimensional 
representations of the Lorentz group such a for- 
malism was developed in an article by one of the 
authors.! The present paper is a continuation of 
the earlier one.! In the present paper a study is 
made of the infinite-dimensional representations 
of the Lorentz group in connection with their ap- 
plications to different problems of the relativistic 
theory of elementary particles. A discussion is 


*This is a continuation of a paper by one of the authors,' 
published in JETP under the same title. 


given of the possibility of utilizing the basis func- 
tions of this group for the solution of the equations 
of quantum field theory. The reaction a+b 
—ce+d is discussed. The amplitude of this re- 
action is expanded in terms of the basis functions 
of the infinite-dimensional representation. The 
coefficients of such an expansion depend only on 
the nature of the interaction between the particles, 
and not on the kinematics of the process. For high- 
energy particles the method of analyzing the reac- 
tion amplitudes outlined here is simpler and more 
convenient than the usual phase analysis. 
Infinite-dimensional representations of the 
Lorentz group have been utilized by a number of 
authors. Ginzburg and Tamm,’ Gel’fand and 
Yaglom,’ Dirac‘ and others have used them for 
the development of a theory of elementary par- 
ticles with a spectrum of spins and masses, E. M. 
Lifshitz® has used them for the solution of the prob- 
lem of the stability of an expanding universe, I. S. 
Shapiro® has used them for a relativistically- 
invariant classification of the states of elementary 
particles, etc. The results of the present paper 
may be applied to the problems enumerated above. 
One of the main methodological advantages of our 
method of investigating the infinite-dimensional 
representations as compared with the investiga- 
tions of other authors is the possibility of utilizing 
the techniques of Clebsch-Gordan, Racah, and Fano 
which have become widespread in physics. 


2. THE BASIS FUNCTIONS OF THE UNITARY 
INFINITE-DIMENSIONAL REPRESENTATIONS 
OF THE LORENTZ GROUP 


The representations of the Lorentz group are 
determined by the eigenvalues of two invariants 
which can be constructed from the components 
of the operator for the infinitesimal rotation Mag 
in four-dimensional space. If H is the space-like, 
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and F is the time-like part of Mag then the in- 
variants are given by M? = H?- F® and (HF). 
If Mog operates on functions which depend only 
on the coordinates and do not contain any spin 
variables, then the second invariant is equal to 
zero and the representation is determined by 
specifying the eigenvalue of M?. 

The basis functions of the irreducible finite- 
dimensional representations given in reference 1 
for the time-like case (t =p cosha, r=|p| 


xsinha, 0sa@a=<=~, -—~ <p <~) are of the 
following form 
etm (a, a, ¢) = II, (n, a) Yum (3, ?), (1) 
il, (n, a) oad Pate Pomerat ae EW * EEE = (2) 
Vn? (n? — 1) (n?— 22)... (2? — 2) dcosh‘tly 


By replacing n in (2) by iN, where N isa real 
number which takes on all values in the range 

0 =N =», we obtain the basis functions of the 
principal series of the unitary irreducible infinite- 
dimensional representations of the Lorentz group: 


Et rm (a, %, ”) = II, (N, a) Yim (9, ¢) 


sinh! a d’t1cos Na 
= sinha dT cos Nay (9, 9), 
M, dtosh'+! g im(®, 9) 


M, = V N?(N?2 + 12)... (N?+ 2). (3) 


In the papers of Gel’fand and Naimark’ it is 
shown that the basis functions of the Lorentz group 
must satisfy the following relations: 


15h inim = Vl (l =F 1) Spins pei pscans 


Lae Nl plo pl'mtu 
1a SNin = i>, C? Cror0 Cae SN mana 
T 


cM, = —YWFR, cl = VN CS DY: (a) 


H = —i[nxV°*], F=—i[no/0x%+coth«V®]. (5) 


Here rn=r, V™ is the angular part of the oper- 
ator V, and H, and Fy are the cyclic compo- 
nents* of H and F. 

Formulas (4) define the basis functions of an 
infinite-dimensional irreducible unitary represen- 
tation for which kj =0, c =iN, where Cc —1 and 
ky are the eigenvalues of the two invariants of the 


group in the notation of reference 7. One can easily 


show by means of a direct substitution that (4) is 
valid for the function (3). 


*The cyclic components of a vector a are related to its 
Cartesian components by the equations a,, = +(ax tiay)V2, 
a, = az; our definition of the spherical harmonics Yim(%, 9) is 
the same as the one used by Bethe,® and differs by the factor 
(-1)™ from the functions listed by Condon and Shortley.? 


From (4) we may obtain recurrence relations 
for IIz(N, @): 


all; / do, = — (1 +- 1)coth all, —V N? + 2? [1,_,, 
all, /da = cothall, + YN? -:- (04-1)? May, (6) 


which lead to the following second order equation 


ary A er ilient e phisd 
Gar COU Hy: (N? + 1) T= 0. (7) 
The function IIz7(N, @) may also be expressed 


in terms of the following integral 


a 


: M 
TI, (N, «) =(— 1) l (cos np icosha—coshB)” a5. (gy 


sinh! +? g 


0 


It can be easily verified that (8) satisfies (6), 
and reduces to (3) when 7=0. This proves the 
identity of expressions (8) and (3). The normali- 
zation of IIz7(N, @) is such that 


foo} 


\M (N, 2) Tl, (N', x) Sinh* ada == —3(N—N’). (9) 

0 
IIz7 has no singularities over the whole range of 
values of a and satisfies the condition IIz7(N, 0) 
= N6]). 

Relations analogous to (6) — (8) were obtained 
by Fock!® for the four-dimensional spherical har- 
monics in Euclidean space. 

To obtain the recurrence relations and the 
equation for the space-like case (t =p sinh a, 
r=pcosha, -~xsaxso0, 0=p =~), one 
should replace in (6) and (7) sinh a by cosha 
and vice versa. As we have already noted in ref- 
erence 1, the space-like function Wyjm can be 
obtained from (38) for the time-like case by means 
of replacing a@ by a+iz/2. For our two linearly 
independent functions we may choose 


Pim (a, 9, o) = icosh diticos N (a in| 2) 


My) aaink, age ray es ee) AO) 


These functions are orthogonal and are normalized 
by the condition 

[oo} 

( cosh* ada \ QE y,time(— #1 99 ©) Vvgteny (% 9,2) 

os i 


= F011, Om, 6 (Ni — N.). ee 


3. MATRICES FOR THE ROTATION OPERATOR 
IN FOUR-DIMENSIONAL PSEUDO-EUCLIDEAN 
SPACE 


Every proper Lorentz transformation may be 
represented in the form of three successive trans- 
formations: a) a spatial rotation, defined by the 
Eulerian angles 9, = 9%, 8 =9, and 92 =0; 

b) a transformation to a coordinate system which 
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has the velocity v =tanh » along the new z axis 
(0<~<», the velocity of light is c =1), while 
the direction of the velocity is determined in the 
initial system by the polar angles 6 and 9; 

c) a second spatial rotation, defined by the angles 
P14, 3, and @p. 

To obtain the matrix elements of the rotation 
operator we have to construct the matrices for 
each of the three rotations a), b), c) and multiply 
them together. The Cayley-Klein coefficients for 
the spatial rotation have the following form 


a == 8° = exp et i (9. + 2)} cos = 5 
re —exp{—i(gi—¢a)} sin >. (12) 
A rotation through the angle y in the (z,t) plane 
is specified by the quantities 
$/2), d= =exp(p/2), B=7=0. 


be the basis function of an irreducible 


a = exp (— (13) 


Let UY} 

M 
finite-dimensional representation of dimension 
(2J+1:)(2j+1), where J and j are defined by 
the eigenvalues of the two group invariants. In 


the notation of Gel’fand and Naimark’ k =|J-jl, 
c=n=J+jti. The transformation of Ui} under 


four-dimensional rotations is defined by the follow- 
ing oes 


ee al Dihumeut (Qe, %, Q1) Uttur(A’), (14) 


where a (A) is taken in the original, and 
ud ia in the new coordinate system. The 


eee elements of the four-dimensional rotation 
operator Dla te y~, Q,) were given in ref- 
erence 1 for the case Q, =0. With the aid of (12) 
and (13) we can obtain, in a manner analogous to 
that used in reference 1, the general expression 
for the rotation matrix 


Qe, , Q:) = > (— 


Ul’x 


x (D9, 0) Dim (Pir , G2) QF (Y 


u—uw’ Alm Um’ l 
Dike Meu! 1) Crem CIM Dmx 


(15) 


Qin (b) = Fe Crean Cieanexp (A+) 4}. (16) 
Dawe are the well-known matrix elements of 


the three-dimensional rotation operator:!! 


Dinm' (11 8, 2) = Dy(— 1) 


(2 + m)! (0—m)! (+ m')l (l= m’yty* 
““(L-+ m' — ky! (=m — k)! (m— mm" ERR! 
, 9 \2l+m'’—im—2k / , & \2k--m’+m ., 
x efMs (cos =) (s = Ey elmo, (1 7) 


At Z%. DOLGINGVeandgic 


Palm (x, o 


Nw TORT YGiEN 


In accordance with our definition of the angles of 
rotation the following equalities hold: 


Y im (9, D) = S) Diam: (P, 9, G2) Vim: (0, D'), 
Yim (9, 9) = V(2l+ 1)/4% Dino (?: %, $2): (18) 
The function DYj transforms according to 


MyM’ , 
the (2J+1)(2j+1)-dimensional irreducible rep-. 
resentation of the Lorentz group. 
The rotation matrices for the functions Ynlm 
can be easily obtained with the aid of (15) and for- 
mula (22) of reference 1. If 


= >) Timt! m (Qs, db, Q,) 


Toe 


Drm’ (a, 8, 9"), (19) 


then we have 


Timt! ‘im’ (Q5g, d, Q;)= =D Din (D, 6, 0) oe (¢) Dae (f1, %, 2) 


where Cy 
m = Qin, n= W+4. 
On setting in (19) a’ = % =’ =0, we obtain 
Yin (%, 9, O) = (af V 4a) Timo (Qe, Qy) (21) 
and, in particular, 
y(n, 2) = (n/ V 20+ 1) QI (a). a 


The matrices which transform the basis func- 
tions of the infinite-dimensional unitary represen- 
tation will differ from (20) only by the form of the 
function QU (), since the spatial parts of Vnjm 
and WNim are the same. In order to determine 
Qu Ba ~), we must find the explicit form of the 
operator corresponding to the infinitesimal rota- 
tion F. This operator will depend on six variables 
6, &, ¥, Py, ¥, and @. The result of its operation 
on Te is defined by a formula analogous to 
(4), 

FuTimim = i dct" Crosbie alae ‘Mtulm: (23) 
We need not consider the operator H, since it 
does not operate on ~. The explicit form of F 
can be found by means of the well-known method 
of constructing the operators for an infinitesimal 
rotation.’ We obtain 
1 


; () Qe. 
HA — Me Oy +- coth OViu Satara! 


x (Dui (®, 6, 0) Ly — Din (®, 9, 0) Ly} (24) 


Here Ny (6, @) is a unit vector; Se is the oper- 
ator whIcE under rotations transforms in the same 
way as the gradient 
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RiP Ords Mage plo 
00 sind ob + © eh 


etl 5 a 


See ae i | cos 8 


Q , om 
Vo = — sind ao} (25) 


Ly is the operator of an infinitesimal rotation op- 
erating on the angles ¢, J, and gp: 


pk 8 : ) ee) 
as | = = { SS a ee 
Lay BIE vor oe icott do, sin aa 
ae (26) 
if 


On substituting TP vim into (3), and on separating 
the factors that depend on the spatial angles, we 
obtain three recurrence relations which interrelate 
the functions Qh (4) corresponding to different 
values of L and k: 


ae ANE Sev L+1 
Chio (dQnix / db + yreothoQhix) + Ch” Crino Qin Hit j 


be Lex Li l LU LL 
(Greg Cin iy Oyen Crea Clete Onn), te) 


CN} is defined by formula (4). 

The recurrence relations (27) completely define 
the function Qh (4). For 12=0 they reduce to 
(6). At the same time II,,(N, a) = —(N/V2L+1) 
- Qh ~). If we construct the invariant operator 
M? = H?— F?, which depends on the six angles, 
then from the equation 


M? Timi aoe mk (N? aE 1) Derniins (28) 


we can obtain a system of second-order differential 
equations for Qu: 


azQre aes 
ie + 2 coth¢ “E rs 


L(L+1)+/(1+1) OH 
a Seay so ee Nx 


sinh? 


—1)2 
+ eee Ohh + (N? + 1) Qin 


FEA EGTA COS PRE pale 
+2VL(L+ tli +4) ay 21 Coa Trae QNx—p om 
We note that for N=-—in, where n is an integer, 
(27) and (29) will define the rotation matrix for the 
basis functions %njJm of the finite-dimensional 
representations; for complex values of N we shall 
obtain the rotation matrix for the basis functions of 


the infinite-dimensional nonunitary representations. 


We can verify directly that the recurrence rela- 
tions (27) and the equations (29) will be satisfied by 
the function Qh! (y) which is obtained by means 
of analytic continuation of (16) into the region of 
purely imaginary values of n= 2J+1=iN, J=j. 

On taking into account the fact that [Iz(n, a) 
may be represented in the following form! 


Il, (n, «) = Cymer, n= 2J+4, (30) 
ue 
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and on utilizing the explicit form (16) of Ql’ , we 
obtain \ 


me (0) = (— 1)" V(20-+ 1) (2 + 1) /n x 


x DV 2s 1 CS. W (LU J; Js); (n, 9). (31) 


W (abcd; ef) is the Racah function.!? It may be ex- 
pressed in terms of the I function and the gener- 
alized hypergeometric function ,F3 (see reference 
13), which are defined both for real and for com- 
plex values of their arguments. This enables us 

to go over from (31) to the case of an infinite- 
dimensional representation. To achieve this, we 
must replace n in expression (31) by a complex 
number. In particular, for the case of an infinite- 
dimensional unitary representation we must re- 
place n by iN. We then obtain 


Qui (P) = e*% D} (28 + 1) Citgo F (N II's) TIs(N, 9); (32) 
F (NUl’s) = —(— i) +s Vil + 1) (NW 
(oe pace I: ies s) pe yts ea 
oe oe co 
w (Nil's) 
NI (ers ee) 


We note several symmetry properties of the func- 
tion QU’. It follows from (3), (27), and (32) that 


Qe (hb) = (— 1)” Qh (H) = QW —x (0) = (— 1)" Qe (— 8). 
(34) 


The normalizing constant for TN can be cal- 
culated by utilizing (20) and the explicit form Qi. 
On introducing the notation dQ, = (4,7) sin 6 dédé, 
dQ, = (‘47’) sin ¥ d¥dy,dg2, we obtain 


(oe) 
\ sinh? ddd \ Them TLMim dQ dQ, 
v 


™ 


= 2N2 


8(N—N')8p1818Mo Sam? - (35) 
The addition theorem for IIz in the finite-dimen- 
‘sional case follows from formula (19): 


2 (20 +1) W,(n, «) Hz (n, 8) = nll, (n, «+8). 88) 


L 


The analogous formula for the infinite-dimensional 
representation has the following form 


> (— 1)441 (21-41), (N, a) IE, (N, 8) = NT, (N,x +8). 
(37) 
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4, THE CLEBSCH-GORDAN EXPANSION FOR THE 
INFINITE-DIMENSIONAL REPRESENTATIONS 
OF THE LORENTZ GROUP 


In reference 1 we have obtained the Clebsch- 
Gordan expansion for the finite-dimension repre- 
sentations: 

‘Pntim, BY ristane = >; V nyn/4en A (ylyNol onl) Clare 

nl 

Ant nlani=n0.V (21, 1) (261) Xadilisd al sloth); 
e (38) 
X (abc, def, ghs) are the Fano functions whose ex- 
plicit form together with tables of particular values 
are given by Matsunobo and Takebe.'* The coeffi- 
cients A satisfy the following orthogonality rela- 
lations: 


SA (nylynolent) A (mylynelen'l) = 8rn’, 
Lil, 


DA (talsnalenl) A (nilinalnl) = bi B1, (39) 


With the aid of (38) and (39) we may obtain the 
Clebsch-Gordan expansion 
ny ne = > A (yl yNgl pnt) 


Lymylymy ~ Lamylome 77 
n 


i ifs al’ im Cee Pir te 
x Altiyls tela nl’) Crmztam; 1 my lqmg! tay m’ (40) 
and the inverse expansion 
1 , 5 ; 
Timtm' = DVA (fylyfolonl) A (14yl)Nol’s nl’) 


lm ln’ ny Nz 
a Srey 


Lymy lain, tym fgM5 Lym dim, lor Lin, (41) 


In (41) the summation is carried out over all the 
allowable values of 1,, J, lj, 14, my, my, m‘,, mj. 
In accordance with reference 15 we shall seek 

the Clebsch-Gordan expansion of the product of 
basis functions WYyj7y, of the infinite-dimensional 
representation in the following form 


a , aye ge a) 
REA Lumet Nalsms =r ak [V 4r > 
is 


co 
lm 


x \ dNB (N,N,N) C(Nl,NolyNL) C 
0 
and we shall require that C(N,0N,0NO)=-1. By 
making use of the orthogonality of the functions 
YNilm we obtain 


AD Nitta ) (4 2) 


Lymyloms 


B(N,N.N) = + 7 sinh =N, sinh eN,sinhnN 
x [cosh § (NV, + N.+ N)cosh% (N, + N,—N) 


cosh 5 (N + N,—N,)cosh 5(N + N,— N»)|. (43) 


The plus sign corresponds to the time-like, and 

the minus sign to the space-like case. To deter- 
mine the expansion coefficient C (N,l,No/,N1), we 
apply to both sides of (42) the operator Fy, (24), 


Al Zo DOLGINOViandtl ane? Clery Gan 


and then expand products of the type YN,l,m, 
x WNL Ijm. ty which will appear in the left hand 
side of the equation, again by utilizing (42). By 
equating coefficients of YNzm on both sides of 
the equation, and by utilizing the orthogonality 
properties of the coefficients C::., we obtain 
the following recurrence relations - 
C (Nh NoleNU) Cr’ Croto 
=SiC (Nil NolaN2) CMheh® U (hie Ml; UL) 
an aa ieai O10 
aT 
iho ie Nol, 1.0 ] a iald fam ; 
+> CNL Nab NYC G athe (oly AISLE yi eee 
fy 
U (abed; ef) = V Ge+ 1) OF +14) W (ated; ef). 44) 
The relations (44) enable us to define the func- 
tion C(N,1,N,l,Nl) for arbitrary 1, 1, and l. 
It has the following symmetry properties: 


(G; (Ni NoloN1) = G (Nol.N yl, NL) 


lems 
=(—1)& Vy a. 7 C(NoleNIN,L), (45) 
C(N,1,Nol,.N1) =0 if 1, +2, +21 is an odd integer. 
These properties become obvious if we express 

C (N,2,No2,.NZ) in terms of an integral of the prod- 
uct of three IIz7(N, @), by utilizing (42). 

We shall seek the expansion which is the inverse 

of (42) in the form 

vim = (NV 42/N,N2) >; 


Lymylgmy 


< lm 
* Ci mt NLGAE Ne (46) 


C (Ny NoloND) 


On setting a@=0 in both sides of this equation we 
obtain C (N,ON,0NO) = —1. The recurrence rela- 
tions between C and different values of testes 
and 7 can be obtained in the same way as for C. 
They are identical with (44), from which it follows 
that C(NjJ,Njl,N1) coincides with C (N,l4Nol)NZ). 

From (42) and (46) we obtain the orthogonality 
relation* 


\ NANB (NyN2N)C (Nyl,NolaNU) C (Nyt Nol NI) 


* = N,N,8 8 


neni, 
NB(N,N2N)>y C(NylNolaNL) C (Nyl,N ol.N'L) 


Lyla 


= N,N,8(N —N’). (47) 


The coefficients C(N,l,Nol,Nl) defined by the re- 
currence relations (44) are identical, up to a con- 
stant factor, with the Fano function of complex 
arguments: 


*We note that in reference 15 the factor B(n,n,n) has been 
omitted in the right hand sides of (7) and (8); the factor —% 
is lacking in the expression for B(n,n,n) [formula (6)]. 
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C(NiLNIN1) = j!-1-h—-h V iNN,N, (24, + 1) (20,4 1) Pa, Ph, and pe. To describe the angular and the 
energy distributions of the particles, the reaction: 
MPD NI gS a pid oats SIL), amplitude is usually expanded in terms of spher- 
eat) (48) ical harmonics of the angles that specify pj, and 
= ; the energy dependence of the coefficients of these 
To calculate the particular values of the Fano func- functions is then obtained. Such an expansion is 
tion in (48), we can use the usual formula inconvenient for relativistic processes since the 


convergence of the expansion becomes worse as 
the energy increases. The reaction amplitude, 
XW (Lledo; ldo tN W (IJ yh, Iqdo + Ny, (49) regarded as a function of the variables pg, Dp, 
Pc, depends not only on the nature of the inter- 
action, but also on the kinematics of the process. 
Since the amplitude is a scalar, it contains only 
invariant combinations of the momenta. Along 
with pi = m?, we can choose as such combina- 
tions, for example, the two scalar products 
(PaPb) and (pePd)-. 

In order to characterize the process independ- 
ently of the kinematics, and to describe the angu- 
lar distribution without expanding in terms of 
spherical harmonics, we can utilize the expansion 
of the amplitude in terms of the infinite-dimen- 
sional representations of the Lorentz group. We 
denote the reaction amplitude by A (mi, p;). The 
expansion of the amplitude in terms of the basis 

functions of the infinite-dimensional representa- 
ne : ; : 
ea ae = 3 NdNB (N,N.N) tion has the following form 


A (Jisih, Jolole, JID) = dy (2J, + 2241) W (Thilo; Sed) 
A 


in which A must take on all integral values from 
—l) to +l), where J) is the smallest of the three 
numbers 1J,, Jj, and l. 

The explicit form of the functions W and others, 
which was obtained by Racah for real values of Jy, 
is also preserved in the case of complex J 
= 3(iNK-1) if all the factorials are replaced by 
the corresponding I functions of complex argu- 
ment. In order not to lose a phase factor in this 
process, we must in the process of squaring and 
of extracting the square root retain all the factors 
i, and only in the very last stage can we put -—1 
for the i? -which are outside the radical. 

From (42) and (46) we obtain the Clebsch-Gordan 
expansion 


co CO 
a vi A(m?, pi) = \ | AN ANA (m2, Ny, No) Ty (Nast) Uy (Noy 2): 
x C (Nyl,Nol-NL) C (NyLN.1NU’) Ciimstyrig Eye Lim, ie 5 6 (52) 
(50) 
The inverse expansion may be obtained by utilizing 
the orthogonality properties of the coefficients 


Here we have 
11, (NV, y) = —sin Ny/sinhy, coshy, =cosha,cosh2, 


C (N,2,Nal,Nl). It has the following form — sinh o@sinh x, cos 9a, 
(N/N,N.) B (N,N,N) > G (N,1,N.l.N1) G (Nyl,Nol,N'U’) (PaPo) = Mam, cosh %1 = EgE,— PaPo, (PcPa) = M-Macosh ye. 
L'm’ Ms Ne s The interaction process will be completely de- 
% Crimtime hm tam! tami, Thamtin, = Timm? (N—N — seribed by the quantity 
All the formulas of this section, with the excep- A(m?,N,,N2) = (4/n*)\ dw,dw,A (m?, pi) M1, (Ni, y1) Wy (Nos), 
tion of (47), hold for both the time-like and the (53) 


where dw = sinh? y dydaQ. 

The whole angular and energy dependence of 
the amplitude is contained in the known functions 
II) (N, y). The expansions (52) and (53) hold for 
functions which are quadratically integrable over 
dw. If A (mj, p,;) is not such a function, then one 
can always separate the invariant factor in sucha 
way that the remaining part will have the required 


space-like case. In (47) a minus sign will appear 
in the right hand sides if B(N,N,N) is negative 
(space-like case). 


5. APPLICATION OF THE INFINITE-DIMEN- 
SIONAL REPRESENTATIONS TO THE STUDY 
OF RELATIVISTIC PROCESSES 


1. The infinite-dimensional representations of properties. 
the Lorentz group can be utilized for the spectral If the particles that participate in the reaction 
representation of the reaction amplitude. As an have spin, then the amplitude will contain spin 
example we consider the reaction a+b—c td, operators with factors that depend on the momenta 
and assume that the particles are spinless. Then and transform according to a finite-dimensional 
the reaction amplitude will depend on the masses representation. The product of these factors and 


of the particles, and on three independent momenta, II) (N, y) can be expanded in terms of the infinite- 
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dimensional unitary representations and, thus, an 
expansion for the reaction amplitude can be ob- 
tained in the general case. 

2. The infinite-dimensional representations can 
be utilized for the solution of equations of quantum 
field theory. As an example let us consider the 
simplest case — the D’Alembert equation. It can 
be easily seen that in this case the basis functions 
VYNim (@, 3, g) enable us to separate variables. 
Indeed, in accordance with reference 15, we have 
dusGv(¢) Yim (29,9) = Et [ 5 — | 


Lxf 


x Gw (o)y/ ZEEE ce, cid, A(NI2F LIV Ala, 9, ¢), 


(54) 
iv=iN+k, kK =+1, Gy(p) depends only on p, 
while 


Ona ai 0/ot -— O/dz, 04.1,417, = + (0/0x = id/dy). 


The + signs in (54) refer respectively to the 
cases t?-r?>0 and t?-r*<0. By applying the 
operator 8qg twice we obtain 
0 Gy (0) Oia (a, %, ©) ae 1e>) 0" 0apGy (0) a ile (ce a, ¢) 


Gy (0) Evim (2,9, 2). (55) 


For equations of a more complicated type, for 
example, the Bethe-Salpeter equation, a chain of 
equations in the variable p is obtained. 


i 30, Ne41 
062 0:05 7 9 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 87, 1452-1454 (November, 1959) 


Eigenfunctions (in the k-representation) are derived which describe the motion of an elec- 
tron with an arbitrary dispersion law in a magnetic field, account being taken of two zones 
(and in particular of overlapping ones). A criterion for the applicability of the one-zone 


approximation is obtained. 


ihe state of an electron moving in the periodic 
field of a crystal is described, as is well known, 

by the wave vector k and by the number of the al- 
lowed energy zone s. If the crystal is placed in an 
external field, electric or magnetic, the eigenfunc- 
tion of the electron is generall described in the form 
of an expansion 


> = Di\ gs (k) dus dk, (1) 
s 

covering all zones. However, if the external field 
satisfies the conditions for quasi-classical behavior 
(in the case of a magnetic field, this means that the 
minimum radius of rotation of the electron a) 
=Vfhic/eH must be significantly larger than the 
lattice constant a), then a single zone can play 
the principal role in the expansion (1), as before. 
The aim of the present note is the clarification of 
the condition of admissibility of such a single zone 
approximation and the discovery of the eigenfunc- 
tion (1) for this case. For simplicity of descrip- 
tion, we shall consider only two zones, s and r.- 

We give the name “jump at a given point” to 
the energy difference Eg(k) — Ey (kK) ata given 
point of k-space. Such a discontinuity can exist 
even in the presence of zones overlapping in energy. 
Inasmuch as Eg(k) ‘and Er(k) are different 
functions of k, the discontinuity at the point as a 
rule exists although the case of coincidence of Es 


and Ey for some k can occur (degenerate zones). 


It will be shown below that the condition for admis- 
sibility of the single zone approximation in the 
magnetic field is the éxistence of a sufficiently 
large discontinuity at points lying on a given iso- 
energetic surface. 

The problem of taking neighboring zones into 
account was considered previously by the author," 
and also, in a much less general form, by Adams,’ 
and Luttinger and Kohn.? In the presence of a mag- 


1029 


netic field directed along the z axis and described 
by the vector potential Ax = —Hy, Ay =Az =0, it 
is expedient to write the expansion (1) in Bloch 


eigenfunctions, as was shown by the author:*! 


Yes= Didrns (kay Ray by) eletonmye, @) 
h 


in which k;, is replaced by k, +y/a%. We use 
Eq. (I) of reference 1 for gg(k), setting the po- 
tential of the electric field in it equal to zero, 
keeping the non-diagonal (interzone) “magnetic 
terms” of order ap a and leaving out two zones. 
Equation (I) can be described in the case under 
consideration in the form of a set of equations 


Eves ae Ciel baer = Eg: Er O65 "Hrsos = [Bis (3) 


Here (see, for example, references 4 and 1) Eg 
is the operator obtained from Eg (kj, ky, k3) by 
the substitution k; > ky —(1/ia2) 8/ak, and Hg, 
is an operator of the same type as Bg: Br de- 
pending, however, not only on the dispersion law 
of the electron in the crystal, but also on the wave 
functions in the zones s and r. 

Those states are of interest to us in which gy 
is small in comparison with gg. We satisfy the 
system (3) by setting 

Br = a52O (k) g.. (4) 

Discarding terms of order ao’; we obtain for 
gg the “single zone” equation Eggs = Egg, the 
solution of which, as shown in reference 4, has 
the form 
ke 


\ vee a ; 


Kig is the solution of the equation Eg (Kjg, kg, kg ) 
= KE. 

Substituting (4) in the second equation of (3), 
we find ®(k) (we can remove this quantity from 


—'/2 . 
CBee ; 
2.= ( : exp | oe ia?Ry ky — in? 


O15 
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under the operator joe since it is slowly changing). 
The action of the operator Hyw on gg reduces 
after transformation to multiplication of gg by 

the function Fy, (kK), which depends on the dis- 
persion law and the wave functions in both zones 
[see (2)]: 


Bass ie OPhiss eine ae 
Fs (k= DO (k) Hr: (Ret 2a) Teer el 
The final form of gy will be 
bans (fe) 


k). (6) 


gr (k) “DWE (x 


Tr 


Fe 


Consequently, the criterion for the admissibility 
of the single zone approximation has the form 


| E(k) —E; (k)| S>a5?F .. (7) 


The quantity Fy, is of order h’?/m*, where m* 
is the effective mass in the basic zone (s); there- 
fore, the inequality (7) can be written in the form 


| Er (k) — Es (k) | > pH. (8) 
It must be kept in mind that the inequalities (8) 
and (7), in accord with (8), must hold at points in 
k-space lying on a surface of constant energy Eg(k) 
=E, 
Without calculation, we write down the corre- 
sponding criterion for an electron placed in crossed 


GH 2 BoB Rea 


homogeneous magnetic H and electric F fieids | 
[it is assumed that the principal reason for the ap- « 
pearance of interzone terms is the electric field; 
in other words, we have the criterion (8)]: 


| E, (k) — E(k) | > eFam/m (9) 


(a is the lattice constant). In the absence of a 
magnetic field, as was shown in reference 1, the 
inequality (9) holds again; however, in the presence 
of a magnetic field, only those points of k-space 
enter into (9) which lie on a surface of constant 
energy. 

The author takes this occasion to thank I. M. 
Lifshitz for discussions of the problem. 
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ELectrons lose energy in passing through mat- 
ter. The energy loss is due to the interaction of 
the electrons with nuclei and with shells of atoms 
of the stopping material. For electrons of inter- 
mediate energy the most probable energy losses 
are due to ionization of atoms of the material. 

Using the Landau theory,! taking account of the 
Fermi corrections? for polarization of the medium, 
we can write the most probable energy loss for a 
relativistic electron as follows:® 


; 57 D 
— AW = 0.1537 5 D (19.43 + In =) Mev, 


where Z is the atomic number of the stopping ma- 
terials, A is the mass number, p is the density, 
and D is the surface density. 

In the present note we describe results of ex- 
periments carried out to determine the most prob- 
able energy losses of 18-Mev electrons. The ex- 
perimental arrangement is shown in Fig. 1. 

By means of a 90° magnetic monochromator the 
primary electron beam is made monoenergetic to 
within +0.2% (~+40 kev). The energy losses are 
determined from the displacement of the maxima 


FIG. 1. 1—magnetic monochromator, 2 —lead col- 
limators, 3 — experimental chamber, 4— magnetic anal- 
yzer, 5—Cerenkov radiator, 6 — photomultiplier. 
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in the energy spectra obtained by means of the mag- 
netic analyzer 4 with the sample placed in front of 
the beam in the experimental chamber 3 and with 
the sample removed. The accuracy of the meas- 
urements is +40 kev. 

Typical curves are shown in Fig. 2. In this case 


00 


Polystyrene CsHg 
1.05 g/cm? 


80 


b0 + = 


Intensity, percent 


f eneeee | L 
4 1b 16 WY 18 
Electron energy, Mev 


FIG. 2 


the samples are targets of aluminum, polystyrene 
(CgHg)y and Plexiglas (C4HgO0,)y. The results of 
the measurements are shown in the table, where we 
compare our data with the results obtained by Gold- 
wasser® and with theory. Here AW is the loss pre- 
dicted by the Landau theory with the Fermi correc- 
tion, (AW)q is the loss measured by Goldwasser, 
and (AW), is the result obtained in present experi- 
ment. 


Al (C.Hy) py (C,H,O2) p 
D 0,81 1.055 0.559 
i) 2.694 4.055 1.130 
AW 1.09 1.65 0.96 
AWg | 0.99 | 1.64 nis 
AW 1.04 Ue Ge 0.92 


An examination of these results indicates good 
agreement between the theoretical and experimental 
values. 


11,, Landau, J. Phys. (U.S.S.R.) 8, 204 (1944). 
2. Fermi, Phys. Rev. 57, 485 (1940). 


pump 
To vacuum 
pump 
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3 Goldwasser, Mills, and Hanson, Phys. Rev. 88, 
1137 (1952). 
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CITED LEVELS OF DAUGHTER NUCLEI IN 
THE DECAY OF U**8 AND U™ 


A. A. VOROB’ EV, A. P. KOMAR, and V. A. 
KOROLEV 


Leningrad Physico-technical Institute, Academy 
of Sciences, U.S.S.R. 


Submitted to JETP editor June 12, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 1456-1457 
(November, 1959) 


‘Tae ratio of the intensities of the transitions to 
the first excited levels was measured by us with 
a pulse ionization chamber with a screen connected 
for coincidence with a scintillation counter with a 
Nal crystal. The latter registered the x-rays ac- 
companying the @ decay to the first excited levels 
of the daughter nuclei. In plotting the a spectra 
without coincidences, the lines corresponding to 
the transitions to the first excited level and to the 
ground state are incompletely resolved. Data on 
the transition intensities! obtained in this manner 
are therefore insufficiently accurate. Transitions 
to the ground state are not registered if coincidences 
with x-ray L-quanta are introduced, so that it be- 
comes possible to determine reliably the relative 
intensities of the transitions to the first excited 
levels. 

The @ spectrum of a natural mixture of ura- 
nium isotopes, plotted in coincidence with x-ray 
L radiation, yielded the following information: 
1) the number of pulses N; corresponding to the 
transition of U*4 to the first excited level of Th?°” 
is 1815; 2) the number of pulses N, correspond- 
ing to the transition of U?®® to the first excited 
level Th?** is 1640. It is necessary to subtract 
from Np» approximately 30 pulses, due to the de- 
cay of u?3>_ The calculations performed have shown 
that the errors in the intensities, due to the pres- 
ence of two conversion lines Ly and Ly (differ- 
ent absorption, Auger effect, etc.) and to conver- 
sions on the M and N shells, are quite insignifi- 
cant and result in a total correction of 0.7%. Taking 
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this correction into account, we obtain for the inten- 
sity ratio N,/N; = 0.91 + 0.04. The populations of 
the same levels were investigated previously by 
Teillac?’? by a method in which the conversion 
electrons were registered in thick photoemulsions. 
These measurements yielded a value of 0.75 for 

N, /Nj. However, owing to the poor distribution of 
the groups of a@ particles and the small number of 
registered events, the accuracy of this ratio was 
small (~ 25%). 

The intensity of the transition to the first ex- 
cited level in the decay of u?*4, measured with a 
magnetic spectrometer, amounts to 28%.4 We 
therefore obtain a value of 25.5% for the intensity 
of the analogous transition in the decay of U7*’. 
(The accuracy of this value is determined essen- 
tially by the accuracy of the measurements made 
by Gol’din, Tret’yakov, and Novikova,’ which, un- 
fortunately, was not stated by the authors.) Inves- 
tigations in which the photoemulsion method was 
used®® yielded a value of (23 + 3)%. It can be 
shown that in these investigations the number 
of conversion electrons due to the U?* decay was 
incorrectly computed. This value should have been 
computed, since the U?® line was not separated 
from the U?** line. It was thought that each yes 
decay was accompanied by a conversion elec- 
tron. Investigations performed recently in our 
laboratory and in others on the a decay of U?* 
make it possible to state that the number of con- 
version electrons of energy within U?*4 conversion- 
electron energy range is only approximately half 
the number of the U2% decays. Taking this into 
account, the results of references 3 and 5 can be 
reduced to a value of (25 + 3)%. 


'Kocharov, Komar, and Korolev, JETP 36, 68 
(1959), Soviet Phys. JETP 9, 48 (1959). 

?J. Teillac, Compt. rend. 230, 1056 (1950). 

3J. Teillac and G. Albouy, Compt. rend. 236, 
829 (1952). 
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*Gol’din, Tret’yakov, and Novikova, U.S.S.R. 
Acad. Sci. Session on Peaceful Uses of Atomic 
Energy, July 1955. 

°B. Zajac, Phil. Mag. 48, 264 (1952). 
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INVESTIGATION OF THE X-RAY SPECTRA 
OF THE SUPERCONDUCTING COMPOUND 
CuS 

I. B. BOROVSKIT and I.A. OVSYANNIKOVA 


Institute of Metallurgy, Academy of Sciences, 
U.S.S.R: 


Submitted to JETP editor June 16, 1959 
J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 1458-1460 
(November, 1959) 


5 the formation of a chemical compound there is 


always a rearrangement of the electron energy spec- 
trum of the elements that enter into the composition. 


These changes are accurately determined from the 
fine structure of the x-ray emission and absorption 
spectra. 


In the case of superconducting compounds of non- 


superconducting elements, according to the pres- 
ently developing concepts,! the fine structures of 
the x-ray spectra of the metals will change so as 
to come closer to the fine structures of the spectra 
of a superconducting metal, whose position in the 
periodic table is close to that of the metal under 
consideration (in the same period). 

We report in the present paper the results of an 
investigation of the fine structure of x-ray absorp- 
tion and emission K spectra of sulfur and copper 
in the pure elements and in the compound CuS. 
These results confirm the foregoing point of view. 


Sulfur and copper are nonsuperconducting elements, 


while CuS is a superconductor with a transition 
temperature 1.62°K. The CuS lattice is of space 
group Dén (reference 2). 


1033 


The investigations were carried out in an x-ray 
vacuum spectrograph with bent quartz crystal (ra- 


dius of curvature 500 mm, Kapitza-Johann focusing). 


Photographic registration was used. The sulfur 
spectra were obtained in reflection from the (1011) 
plane, those of copper from the (1340) plane. The 
accuracy of measurement of the position of the sul- 
fur edge was 0.4xE, that of copper — 0.15 xE, and 
that of the positions of the maxima of the emission 
lines of sulfur was 0.2xE. The emission K _ spec- 
trum of sulfur was studied by a secondary method. 


The diagram shows the average microphotograms 


of the resultant spectra; the curves are arranged in 


such a way that the inflection points of the long-wave 


portion of the S and Cu edges coincide in the CuS. 
This point, accurate to the width of the initial state, 
determines the position of the Fermi surface of the 
energy spectrum of the compound. All the curves 
that represent the fine structures of the spectra are 
arranged about this point in equal energy scale. 

The experimental results obtained allow us to 
note the following (see table): 

1. The sulfur spectrum in CuS does not have a 
discontinuity between the center of the short-wave 
branch of the last emission line and the point of in- 
flection of the long-wave portion of the edge. This 
corresponds to a metallic character of the conduc- 
tivity of the CuS compound. 

2. In the absorption spectrum of the sulfur in 
CuS a maximum, which is new compared with the 
spectrum of pure sulfur, appears for the absorp- 
tion coefficient in the long wave portion of the edge 
abc (see diagram). 

3. The intensity ratio Jg, [J Bg, of the sulfur 


spectrum in the CuS is reduced to one half the value 


in the pure sulfur spectrum. 

4. The absorption edge of copper in CuS has lost 
completely the fine structure that is characteristic 
of the edge of pure copper. The form of the edge 
exhibits great similarity with the K edge of Zn or 
Ga. 

5. There is a similarity in the form of the Cu 
and S edges in CuS (the maxima of the absorption 
coefficients A and A’ or B and B’ are located at 
approximately equal distances from the point F; 
the regions def and d’e’f’ have the same 


Wavelengths of different elements of the fine structure 


In the pure element In the compound Shift 

Fine-structure element Bs ve ae Aisex 

lf ib tion ed 5008.0 2470.4 5042.4 2467.9 ==)? 
Secianaar KA, athe line a 5019.8 2464.3 5021.6 2463.4 —0.9 
Maximum of Kf, sulfur line 5013.7 2467,3 5013.4 2467.4 —().4 
Start of copper absorption edge 1377.94) 6545.4 AO DON MmOOL Or 4+1.8 
Maximum of Kfs copper line 1378,22| 6512.8 | 1378.20) 6513.9 | +-4.4 
Maximum of KA, copper line 1389.65 | 6405.7 1389.26} 6904.3 | +3.6 
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Dependence of the emission-line intensity J and of the 
coefficient of mass absorption p/p on the wavelength: 
a—spectra of Cu: curve 1—copper metal, curve 2—copper in 
CuS; b—spectra of sulfur in CuS; c—spectra of pure sulfur. 
The emission lines are shown shaded. The energy scale is 
0.86 ev per division, corresponding to 0.13 xE in the region of 
wavelengths of the copper edge and to 1.74 xE in the region 
of wavelengths of the sulfur edge. 


curvature relative to the abscissa axis). 

6. An investigation of the Kf, line of copper by 
the ionization method has shown that the spectrum 
of metallic copper has a satellite Kf’, which is 
absent from the spectrum of copper in CuS, or 
from the spectrum of Zn. 

The following is a possible interpretation of the 
results obtained: the electron configuration of cop- 
per (free atoms) is 3s?3p*. The shortest emis- 
sion lines of sulfur, KS, and Kfx, are due to 
transitions of electrons from the filled portion 3p 
of the band to the 1s level. The reduction in the 
intensity of the Kf, line of the S spectrum in 
CuS and the appearance of an additional long-wave 
structure in the absorption spectrum are evidence 
that in the CuS compound a portion of the 3p elec- 
trons of the sulfur has gone over to a different state, 
making it possible to excite electrons in previously- 
occupied states. The absorption spectrum of cop- 
per in the compound has changed in a way as to 
approach the zine spectrum. It follows from this 
that on the average one sulfur electron has gone 
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from the 3p state to the 4s state of copper. Ac- 
tually this electron belongs to the conduction band 
of the entire compound, with metallic properties, 
the same as the “proper” 4s electron of copper, 
given up by each copper atom to the conduction 
band. The structure of the ionic residue of copper 
is 3d!°. The absence of a satellite Kp’ in the 
spectrum of copper in CuS is an additional argu- 
ment in favor of the above. 

In light of these facts, it becomes necessary to 
revise the structure of covellin,? which is consid- 
ered an ionic type compound. X-ray-spectral data 
indicate that CuS is a compound of the intermetal- 
lic type, in which the atoms of both components 
give up electrons to the conduction band. This | 
agrees with the physical properties of CuS — 
metallic character of conductivity and diamagnet- 
ism. 


1T. B. Borovskil, Tp. uHcT. Meraaypruu AH CCCP, 
(Trans. Inst. of Metallurgy, Acad. Sci. U.S.S.R.), 
vol._6.. U.S.S.R. Acad. Sei. 1959. 

2 Strukturberichte, Leipzig, 2, 10, 229 (1937). 

3N. V. Belov, CrpykTypbl MOHHbIX COeAMHeEHMK UM 


MeTasmueckux das, (Structures of Ionic Compounds 
and Metal Phases), U.S.S.R. Acad. Sci. 1947. 
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S. S. VASIL’ EV, V. V. KOMAROV, G. V. KOSHE- 
LYAEV, and A. M. POPOVA 


Institute of Nuclear Physics, Moscow State 
University 


Submitted to JETP editor July 3, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 87, 1460-1461 
(November, 1959) 


W: investigated the angular distributions of a 
particles that result from the decay of C'*, induced 
by fast protons with energies 22 +1 and 29 +1 Mev. 
The decay of the C! nuclei was observed in the 
form of five-pronged stars (three a particles and 
the incident and scattered protons), formed in nu- 
clear photoemulsions Ya2 and D-NIKFI, bombarded 
by protons in the proton synchrotron of the Research 
Institute for Nuclear Physics of the Moscow State 
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University. The bombardment was carried out si- 
multaneously with several proton beams of different 
energies, separated by a system of diaphragms from 
the beam of the protons scattered by a wedge-like 
target inside the proton-synchrotron chamber. 

At the present time, after an analysis of more 
than 500 stars, we counted 113 stars produced by 
protons of the foregoing energies. The diagram 
shows the angular distributions of the a particles 
in these stars (c.m.s.). It is seen from the diagram 
that whereas the angular distribution is symmetrical 
about 90° for the 22-Mev incident protons, the sym- 
metry is violated for the 29-Mev protons, with 
emission of qa particles in the forward hemisphere 
predominating. 


ie Ey 722 Mev 
20 
10 
N &)=29 Mev 


i — 
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The angular distribution shown indicates that for 
29 + 1 Mev incident protons interact directly with 
the a@ particle of the c™ nucleus. 

It should be noted that for 22-Mev incident pro- 
tons we observed individual cases of C™ decay, 
which can be classified as direct knock-out of an 
a@ particle by a proton inelastically scattered by 
this particle. These cases are characterized by 
relatively large energies of the knocked-out a@ 
particles, compared with the energies of the two 
other particles and with the scattering direction 
of the products (taking excitation energies of the 
possible intermediate nuclei into account). 

Direct interaction of the p—qa type with decay 
of the C’* nucleus into three a particles were 
observed for 180 and 340 Mev incident protons.! 
Our results deduce the presence of a noticeable 
admixture of type p—a direct interactions for 
29 Mev protons and the presence of individual 
cases of such interactions for 22-Mev protons. 


14. Samman and P. Cuer, J. phys. radium 19, 
13 (1958). 
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SUPERCONDUCTIVITY OF BERYLLIUM 
AND ITS LOW-TEMPERATURE POLYMOR- 
PHISM 


B. G. LAZAREV, A. I. SUDOVTSEV, and 
E. E. SEMENENKO 


Physico-Technical Institute, Academy of 
Sciences, Ukrainian S.S.R. 


Submitted to JETP editor July 7, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 1461-1463 
(November, 1959) 


le has been reported previously! that beryllium, in 
the form of a film condensed on a substrate at liquid 
helium temperature, becomes superconducting at 

~ 8°K. In this note we present the results of a more 
accurate determination of the transition temperature. 
The existence of low-temperature modifications of a 
number of metals, including bismuth and beryllium, 
has recently been discovered? and in this connection 
it was especially interesting to examine the super- 
conductivity and electrical conductivity of these 
beryllium films. 

The films were formed by the well-known 
method.!»?-5 Measurements were made on the super - 
conducting transition and the temperature depend- 
ence of electrical resistance over a wide tempera- 
ture range. The results on the superconducting 
transition are shown in Fig. 1. The various curves 
refer to different films. Some difference in the 
transition curves is probably related to the condi- 
tions of formation of the films and their thickness. 
All films examined which had a thickness between 
400 and 2,500A behaved in a similar way and be- 
came superconducting in the region between 7 and 
9°K, over which the resistivity increased from zero 
to its maximum value. 


RR ae 
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a8 
FIG. 1. Plots of the super- 
conducting transition for beryl- 2 
lium films: 1—film thickness 
400 A, Rmax = 3600; 2—thick- &% 
ness 2300 A, Rmax = 4800. 
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The detailed temperature variation of resistivity 
was studied in order to decide about a transition to 
a low-temperature form. Figure 2 shows this tem- 
perature variation up to about 400°K. 

All films show, in common, a temperature re- 


320 
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gion (up to 20 —30°K) in which the superconduct- 
ing modification exists. If heated up to this tem- 
perature, the films become superconducting again 
on subsequent cooling. Heating to temperatures 
above this leads to an incomplete superconducting 
transition on cooling again: some resistivity re- 
mains, which increases with increasing tempera- 
ture of heating. Superconductivity is completely 
lost if heating is carried on above 60°K. This limit- 
ing temperature is somewhat lower if the heating 
time is increased. 

We can presume that the first sharp drop on the 
heating curves is determined by the transition of 
the film into a different (non-superconducting ) 
modification. 

Further on, up to ~ 200°K the resistivity changes 
little. Around ~ 200°K the resistivity drops again 
and this is connected either with the transition to 
yet another form, appropriate to bulk beryllium, 
or with recrystallization of the film. 

Structural investigation will enable a more pre- 
cise opinion to be given on these transitions. 

We have shown that by condensing beryllium 
from the vapor onto a cold substrate a new modifi- 
cation is formed with different properties from 
normal beryllium, in particular it shows supercon- 
ductivity. It is possible that this is the same modi- 
fication which is obtained by plastic deformation at 
temperatures below 20°K.? This seems likely in 
view of the analogous behavior of bismuth: super- 
conductivity is found in the low temperature modifi- 
cation of bismuth obtained by plastic deformation® 
at a temperature close to the superconducting tran- 
sition temperature of freshly condensed films. 


1 Lazarev, Sudovtsev, and Smirnov, JETP 33, 
1059 (1957), Soviet Phys. JETP 6, 816 (1958). 

*Gindin, Lazarev, Starodubov, and Khotkevich, 
JETP 385, 802 (1958), Soviet Phys. JETP 8, 558 
(1959). 
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FIG. 2. Temperature variation of electrical resist- 
ance of beryllium films: 1 —film thickness 700 A, 
Rimax = 2000; 2—thickness 1800 A, Rmax = 10700; 
3—thickness 400 A, Rmax = 3600; a— data for thick- 
ness 500 A, Rmax = 3000 (film condensed at 20°K). 


3N. V. Zavaritskil, Dokl. Akad. Nauk S.S.S.R. 
86, 687 (1952). 

4wW. Buckel and R. Hilsch, Proc. Int. Conf. Low 
Temp. Phys., Oxford, 1951, p.119; Z. Physik 138, 
109 (1954). 

5A. I. Shal’nikov, Nature 142, 74 (1938); JETP 
10, 630 (1940). N. E. Alekseevskii, Dokl. Akad. 
Nauk S.S.S.R. 24, 27 (1939); JETP 10, 1392 (1940). 

6 Gindin, Lazarev, Starodubov and Khotkevich, 
VI All-Union Conference on the Physics of Low 
Temperatures, Sverdlovsk, 1959. 
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THE MOTION OF A CHARGED PARTICLE 
IN A ROTATING MAGNETIC FIELD 
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In plasma physics a discussion of the problem of 
the possibility of localizing a charged particle by 

a variable electromagnetic field within a certain 
region of space is of some interest. This question 
has been discussed by Trubnikov! and by Gaponov 
and Miller.” The behavior of a charged particle in 
a variable electromagnetic field was also discussed 
by Vedenov and Rudakov.® In the present note we 
show that the localization of a particle is possible 
in principle by means of a rotating magnetic field 
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under definite quite restrictive conditions. 

We assume that the rotating magnetic field is 
produced, as usual, by two crossed coils situated 
along the x and y axes, while a constant magnetic 
field H is applied along the z axis. If the phases 
of the alternating currents are suitably chosen, an 
electromagnetic field with the following components 
(in the quasi-stationary approximation) is produced 
in the region of space formed by the intersection of 
the two cylinders 


2 
H {Acosoft, hsinot, H}, (1) 


hw h j A : : 
cE [_. F 2 COS wt, —+—zsinot, S~ (#c0s wt + ysinot)t, 


where h is the amplitude of the rotating magnetic 
field, and w is.the frequency of rotation. 

The equations of motion for the particle may be 
conveniently written in the following matrix form: 


r = nyt -. ‘ler. (2) 


The explicit expression for the matrices m may 
be easily found from (i). In the rotating system of 
coordinates in which the vector h is at rest (2) 
reduces to the following equation with constant 
coefficients: 


R = u,R == UR. (3) 
If R=M (t)r, where M (t) is the matrix repre- 
senting a rotation about the z axis, then the ma- 
trices fi and * are related by the following equa- 
tions 


y= Mmy M*— 2MdM/dt, 
to= MmeM2 + MmydM/dt —M BM Yd. (4) 


We introduce the following notation: 2 = eH/mce, 
wh =eh/mc. Then with the aid of (4) the matrices 
yw. may be written in the following form 


0) Q—20 0 w? + oQ 0 —O@p,0/2 
i, = (20-9 0 on ) te = ( 0) wo + 0oQ 0 if 
0 —Op, 0 = OW, /2 0 0) 


(5) 


We note that in the rotating coordinate system the 
electric field has the potential 
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(the X axis is chosen in the direction of the vec- 
tor h). On substituting R= Ry) exp(ivkt) into 
(3) we obtain the following characteristic equation: 


he — {w? + Q?— 60Q + Qu?) R? + {w? (@ + Q)? — 8/,0°w?} R 
— 1/403? (Q + @) = 0. 


The particle motion is stable (finite) only 
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when the roots of this equation are positive and 
are different. The ranges of parameters for which 
this condition is fulfilled are shown in the diagram 
(by shaded areas). Region I is bounded by the 
curve a which (for a >and a >1, a = 2w/wp, 
B =H/h) asymptotically approaches the horizontal 
axis, and by the curve b which asymptotically 
approaches the straight line 98 +q@=0. For 
8B =0 the boundary of the region I is given by 
Qer ~ 5. The region II is bounded by the curve c 
which coincides for B >a, 8B >1 with the hyper- 
bola a8 =2, and by the curve d which has the 
asymptote B-9q@=0. 

The regions I and II are symmetric with respect 
to the origin in the different quadrants. 

In conclusion I wish to express my gratitude to 
A.M. Dykhne, V. L. Pokrovskii, S. K. Savvinykh, 
and B. L. Zhelnov for their advice and discussions. 


'B. A. Trubnikov, Behavior of Plasma in a 
Rapidly Varying Magnetic Field, Coll. ®usuxa 
NWaSMbI uv mpoOmema YlpaBIAeMbIx TE PMOAE pHbIX 
peaxnus (Plasma Physics and the Problem of Con- 
trolled Thermonuclear Reactions) vol. IV, Acad. 
of Sci2UsS:S:R., 1958: 

2A. Gaponov and M. A. Miller, JETP 34, 242 
(1958), Soviet Phys. JETP 7, 168 (1958). 

3. A. Vedenov and L. I. Rudakov, On the Motion 
of a Charged Particle in Rapidly Varying Fields, 
loc. cit. rei. 1. 
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SIONS AND (1m) INTERACTION 
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Js model of “central” and “peripheral” collisions 
was proposed}? to interpret experiments with in- 
elastic (NN) collisions at energies E >1 Bev. 

This model can also be used to explain the an- 
gular distributions of particles generated in in- 
elastic (mN) collisions. The figure shows the 
diagram of a central (7N) collision (a), and also 
possible variants of peripheral collisions (b, c, 
and d). In one of these the nucleus, losing the 
peripheral pion, goes into an excited state, which 
then decays (model with isobar). In the calcula- 
tions we have assumed values of */, for the spin 
and the isotopic spin of the isobar. The peripheral 
collisions are due to (m7) interactions. 
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Numerical calculations have been made for 
(7p) collisions at E=5 Bev. The results can 
be compared with the experimental data of ref- 
erence 3. The central collisions for this energy 
have been considered in reference 4. We used 
the statistical theory of multiple production to 
calculate the inelastic (mp) and (77) collisions. 

The table lists the average numbers of particles 
created in peripheral collisions of type b and c 
and emitted, in the c.m.s. of the colliding nega- 
tive pion and proton, into the forward (nP) or 
rear (nP) hemisphere relative to the velocity 
vector of the primary negative pion. As can be 
seen, the particles produce here a considerable 
angular asymmetry, A =n/n # 1.* 

A calculation of the type -d collisions is less 
unambiguous, Since little is known at present con- 
cerning the structure of the meson. From a com- 
parison of various assumptions with experiment 
it is possible to obtain, in principle, information 
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Model with Model with- 
Generated isobar out isobar 
particles 
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on the structure of the pion.t However, if colli- 
sions with small momentum transfer are consid- 
ered, the results of the table do not change qualita- 
tively and change very little quantitatively within 
the framework of sensible assumptions concerning 
the peripheral meson. 

Taking central (mp) collisions into account, 
the angular asymmetry of the particles generated 
in (7p) collisions is of the form 


= (i + m4) | (ne + a), 


as 
n°? = 


A=n/n 
where é = On / Onn n° ~ n°/2 is the num- 
ber of particles of a Bien kind, Ppremicyd in the 
central collisions: np ~ 0.4, ng ~ 0.6, n¢+ ~ ng- 
= n&o ~ 1.2. 

Qualitatively, both models (with and without the 
isobar) explain the experimental values of the an- 
gular asymmetry, but the model with the isobar is 
in better agreement with the experiment. In this 
case the experimental data for protons and pions 
can be reconciled with the theory if § 20.2. To 
reconcile the angular asymmetry of the neutrons 
with experiment we must have é 2 0.5, but the 
experimental data obtained in reference 3 for neu- 
tral particles are less reliable than those for 
charged ones. 

If the cross section o7, of the (m7) interac- 
tions, like the cross sections oqnN and oyn, 
changes little with energy at E >1 Bev, then the 
cross section for the peripheral (7N) and (NN) 
interactions is 


ONN = NN =2 \enw (e) qn(s) de ~2s,y nn, 


Dire in 
Srv == ECnn 


= \ enn (8) qn (8) de + \ Onn (6) Gr (€) d& = Gag tty + Onn Ne; 


where oqn and oq are the total interaction 
cross sections, qn and qq are the spectra of the 
peripheral mesons, and nN and ny are their 
number (~ 0.05 to 0.1, cf. reference 2). 

Since out ~ ait. and 7 20.2 (see refer- 
ence 2), we have 


Sonn = 2onN (E — Np Onn il ony) / T1~ Onn. 


This estimate is confirmed also by an optical 
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analysis of the experimental angular distributions 
of elastic (mp) interactions at E > 1 Bev.t 

Iam grateful to D. I. Blokhintsev for discus- 
sions. 


*It was assumed here that, in the case of (7N) and (NN) 
collisions at E> 1 Bev, the cross section of diffraction (a7) 
scattering of, ~ 1/30*4,, where o4® is the cross section of all 
inelastic (wz) interactions. Calculations have shown that the - 
numbers in the table vary little with o4,. 

tThis question will be considered in detail in another paper. 

tApproximately half of the (7 p) collisions occurs at impact 
parameters p ¥ (0.5 to 0.6) x 107** cm, which can be explained 
only by assuming r,,~ ry ~ 0.5 x 107** cm, i.e. o77, ~ Ant” ~ OnN 
(see reference 5). 


11. E. Tamm, Nucl. Phys., in press. 

2 Barashenkov, Maltsev, and Mihul, Nucl. Phys., 
in press. 

3 Maenchen, Fowler, Powell, and Wright, Phys. 
Rev. 108, 850 (1957). 

47. S. Barashenkov and V. M. Maltsev, Acta 
Phys. Polonica 17, 177 (1958); JETP 387, 884 
(1959), Soviet Phys. JETP 10, 630 (1960). 

> Barashenkov, Belyakov, Wang, Glagolev, 
Dolhadzov, Kirillova, Lebedev, Maltsev, Markov, 
Tolstov, Tsyganov, Shafranova, and Jao, Nucl. 
Phys., in press. 
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DETECTION OF Eut+ IONIZATION IN THE 
SrS-Eu, Sm PHOSPHOR BY THE PARAMAG- 
NETIC ABSORPTION METHOD 


V. V. ANTONOV-ROMANOVSKII, V. G. DUBININ, 
A. M. PROKHOROV, Z. A. TRAPEZNIKOVA, 
and M. V. FOCK 


P. N. Lebedev Physics Institute, Academy of 
Sciences, U.S.S.R. 


Submitted to JETP editor July 13, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 1466-1467 
(November, 1959) 


In the phosphor SrS-Eu, Sm (without flux) we 
discovered a decrease in the paramagnetic absorp- 
tion of Eu** upon excitation of this phosphor with 
light in the absorption band of Eu** (A ~ 440 my). 
This decrease was found to be dependent on the 
degree of the phosphor stimulation. At the mo- 
ment of excitation the decrease of paramagnetic 
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absorption is ~ 15%, and ~ 10 minutes after ces- 
sation of excitation this decrease amounts to ~ 8%. 
This agrees with the decrease in the self-absorp- 
tion coefficient of Eu** in phosphor during excita- 
tion. Measurements made some 10 — 20 minutes 
after cessation of excitation showed that the coef- 
ficient of activator absorption in the excited phos- 
phor was less by ~ 11%. At the same time, meas- 
urements of the total number of quanta emitted by 
the excited phosphor were made starting 10 — 20 
minutes after cessation of excitation. The meas- 
urements yielded 6.5 x 10. quanta, proving that 
not less than 4% of the Eu** became ionized. As- 
suming that the quantum yield of the radiation at 
recombination is ~'/4 and that the full amount of 
the activator was used for the formation of lumi- 
nescence centers (Eu**) we can state that about 
8% of the Eu** ions became ionized. 

Thus, three independent methods gave compat- 
ible results. This allows us to state that ionization 
of the activator (Eu**— Eu***) takes place upon 
excitation of the phosphor SrS-Eu, Sm. 

The cause of the non-detection of ionization in 
the previous! work remains unclear. It is prob- 
ably connected with the lower stability of the ra- 
diation spectroscope or with stray excitation of 
the luminophore in the resonator. 


1 Manenkov, Prokhorov, Trapeznikova, and Fock, 
OntTuka vu CneKTpockonua (Optics and Spectroscopy ) 
2, 470 (1957). 
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SCATTERING OF A LOW-ENERGY ELEC- 
TRON BY A SHORT-RANGE POTENTIAL 
IN A STRONG MAGNETIC FIELD 


V. G. SKOBOV 


Leningrad Physico-technical Institute, 
Academy of Sciences U.S.S.R. 


Submitted to JETP editor July 17, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 1467-1469 
(November, 1959) 


We study the question of the scattering of an 
electron with energy E by a potential V(r) in 
a homogeneous magnetic field H, assuming that 
the radius of action of the scattering potential 
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ry KA= (2mE)7!/2 (the system of units is em- 
ployed in which h=c =1). 

The Hamiltonian of the electron without con- 
sideration of the scattering potential is Hy 
=(p—eA)?/2m, where curl A=H. Let Hogq 
=Ea¢q, a is the total set of quantum numbers 
for an electron in a magnetic field. The exact 
wave function of the electron W(r) satisfies 
the integral equation! 


Wa (r) = 94 (r) + \6 (rr; E,) V(r’) P(r’) dr’, (1). 
G(r,r’; E) = yo (nr) ov ("') /(E— Ey + 8). (2) 


According to Lippmann and Schwinger, the scatter- 
ing is completely determined by the matrix ele- 
ments Tga = (vg|V|¥q), i-e., for the solution 
of the problem, one needs to know the form of 

Wo (xr) at distances of the order rp. Taking the 
vector A inthe form Ax=Az=0, Ay =Hx, and 
summing, in (2) over the x coordinates of the 
center of rotation of the electron, we obtain 


ae ; e ies L,, (yp?/2) 
§ (ts Je) => a5 \ dk exp (ikz ae Om ) YEE, Ot is? 
@(r,r’) = exp {iy (4 + x) (y—y)/ 2}, (3) 
where 
Coys, | Ea (k)=(2y(n+ Ya) eam, 1 = eH; 


Lyn (u) are the Laguerre polynomials normalized 
to unity. 

We introduce the notation E =(N+‘4 -€)y/m, 
where 0<e<1, and separate the first N terms 
from the sum over n in the formula (3). Then 
S(r, E) =Syn(r)+S’(r), where 


N 
Sy (r) = — in x » Rae bp (yp? / 2) Exp (iRn — y0"/4), 
n=0 


kn = V 2y (N—e—n). 


We note that the condition r « X now has the form 
r «(2yN)7?. It can be shown that for r «A 


S’(r) = — (m/2z) (1/1 + 4 V 27 + 2 24Nr), 


where |7.|<1 forall ¢. Thus the asymptotic 
solution of the Green’s function G for r, r’KA 
has the form (®(r, r’) ~1) 


G(r,r; E)=S(r—r'; E) = —(m/2r) [|r —r’} 1 + iK (B)], 
K(E)=1 5 (hn) (4) 


n=0 


We now write down Eq. (1) in the region r «): 
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Pe (r) = 92 (0) 2 \oH \ +iK)V (') a (r’) dr’. (5) 


It is easy to see that the solution of this equation 
has the form 

Gs One 
Tain to"), (6) 


where W)(r) is determined by the equation 


be = 


a (r) = 1 —(m/ 27) \ Fete. [a Vir’) By (r’) der’, 
f = (m/2x)VV (r) By (r) ar; 
f represents the scattering amplitude of a free 


electron with zero energy in a potential V. It 
follows from (6) that 


nf 9a (9) &, (0) = 
— fe S25 Ei * (7) 


We 


With the aid of (7), it is easy to find the total scat- 
tering probability per unit time, averaged over the 
positions of the center of rotation of the electron 
in the initial state: 


_ 4% f?K’ (E) /m * 
VE) = 0 GER RR (8) 


We introduce here the notation K = K’ — iK”, 
the normalized volume. 

Let us investigate the expression (8) in the case 
1«<N<« ‘yf. Here, 

K' (E) = V 2mE ye) V Q(t =e) 

where |n(e€)|< 1 forall e. If K’f«K1 and 
K*f <4,_i-e., (le) = yee and e = 1-2 
then the formula (8) yields 


__ Anf? 2E n(e) 
W (E) = “2 V aaa | (9) 


In the case E—(N+‘44)y/m, 


in A ee 
Q my oy 


8x QE « 

ey Ee 
Equation (8) for W(E) has a maximum value for 
K’f~ 1, i.e., for (1—€) ~ yf*/2, whence 


Q is 


for (12) < 7/*/2, 
W (E) = 


for << yf?/2. (10) 


It follows from Eqs. (9) and (10) that the width 
of these resonant peaks is of the order AE = 
y /4m°E. 

The energy levels of the electron have a finite 
width T, and 6 in Eq. (2) should be replaced by 
['/2. As a consequence, K (E) is finite for all e, 
and W(E) does not vanish for any E. However, 
W(E) will, as before, have resonance maxima if 
i/o Bs 
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I express my gratitude to L. E. Gurevich for his the photography in a beam of penetrating radiation 


constant attention to the work and also to V. N. with the aid of metastable liquids, we placed a 0.75- 
Gribov, S. V. Maleev, and L. P. Pitaevskii for liter propane bubble chamber in the beam of the 
useful discussions. URS-70 x-ray structural-analysis apparatus. To 
Sa rare reduce the absorption of soft x-rays, an inlet hole 
B. A. Lippmann and J. Schwinger, Phys. Rev. 5 mm in diameter was made in the wall of the 
79, 469 (1950). bubble chamber and was covered with a bakelite 
layer 3 mm thick. Owing to the pulsations in the 
Translated by R. T. Beyer tube electrode voltage and to the short sensitivity 
292 time of the chamber (on the order of several milli- 


seconds ), several pictures were taken for each set 
of conditions, from which we selected the cases of 


CERTAIN EXPERIMENTS WITH META- maximum intensity of action and associated them 


STA ¥ with the maximum value of the current and voltage 
BLE LIQUIDS IN AN X-RAY BEAM in the tube. We observed that bubbles were produced 


at 10 kev and above (see Figs. 1 and 2), but the 
sharp change in the penetrating ability and the spec- 
trum of the x-ray beam at low tube voltages does 
P. N. Lebedev Physics Institute, Academy of not allow us to draw more definite quantitative con- 
Sciences, U.S.S.R. clusions concerning the electron threshold energy 
necessary to initiate bubbling. 
We attempted to photograph an object in an x-ray 
J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 1469-1470 beam penetrating to the side glass of the chamber. 


G. A. ASKAR’ YAN, L. P. KOTENKO, E. P. 
KUZNETSOV, and A. V. SAMOILOV 


Submitted to JETP editor July 17, 1959 


(November, 1959) The use of an illuminated layer of metastable (super- 
heated or gassed) liquid as a converter and regis- 
ik establish the sensitivity of metastable liquids trator for the image of objects in the transmitted beam 
to low-energy electrons and the extent of this sen- of penetrating radiation (x-rays, y rays, or neu- 
sitivity, and also to carry out test experiments on trons ) is of interest because of the extremely high 


FIG. 1. Formation of 
bubbles by x-ray beams at 
x-ray-tube voltage 10 kv 
and a current of 10 ma. 
The input window of the 
chamber was 30 cm from 
the anticathode of the tube. 


FIG. 2. The same at 30 
ky and 1 ma, in the pres- 
ence of a 9 cm paraffin.n 
absorber in front of the 
entrance window of the 
chamber. 
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sensitivity of such systems to penetrating radiations. 


Actually, the production of ionizing particles in a 
liquid under the influence of a penetrating beam 
has a high probability because of the large density 
of the liquid, where the ionizing particles form 
bubbling centers which generate visible bubbles 
measuring from 1 micron to a fraction of a milli- 
meter, depending on their growth time prior to the 
illumination flash. The intense scattering of light 
by such bubbles, the density of which depends on 
the local intensity of the penetrating beam passing 
through the object, produces an image of the object 
in reflected or transmitted light. 

By varying the intensity of bubbling of the liquid 
and the time of illumination, it is possible to vary 
the sharpness of the image over a wide range. Im- 
age distortion due to the ionizing-particle track 
lengths can be made negligibly small at quantum 
energies up to several hundreds kev and neutron 
energies up to several Mev, owing to the smallness 
of the transverse projections of the paths of the 
secondary electrons and the recoil protons. 

The use of a high-speed cyclic bubble chamber 
(see, for example, reference 1) makes possible 
either high-speed intermittent or continuous visual 
examination of objects. (When the cycle frequency 
exceeds 10 cps, the eye perceives a continuous im- 
age ). 

We have obtained the first test photographs of 
a key (see Fig. 3), using the same bubble chamber 
at 50 kv and 10 ma (the actual exposure time is 
less than the sensitivity time of the chamber, which 
is on the order of several milliseconds ). 

In spite of the very inconvenient conditions 
(great thickness of the chamber and of the glass, 
poor geometry, and large distance to the object 
because the key was placed outside the case in 
which the chamber and the illuminating lamps were 
installed), even the first photographs yielded rela- 
tively satisfactory image contrast. It is interesting 
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FIG. 3. Image of a key 
placed 20 cm in front of the 
chamber, with the chamber 
exposed through the glass 
window. The tube operated 
at 50 kv and 10 ma. The 
actual exposure was less 
than the sensitivity time 
of the chamber (on the 
order of a millisecond). 


| 
to note that both negative and positive shadow images | 
| 


can be obtained, depending on the placement of the 
illuminating lamps and the degree of intensity of 
the scattering. 

In conclusion, we consider it our pleasant duty 
to thank Yu. I. Skanavi and A. I. Demeshina for gra- 
ciously permitting us to use the x-ray apparatus, 
and also thank K. V. Filippova, V. N. Mikhalenko, 
and A. F. Nalgranyan for useful advice. 


1 Kuznetsov, Lomanov, Blinov, and Huan, JETP 
31, 911 (1956), Soviet Phys. JETP 4, 773 (1957). 
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CAPTURE OF POLARIZED I~ MESONS BY 
DEUTERONS 


A. P. BUKHVOSTOV and I. M. SHMUSHKEVICH 


Leningrad Physico-technical Institute, Academy 
of Sciences, U.S.S.R. 


Submitted to JETP editor July 17, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 87, 1471-1473 
(November, 1959) 


‘Tae capture of polarized uw” mesons in deuter- 
ium has been investigated theoretically by Uberall 
and Wolfenstein.! However, it is assumed in their 
work that the polarized »~ meson is captured by 
an unpolarized nucleus. Actually, because of the 
long lifetime of the 4” meson in the K shell, the 
nucleus is also polarized in this case;? the calcu- 
lations for the capture in hydrogen with account of 
this circumstance were given in reference 3. 

For uw -mesodeuterium, it is necessary to con- 
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sider separately the capture from states with total 
momentum F=*%, and F='%. Corresponding den- 
sity matrices have the form: 


44 Sy (81 + G2) 3+ SiS, 
6 4 , 


4 3 c i 
p= Z[It+ 5% iat oo + 2.) 
4 F weal 
pees (ll + Lj (oy + Pe Neath, ens . (1) 


Here 04, 0, and Oy, are the spin operators of the 
nucleons and the 4 meson. In comparison with 
the formulas set forth in reference 2, there is in 
(1) the additional factor (3+ o,0,)/4, which is 

a projection operator on the state of the system of 
two nucleons with spin 1 (deuteron). 

In what follows we start from the Hamiltonian 
of interaction in the form of Lee and Yang,‘ but 
with the wave functions of the electron replaced 
by the functions of the ~~ meson, and we employ 
the notation adopted in reference 1. For the prob- 
ability of emission of a neutron in the energy range 
dE and solid angle dQ, we have 


MdEdQ 


(27)? wa 


dW =p,dW,+p_dW_= I,{1—Acos(j,p)], (2) 


1) = Tapp + (Un + 3p_ (Iu + Iss)] (@ca — = Gar) 
+ (1—3p_) Iu .2Re (aor — = 4cr ) , (3) 


A= la Mp. —+ _h_) Opr+ (D.Ap— = pd.) 
x(bog —2Re bgp) + (p,4, + = pr) + 2Re (ber — br P)] 
+ I's; pd. (8bec + + Re dep). (4) 


Here dW, and dW_ are the respective capture 
probabilities from the quadruplet and doublet 

states of mesodeuterium; p, and p_ are the 
probabilities of formation of these states. In these 
formulas, as in those of reference 1, terms propor- 
tional to |Cp|? are neglected. The polarization 

of the neutron <a> when pseudoscalar interac- 
tion is neglected is shown to be the following: 


I, {1 — Acos(j, p)l<e> = —a + cj—d|®, jj, 
—a=I'u(p_— bre + [(3p_—) le + 4p_ Rela bac 
— 2Re {T(p. a: ee Iv + p_ In| bert, (5) 
ed i (Pp. + $ pd.) arr + (Pd. + = ph.) Tee 4p. 
Re Fa | aco + 2Ref[ (pd — FPA) lat pd Ix| dcr}, 


—d=p_d_-2Im[(2bae — ber) Is’. (6) 


In the case of universal V—A interaction’ and neg- 
lect of the renormalization of constants on account of 


strong interaction(Cs =Cg =Cp =Cp =CT =CT=0; 
Cy = -Cly = -Cy = Ci, = G/V2 ) the probability 
of capture from the quadruplet state is shown to 
be equal to zero* and the formulas become sim- 
plified 


T, = 3G%p_(3lit + Iss), Ip A = 3p _ (Itt — Is); (7) 
—a=—6G?p_(It¢ + Rels), ¢ = 6G%p_d_ (I —Re lst), 
—d =—6G?p dh ImIy. (8) 


These equations are consistent with those ob- 
tained from the formulas of Uberall and Wolfenstein 
under similar assumptions (V—A _ interaction and 
absence of renormalization of the constants). In 
this case an additional factor 3p_ appears in the 
expression for capture probability (in contrast 
with reference 1); the distribution of neutrons 
with respect to energy can be obtained by sum- 
ming the graphs F and G in Fig. 1 of reference 
1 and by multiplication of the result by 3p_. In the 
parameter of asymmetry and polarization, the dif- 
ference consists in replacing the polarization of 
the 4 meson P by -—3A_. Account of strong in- 
teractions leads to renormalization of the constants 
(strictly speaking, these will also be form factors 
depending on the energy of the neutrino, but in the 
fundamental region, i.e., for v close to yu, they 
are approximately constant) and effectively to the 
appearance of pseudoscalar coupling; ’ in this case 
the deviation from reference 1 appears to be more 
significant. 

Making use of the completeness of the wave 
functions of the system of two neutrons, we find 
the distribution over direction of the emergent 
neutrino dW and the mean asymmetry of flight 
of the neutrons <p-j>: 


dW, = dQyI p [1 — B cos (j, ¥)], (9) 


mea 
Ip =§ [arr + (1 —3p_) - 2Re (ace —~ are)| 
+ (E+ 3p.) (ace — 4 Reaor), (10) 
=§|(p.dA,—3 PA) bre +(P.dy + FPR) 
x 2Re (bor — brp) + (p,4, —-FP_*_) (boo — 2Re bar) | 


+(1—&) p_r_(3bee + Re bp) ; (11) 


pp =tBv; §= 7 (1—||¢aPcoswrdr); (12) 


ae 1 a Brpib 
_— we obtain = 5 (1— ; tan =| 


0.11 (v = 94 Mev.) 
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For V--A interaction and neglect of renormaliza- 
tion of the constants, we have 


Ip = 3G?p_(2E+1), B= (2&—1)/(2E+ 1). 


We now write down the expression for the prob- 
ability dW, of capture with the formation of two 
slow neutrons with energies E,; and E, (Ky, Ep, 
£10 Mev): 

GN (13) 


Fin dE .dQy, Ir + C cos (j, Px)]; 


(27 = args 


I, =|JeP arr + ll Je? + 3p_ (Je? + | Js [?)] (@ce — = acer) 


+ (1—3p_)| J: |? 2Re (ace — | are); (14) 


Ge p2— pe 
1C= TAT 1, Pl (p a, | PA) bee 
VPi 


A 2 
+ (p,,— FPA} boc — Weber) + (ph, + FPA) 


x 2Re (bor — brp)| + pr Jo|® Bbaa + Re bce)}. (15) 


The authors express their gratitude to V. N. 
Gribov for useful discussions. 


CYCLOTRON RESONANCE IN LEAD 


M. S. KHAIKIN 


Institute for Physical Problems, Academy of 
Sciences, U.S.S.R. 


Submitted to JETP editor July 23, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 1473-1476 
(November, 1959) 


Tae phenomenon of cyclotron resonance predicted 
by Azbel’ and Kaner! was observed in the case of 
lead by a number of authors.2-4 The graphs of the 
dependence of the ratio R(H)/R(0) on the inten- 
sity of the magnetic field H show’~* a shallow 
minimum near 1000 oe of width ~ 1000 oe defined 
by several experimental points. The record of the 
quantity dR(H)/dH given in the brief communi- 
cation by Kip et al‘ also contains only one broad 
minimum in the field range up to 2000 oe and, in 
addition to that, approximately ten minima for 
values of H = 2000 —5000 oe. 

In the present work, due to the utilization of a 
highly sensitive method of measurement — a reso- 
nator with rectilinear high frequency currents flow- 
ing in the sample, and very pure lead used for the 
preparation of the sample — several tens of cyclo- 
tron resonance minima have been observed for 
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*A similar effect was noted in the capture of hydrogen from 
the triplet state.° 

147. Uberall and L. Wolfenstein, Nuovo cimento 
10, 136 (1958). 

2 1. M. Shmushkevich, JETP 36, 953 (1959), | 
Soviet Phys. JETP 9, 673 (1959). | 

31. M. Shmushkevich, Nucl. Phys. 11, 419 (1959). 

47D. Lee and C. N. Yang, Phys. Rev. 104, 254 
(1956). 

5. C. Sudarshan and R. E. Marshak, Phys. Rev. 
109, 1860 (1958); R. P. Feynman and M. Gell-Mann, 
Phys. Rev. 109, 193 (1958). 

8 ya. B. Zel’dovich and S. S. Gershtefn, JETP 
35, 821 (1958). Soviet Phys. JETP 8, 570 (1959). | 

™M. L. Goldberger and S. B. Treiman, Phys. | 
Rev. 111, 354 (1958); L. Wolfenstein, Nuovo cimento 
8, 882 (1958). 

8A. P. Rudik, Dokl. Akad. Nauk SSSR 92, 739 
(1953). 
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different orientations of the magnetic field (of 
intensity 150 — 3000 oe) with respect to the crys- 
tallographic directions. In our experiments the 
dependence of the quantity xX! ox/dH on 1/H 

was measured, where X is the surface reactance 
of the metal. The sample was a single crystal of 
lead characterized by the resistance ratio po9°c / 
P3.15°K = 1.4 x 10° (reference 5, sample No.6), 
which yields the value for the parameter wT ~ 50; 
the measurements were carried out at 2.4°K ata 
frequency of 9.4 x 10° cps. The single crystal 
grown from melt in a glass container had the shape 
of a rectangular plate of dimensions 13 x 6 xX 1 mm’; 
its surface was untreated. The tetragonal crystal 
axis is directed along the plate, the binary axes 
parallel to its two smaller dimensions. The high 
frequency currents flow along the plate, the mag- 
netic field vector may rotate in the plane of the 
plate. 

The method is based on measuring the frequency 
modulation of the signal from an oscillator using a 
traveling-wave tube the resonator of which contains 
the sample, resulting from modulation of the mag- 
netic field applied to the sample. The frequency F 
of this measuring oscillator is compared with the 
frequency of a similar standard oscillator stabilized 
by a subercenduciiue lead resonator of high quality 
factor;® the frequency stability of the comparison 
oscillator is better than 107. 
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FIG. 1. Spectrum of cyclotron resonances in a 
magnetic field directed along the bisector of the 
angle between the tetragonal and the binary axes 
of a lead crystal (in the table yw = 45°). The dis- 
placed lower curve is another record illustrating 
the reproducibility of observations. The tempera- 


ture is 2.4°K, the frequency is 9.4 x 10° cps. -20 


- 30+ 


- 19 |\—— 
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FIG. 2. Schematic representation of a part 
of the spectrum of Fig. 1; the height of a line 
representing a resonance is proportional to its 
depth. 


Figure 1 shows a sample record of the quantity 
— 8F/9H (which is proportion to X7!8X/8H) as a 
function of 1/H. The observed resonances are so 
sharp that the position of their peaks may be deter- 
mined with an accuracy of ~ 1000 oe. The sensi- 
tivity of the method, determined from the smallest 
resonances which can be reliably reproduced on re- 
peated recordings, amounts to ~ 10° expressed in 
terms of the quantity dX/X, which is approxi- 
mately 10° times less than the scatter of the points 
in the graphs of R (H)/R(0) given by Fawcett? 
and by Bezuglyi and Galkin® (a comparison with 
reference 4 is not possible since there is no scale 
given in their figure). Apparently in the work of 
the authors cited above only some average varia- 
tion in the resistance of the metal in the magnetic 


7 2 g 4 y) 


10°, 0e' 


3 
a Oe” 
field was observed; probably this also applies to 
the work of Kip et al.! 

The spectra obtained for other orientations of 
the field have a different appearance, however a 
main sequence of deep equidistant resonances is 
always apparent, while smaller peaks may be sep- 
arated into 1 to 3 additional series having other 
periods of A (H-!). A schematic representation 
of a part of the spectrum of Fig. 1, which enables 
us to decipher it, is shown in Fig. 2; a series of 
small peaks is partially noticeable in Fig. 1, but 
it is indicated in Fig. 2 on the basis of a different 
record made on a larger scale. 

The preliminary results of the analysis of sev- 
eral spectra are given in the table. The periods 
A(H7!) have been determined from the minima 
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a er ee 
| 3 -1 103- A H-), } 
y° | n k ave Be » mim vw? n k 6x m*ym 
= _ = — 
O41 Be 0.47 0.60 |}67.5| 6 | 6 0.95 0.3 
6 5 0.36 0.78 15 | 7 0.19 2.4 
5 4 0.52 0.54 So Web 0.31 0.94 
5 4 0.60 0.47 4 | 4 1.06 0.27 
22.5) eta | 43 0.40 0.70 || 90 12540) 1.04 0.27 
oie 2 0.34 0.83 ay oa) 0.32 0.88 
| Seas 1,10 0.26 
45 24 | 23 0.23 ee 
Be pir kag 0.033 8.5 


w is the angle between the field vector and the tetragonal crystal axis, n is 
the highest order of resonance observed in a given series, k is the number of 
identified resonances of the given series. 


of X~!dX/dH, however they must coincide with 

the periods in the variation of X(H). The effec- 
tive masses of the electrons have been computed 
by means of the following formula 


m* /m = (e/ mew) | A(H*). 


For each orientation ~ we have first tabulated 
the main series of deep resonances. The quantity 
m*/m is determined with an error of 2 2%, pri- 
marily as a result of the inaccuracy in the meas- 
urement of H. The error in the values of yw 
amounts to ~ 2°. 

An analysis of the shapes and amplitudes of the 
resonance peaks is for the time being still prema- 
ture due to a number of experimental reasons (in- 
exact adjustment of the field, uneven surface of the 
single crystal etc.). However, certain regularities 
are apparent: for example in Fig. 1 the even reso- 
nances are deeper than the odd ones, which, pos- 
sibly, may be explained by the effective mass being 
equal to exactly one-half. An investigation of these 
regularities will undoubtedly be useful in construct- 
ing the Fermi surfaces. 


MEASUREMENT OF ANGULAR DISTRIBU- 
TIONS OF NEUTRONS ELASTICALLY SCAT- 
TERED FROM He? 


A. I. ABRAMOV 
Submitted to JETP editor August 1, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 1476-1478 
(November, 1959) 


ls measure the angular distributions of neutrons 
elastically scattered from He? nuclei, we used a 
miniature spherical ionization chamber, filled with 
a mixture of 25% He® and 75% argon to a total pres- 
sure of 11 atmos.! 
tering the energy of the recoil nucleus (Ey, y) is 


As is well known, in elastic scat- 


The author is grateful to P. L. Kapitza and A. I. 
Shal’nikov for unfailing interest in and attention to 
his work, and to G. S. Chernyshev for technical aid. 
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linearly dependent on the cosine of the scattering 
angle of the neutron in the center-of-mass system 


Een x Vee max (1 = s) 0), 


where Emax is the maximum energy that can be 
transferred to the recoil nucleus. Therefore the 
energy distribution of the recoil nuclei is propor- 
tional to the differential scattering cross section 

in the c.m.s. and consequently the spectrum of the 
pulses due to the recoil nuclei yields directly the 
angular distribution curve for the argument cos 6. 
The angular distribution of elastic scattering of neu- 
trons from He* was measured in an analogous man- 
ner. In the case of He® the measurements are made 
more difficult by the exothermal reaction 

He* (n, p) T? (Q = 770 kev). which proceeds in paral- 
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FIG. 1. Spectrum of pulses from an ionization chamber 


with He®, bombarded by monochromatic 2 Mev neutrons. Ab- 


scissas — amplitude of amplifier output pulse (volts), ordi- 
nates — number of pulses per channel. 


lel with the elastic scattering. The products of 
these reactions also produce pulses in the chamber, 
and complicate the picture of the pulse spectrum. 
Figure 1 shows a typical pulse spectrum from a 
chamber with He®, taken at a proton energy of 2000 
kev. On the right we see a peak from the reaction 
He? (n, p) tT; induced by the fast neutrons, on its 
left a “tail” due to the wall effect, and still farth~ 

on the left a hump due to the recoil nuclei with a 
superposed peak from the reaction He®(n, p)T°, 
induced by the slow neutrons that have passed 
through the cadmium. Thus, in the region of appear- 
ance of the recoil nuclei, the experimentally ob- 
served pulse spectrum must be separated into at 
least three components. In the present investiga- 
tion the separation was made graphically, on the 
basis of spectra obtained with thermal neutrons. 

The form of the “tail” due to the fast peak was de- 
termined both by calculation and by plotting the ther- 
mal-neutron pulse spectrum at reduced working- 
mixture pressure, adjusted to make the range of the 
protons (and consequently also the magnitude of the 
wall effect) the same as in the case of the full work- 
ing pressure and fast neutrons. After eliminating 
the pulses due to the (n, p) reaction with thermal 
and fast neutrons we obtained the pure spectra of 
pulses due to recoil nuclei, used to plot the angular 
distributions. A certain indeterminacy, which arises 
in subtraction of the spectra, is included in the ex- 
perimental errors indicated on the graphs. 

The measurements were made at neutron ener- 
gies of 1000, 1400, 1800, 2000, 2770, and 4480 kev. 
The neutrons were obtained with an electrostatic 
Van de Graaff accelerator through the reactions 
T3(p, n)He® (first four energies) and D(d, n)He?® 
(last two energies). A standard linear amplifier 
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FIG. 2. Angular dis- 
tributions of neutrons 
elastically scattered by 
He?® nuclei. 
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and a 128-channel amplitude analyzer with ferrite 
memory were used. 

The results of the measurement at neutron ener- 
gies of 1000, 2770, and 4480 kev are given in Fig. 2, 
where the horizontal axis represents the cosine of 
the scattering angle in the center of mass system, 
and the vertical axis represents the differential 
scattering cross section in arbitrary units. The 
circles on the experimental curves show the read- 
ings of certain channels of the analyzer, with the 
total experimental error indicated. For compari- 
son, the plots show the angular distributions calcu- 
lated for the case of central forces, under two dif- 
ferent assumptions concerning the character of the 
exchange interaction:? curve 1 for symmetrical 
interaction and curve 2 — for interaction of the 
Serber type (it must be noted that the curves given 
in Fig. 2 have been calculated for neutron energies 
of 1000, 2500, and 5000 kev respectively). In spite 
of the considerable discrepancy between the experi- 
mental and theoretical curves, it can be seen that 
a Serber-type interaction is in better agreement 
with experiment, at least at high energies. The data 
obtained in these investigations are used to interpret 
complex pulse spectra in spectrometric measure- 
ments with fast neutrons over wide energy ranges. 

The author is grateful to O. D. Kazachkovskii 
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and V. S. Stavinskii for interest in the present work, 
and also to M. G. Yutkin, who participated in the 
preparation for the measurements. 
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ON THE PIONIC AND ELECTROMAGNETIC 
STRUCTURE OF NUCLEONS 


B. B. DOTSENKO 


Physics Institute, Academy of Sciences, 
Ukrainian S.S.R. 


Submitted to JETP editor August 7, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 1478-1479 
(November, 1959) 


Fe conpine to the Blokhintsev-Jastrow! model, 
the nucleon consists of a dense core and a more 
porous pion cloud. The basic states characterizing 
the electromagnetic structure of the nucleons are 
considered to be two- and three-pion states, whose 
diagrams are given in Fig. 1 (references 2 and 3). 

The two-pion state can be easily calculated, but 
a rigorous calculation of the three-pion state is 
very difficult.2 Therefore, we use phenomenological 
considerations to describe this state. Considering 
that the external field has a relatively weak influ- 
ence on the nucleon structure, we disregard the 
presence of the photon (dotted line in Fig. 1). 
Then, instead of a two-pion state we get a one- 
pion state, described by the plain Klein-Gordon* 
equation (with a delta-function source). On going 
to the three-pion state we suppose that an emitted 
virtual pion which has gone a distance of ~ fi/uc 
from the core makes a transition during its lifetime 
of ~h/uc? to anew, “polarized” state which reveals 
its structural properties (a bound nucleon-antinu- 
cleon pair, or “loop” )* and through these interacts 
with the core, according to the Chew hypothesis, 
on the basis of a single-pion exchange.° One of the 
simplest diagrams of such a process is given in 
Fig. 1b. 

Neglecting the photon, and supposing that the 
beginning (emitted) and the final (absorbed) 
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FIG. 1. a—two-pion state; b—three-pion state. Solid | 
straight line — nucleon N; wavy line—virtual pion 7; dotted | 
line — photon y. 


pions are the same, we can write down the equa- 
tion for the wave function © of sucha II pion 
interacting with the core through a single-pion 
exchange, that is, by the Yukawa rule: 


AW +. (ke)? [(E — V (r))? — (mc?)?] ¥ = 0, | 
V (r) = — (gm Se /r) exp (— per /h); (1) # 
the right side is zero, since nucleon regions far 
from the core are considered. The solution of 
this equation has the form®® 
Y = exp[—iet /Al¥ 0, ¢)R(), 


R (1) = exp (— rr) (0 / Fo)! @(r/ 0) 


j=—ht VTP. (2) 


Si 6:(f1))s 


Here n is the principal quantum number; 7, the 
orbital quantum number; 8 = gegy/fic; ge is the 
nucleonic charge of the core; gy, the nucleonic 
charge of the II pion; Y(@,q@) is the angular 
part of W; and the function w(r/ry)) goes rapidly 
to a constant ap. 

From j=0 (W has no pole at zero) we get 
1=1, i.e., the lowest state of such a system is 
a p state. If the density of the II -pion cloud 
D=W*, j;=0 (reference 3) then gm ~ 0.1g¢. 
If we consider that the mass of the II - pion 
m~ M, then it is necessary, in considering the 
core — II- pion model, to take the core motion 
into account.’ In the “semiclassical” approxima- 
tion we get (according to Sommerfeld’) expres- 
sions for the wave functions of the II pion and 
the core, Wy and Wg, in the center of mass 
system and the corresponding densities 


Dy = Crexp(— ran), D,=€,expr/ Ae), (3) 


where ay © 0.23f, ag *0.2f, and Cy and Cg 
are constants (see reference 1). 
The calculation of the mean square radius for 
the proton p and neutron n gives 
<ryp = 0.76 g>?, <= 0.19. >? 
(1 @ = 1078 em). (4) 


The results in (3) and (4) agree with references 1 
and 3. 
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FIG y2 


To estimate the contribution to the moment from 
the three-pion state we use the relation of the mag- 


netic moments to the corresponding mechanical mo- 


ments and find that the magnetic moment of the 
three-pion state M37 <0.1M 7, where M,, is 
the magnetic moment of the two-pion state. This 
also corresponds to previous results.!*? 

In conclusion, I want to express my profound 
thanks to Academician N. N. Bogolyubov for valu- 
able remarks and to Prof. L. I. Schiff for a pro- 
ductive discussion. I am grateful to A. M. Korolev, 
A. F. Lubchenko, and Yu. M. Malyuta for comments 
on various points of the work. 


*The mass of the ‘‘polarized’’ [I-pion m ~ M (M is the 
nucleon mass), i.e., m> py (uw is the mass of the ‘‘ordinary’’ 
pion 7). The dimensions of the [I-pion ~ H/Mc.’* 


1R. Jastrow, Phys. Rev. 81, 165 (1951). D. I. 
Blokhintsev, JETP 29, 33 (1955), Soviet Phys. 


CYCLOTRON RESONANCE IN INDIUM AT 
9300 Mcs 


P. A. BEZUGLYI and A. A. GALKIN 
Submitted to JETP editor August 10, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 1480-1481 
(November, 1959) 


Ee appearance of cyclotron resonance in metals, 
which was predicted theoretically by Azbel’ and 
Kaner,!* has so far been found in three metals: 
tin,?-® bismuth,°~" and lead.® In this note we pre- 
sent briefly the results of our experiments on cy- 
clotron resonance in indium at 9300 Mcs. 

The specimen was a ~ 12 mm long wire of di- 
ameter ~ 0.8 mm consisting of large crystals 
formed in a quartz capillary. At 4.2°K wt = 30 
(w is the circular frequency of the electromag- 
netic field, and t the electron relaxation time; 
the value of t was derived from the residual re- 
sistance. ). 

The surface resistance of the specimen was 
measured by the method previously described,* 
which is based on the determination of the change 
in tuning of a coaxial resonator, containing a cyl- 
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indrical metal specimen, produced by applying 
an external magnetic field. . 

The results of measurements of the ratio 
R(H)/R(0) [R(H) is the surface resistance in 
a magnetic field, R(0) the resistance in the ab- 
sence of a field] at 4.2 and 2.45°K are shown in 
the figure. The effective mass of the carriers re- 
sponsible for the resonance can be calculated from 
the value of the field at which R(H)/R(0) isa 
minimum. From the theory we have, at the mini- 
mum, w= eH/m*c, from which we obtain m* 
=0.8—0.9 mp, where my is the free electron 
mass. This value of the effective mass shows 
that the main groups of electrons are responsible 
for the cyclotron resonance observed in indium. 


R(H)/R(0) 
100 
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Comparison of the curves for 4.2 and 2.45°K 
shows a sharpening of the resonance at lower tem- 
peratures. Such a sharpening was found earlier in 
lead’ and is related to a noticeable increase in the 
relaxation time t. The de resistance of the indium 
specimen does, indeed, decrease several fold as 
the temperature is reduced from 4.2 to 2.5°K. 

Measurement of the field dependence of surface 
resistance of zinc and aluminium at liquid helium 
temperatures showed that at 9300 Mcs there is a 
slow decrease with increasing magnetic field. The 
absence of resonance effects in zinc and aluminum 
is apparently related to the breakdown of the condi- 
tions under which cyclotron resonance is observ- 
able (wt > 1). 
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ENERGY OF THE ELECTRON-PHOTON 
COMPONENT OF EXTENSIVE AIR SHOWERS 


S. N. VERNOV, V. A. DMITRIEV, V. I. SOLOV’EVA, 
and G. B. KHRISTIANSEN 


Nuclear Physics Institute, Moscow State 
University 


Submitted to JETP editor August 15, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 1481-1482 
(November, 1959) 


In a previous article! we reported the results of 
measurements of the energy of the electron-photon 
component in the central region of extensive air 
showers (EAS). In the present investigation, 
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measurements of the energy carried by the elec- 
tron-photon component at lateral distances from 
0.1 to 1000 m were made at sea level using the 
array for the comprehensive study of EAS. Prac- 
tically the whole energy of the electron-photon 
component was thus measured directly, since the 
above-mentioned distance range contains about 90% 
of the total number of shower particles. The total 
energy of the electron-photon component is, on the 
average, proportional to the total number N of 
particles in the shower. The value of the energy 
of the electron-photon component is equal to Ee_p 
= (2.7 + 0.3) BN, where £ is the critical energy 
for air. The energy flux distribution in the central 
region of EAS is given in reference 1. At distances 
100m <r <1000m, the distribution function of the 
energy flux can be represented in the form pf (Yr) 
me 7 (2640.2). 

Data on the mean energy of the particles of the 
electron-photon component have been obtained. The 
value of the mean energy per electron at various 
distances from the shower axis is given in Fig. 1.* 


Wei 10 10 100 7000 T, on 


In the central region of the showers, for 0.1m <r 
= 30m, the mean energy can be described by the 
function E = 10? r79-§*0-1) 6, where r is in 
meters. At distances of 100 —1000m, the mean 
energy is constant and equal to E = (1.2 + 0.15) 

x 108 ev. A comparison with the theoretical curve 
obtained on the basis of the cascade theory for 

Ss =1 by Kamata and Nishimura? (the curve is 
shown in the figure) reveals a considerable dis- 
crepancy between experimental and theoretical 
results. The observed increase in the mean en- 
ergy with decreasing distance from the shower 
axis is smaller than the calculated one. At the 
Same time, the measured mean energy at the 
shower periphery is higher than the theoretical 
value. A less-pronounced variation of the mean 
energy with the distance in the central region of 
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the showers can be explained by the effect of nu- 
clear scattering, as shown by experimental data 
on the nuclear-active component at sea level.! 
The higher energy of particles at larger distances 
(r = 500m) is explained by the fact that, at these 
distances, some of the electrons originate in the 
 -meson decay. 

A detailed presentation and discussion of the 
results will be published. 


*For the distance of 0.1 m, we have used the data of 
Strugal’skif.? 
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ON ANOMALOUS EQUATIONS FOR SPIN 
PARTICLES 


I. MAREK and I. ULEHLA 
Nuclear Physics Institute, Prague 
Submitted to JETP editor May 5, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 1482-1484 
(November, 1959) 


AN paper of L. A. Shelepin! argues that anomalous 
equations (obtained by one of us?) for particles 
with spin.3 and with several rest masses are re- 
ducible. We want to call attention to the errone- 
ousness of this assertion and to show where the 
mistake is in reference 1. 

The proof of the reducibility of the anomalous 
equations was constructed by Shelepin on the basis 
of a theorem which asserts that if the Lorentz 
transformation matrix S for the wave function ~ 
which satisfies the equation 


(8,0" — ix) = 0, (1) 
can be written as a direct product 
SARS OS, (2) 


where S’ and S” represent the Lorentz transfor- 
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mations corresponding to the functions wv’ and y~” 
satisfying the equations 


(B,d" — ix) o = 0, 


then the algebra U() is given by the direct prod- 
uct U(8) =U(B’) x U(B"). 

The proof of this theorem in reference 1 is not 
complete. This assertion can be graphically dem- 
onstrated by repeating the proof by some other 
method, that is by using infinitesimal rotations in- 
stead of general Lorentz transformations. In this 
case the matrix S can be written in the familiar 
form S=1+ 3 €yplh? (we have similar expres- 
sions also for S’ and S”). Equation (2) then has 
the form 


Gat—ajyr=0,  @) 


lis Tap OV Te (4) 


From the requirement of the invariance of (1) 
and (3) under Lorentz transformations, the well- 
known relations for the matrices Bu» Bi» and Bi 
result 


[Bul vo] Se LuvBo caged Lyobv, (5) 
[Blveli==2ysBo'—= 2xcBy, [Bulvol = ZavBo— SueBy. (6) 


If we now represent the matrices By in the co- 
variant form 


Bu = Cy (Bu 1”) + ¢y (8) B,By) + -> +a, (1’xB,) +++, (7) 


that is, symbolically 6 =u(f’) Xu(8”), where 
u(f’) and u(f”) are general elements of the 
algebra U(f’) and U(”), then equation (5) 

will be identically satisfied on the basis of rela- 
tions (4), (5), and (7). The proof of the quoted 
theorem in reference 1 is finished up by finding 

the solutions of Eq. (7) which satisfy Eq. (5) iden- 
tically. However, this is not sufficient for a proof: 
it actually should be shown that the solution in the 
form of Eq. (7) represents a unique solution for 

the given operators I,,». We have here a situation 
very similar to that in tensor algebra. As is well 
known, one can in the latter satisfy the transforma- 
tion law for a second rank tensor by constructing 

a quantity equal to the product of two vectors. How- 
ever, it does not follow from this that every tensor 
of the second rank can be described by the product 
of two vectors. 

If such a proof did exist, then anomalous equa- 
tions for particles with spin 3 and with two or 
more rest masses could be completely reduced. 
Since, however, these equations do not decouple, 
they represent the case where the solutions of (5) 
do not have the form of (7). 

In the anomalous equations (8,34 — ik) g = 0, 
satisfying all the physical requirements, the 
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matrices Jy are represented in the following 
form: 


Bp = Yu X%u), ge = 7X) (no summation!) — (8) 


Here Yu are the Dirac matrices, and the matrices 
Oy) are given in reference 2. Although expression 
(8) has on first glance the same appearance as (7), 
there is an essential difference between the two 
expressions. Neither the matrices a ,) nor their 
products satisfy equations of the type (5), 

Only in the case of anomalous equations for par- 
ticles with a unique rest mass can the By in (8) be 
represented in the form (7). 

We introduce now a concrete example of the By 
matrices (8) for particles with spin 3 and with two 
rest masses. The matrix £) is equal here to 


21 ° . ° ° ° 

e . V21 ry Te r3 

oe Vo l —Whan —V*ar —VWars 
Bo=%o X |. ees hoes ky : ° ¥ 

so) ase) Ae . ke ° 

. r3 —Vilers ° . ks 


(9) 


where the coefficients are given by the expressions 


ri = 7/s kj (Ry — x) (Ry — de) / (Ra — Rx) (Ra — Fe), 
7, = —*/s a (Ro — M1) (2 — 42) / (hr — Re) (Ra — a), 
rs = 7/3 k3 (Rs — hy) (Rs — he) / (Rs — Rx) (Ro — Rs), 
Fee Oe 23 = Oo Ay > Ky > Ko > ka > Ap, 
4/2 > Aq, Ay + Ay = ky + ky + kg. The parameters 
A, and A, determine the rest masses of the par- 
ticles and must be taken as given, so that only two 
of the three parameters kj are independent. 

With the aid of the 6) matrices and the gener- 
ators Ip;, Ty, kes, 


Ia = Yo(1 xX diag {—e, 3/2, — Ve, — le, —'Me, — "/9}, 
Md Vip Vie . 3 O 
1)y 6 VJs : 5 0 
Vile Ye . : ° 


e — 1), e A ’ 


Ihe = Y1%2X 


— 7 + £3 i 
Io5 = Tos X diag {7/, —4/s, ae iy 


oe a) 
we can determine the remaining matrices B, 
(k=1, 2, 3) and the other generators Ip, Ip3, I3;. 

By means of a long, but not difficult calculation, 
one can convince oneself that the only matrix com- 
muting with all the matrices of the anomalous equa- 
tions given here is the unit matrix. Therefore it 
follows that the corresponding Bu matrices are 
not fully reducible and that the anomalous equa- 
tions for particles with several masses do not 
decouple. 
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Anomalous equations do not represent the only 
equations contradicting solution (7). If 1 #0 is 
chosen in matrix (9), then by making the corre- 
sponding choice for the coefficients of the matrix 
one can satisfy all the physical conditions and con- 
struct irreducible equations for particles having 
K; in a spin us, state and masses Ky and k3 ina 
spin 4 state. Several similar examples could be 
given. 

All Shelepin’s work is based on the assumption 
that the solution of the form (7) to Eq. (5) has a 
unique character. Since this assumption is untrue, 
the method considered in reference 1 of construct- 
ing an arbitrary algebra U(f) by using direct 


products of the Dirac algebras is not general enough. 


11. A. Shelepin, JETP 34, 1574 (1958), Soviet 
Phys. JETP 7, 1085 (1958). 

21. Ulehla, JETP 33, 473 (1957), Soviet Phys. 
JETP 6, 369 (1958). 
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ELASTIC p-p AND p-nCOLLISIONS AT 9 Bev 


V.S. BARASHENKOV, V. M. MAL’ TSEV and 
E. K. MIKHUL 


Joint Institute of Nuclear Research 
Submitted to JETP editor June 13, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 1484-1486 
(November, 1959) 


[wenastic N-N collisions can be separated, 
using the impact parameter as criterion, into those 
involving collisions of the central regions of the 
nucleons and those in which the periphery of one 
nucleon collides with the central portion of the 
other. An optical-model analysis of N-N colli- 
sions in the energy range E = 1 —9 Bev indicates 
that one type of collision takes over from the other 
at an impact parameter of ry ~ 0.6 x 107!3 em. In 
the description of collisions of the central parts, 
in which most of the energy of the nucleons lies, 
the statistical theory of multiple production can 
be employed (see references 2 and 3). 

In Fig. 1 the theoretical results, calculated from 
statistical theory of multiple production, are given 
by the dashed line, and the experimental histogram 
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~ wW(cos6) 
VO 


FIG. 1 


for the angular distribution of charged particles 
produced in N-N collisions* (in relative units ), 
by the solid curve. 

In the table are shown the ratios 7 of the ex- 
perimental number of particles emitted at small 
angles in p-p collisions to the number of particles 
calculated from the statistical theory. 


Angular | 
interval | 
pinidegrees | 


In Fig. 2 are given the ratios of the observed 
number of stars with n prongs (n =1, 3,5 for 
p-n and n= 2, 4, and6 for p-p collisions) to 
the theoretical number, that is, N¢XP/ntheoret, 
The mean theoretical multiplicities Nipp) = = 3.5 
and Nypn) = 3-2 exceed the experimental values 
Qippy = 3-22 + 0.12 and mMpn) = 2.62 + 0.13 only 
slightly. 


5 


exp/, theoret 
we ?/N, 
got | 
fo) 
20 
serene 
EMI eG er) 5) ban 
FIG. 2 


From the figures and the table it follows that 
the theoretical and experimental values differ in 
the region of small angles and in events with a 
low multiplicity of particles. 

Since the experimental angular distributions 
averaged over large angular intervals (A cos 0 
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= 0.1, see Fig. 1), the mean number of particles 
produced, and also the mean energy loss follow 
the predictions of the statistical theory, one can 
conclude that the main proportion of the N-N 
collisions have to do with collisions between the 
central regions of the nucleons. 

In order to understand the deviations, we con- 
sider periphery collisions. For a first estimate, 
we employ the Weizsicker-Williams method.! The 
cross section for Periphery. collisions is 


op = 2\ suv (0) q () de = sepa em? = 0.2s,y, 


where 6 * 1 is the nucleon velocity, oqn ~ 30 
x 1072" em? is the total cross section for m-N 
interactions,{t q(e¢€) is the energy spectrum of 
the periphery mesons, moving together with the 
nucleon. 

The mean number of charged particles pro- 
duced in the collision of a periphery meson of the 
incident nucleon with the other nucleon can be ob- 
tained either from the experimental data on 7-N 
interactions for E = 1—5 Bev, or from theoret- 
ical calculations using the statistical theory (the 
results are in agreement). The mean multiplicity 
in periphery collisions turned out to be equal to 
Npp) = 3-3 and Nipny = 3-1. 

If we assume that the nucleon losing a periphery 
meson remains in the excited state T =J= vf (on 
account of the relativistic contraction of time, the 
lifetime of such an isobar is T~ 157), where Tp 
is the time of nuclear collision), then the number 
of charged particles emitted forwards (in the 
c.m.s.) in p-n collisions exceeds the number of 
charged particles emitted backwards by a factor 
of about 1.5. This asymmetry comes completely 
from the protons; the a mesons are emitted 
symmetrically relative to @ =7/2. In p-p colli- 
sions the angular distribution in the c.m.s. is 
symmetrical relative to 9 = 7/2. In both p-n and 
p-p collisions, the angular distributions are aniso- 
tropic in the c.m.s. Since the particles produced 
in central collisions are emitted isotropically (in 
the c.m.s.), then in the small-angle region the 
charge asymmetry may result completely from 
periphery collisions. 

We thank D. I. Blokhintsev and V. I. Veksler 
for discussion of the present work, and N. P. 
Bogachev for discussion of the experimental re- 
sults of references 4 and 5. 


*The experimental curve is the histogram averaged for p—p 
and p—n collisions, taken from Ref. 4. 

t(AE/E)°*P = (40 + 10)%; (AE/E) = (40-50)% (see ref. 6). 

tIn the calculation of q(€) we took the value of the meson 
charge to be f?/fic = 0.08 and the radius of the central region 
of the nucleon to be 1, = 0.6 x 107** cm. 
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RESONANCE IN CRYSTALLINE HYDROGEN 
IN CONNECTION WITH NEW DATA ON ITS 
STRUCTURE 
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oanouine Keesom,’ the interpretation of ex- 
perimental data on the specific heat anomaly! and 
nuclear resonance has been based® ° so far on a 
close-packed hexagonal lattice structure for crys- 
talline hydrogen. Recently Lazarev® and co-workers 
have found an error in this previous work and showed 
that the x-ray lines obtained could be explained either 
by a hexagonal lattice, deviating a little from close- 
packing (a = 3.7, c = 6.42), or by a tetragonal lat- 
tice (a= 4.5, c = 3.68). It was therefore necessary 
to determine the degree of agreement of the experi- 
mental data on the specific heat anomaly with the 
new crystal lattices ascribed to hydrogen. Since 

the structure is not yet resolved unambiguously, it 
is no less important to calculate the anisotropy of 
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nuclear resonance in a hydrogen single crystal* and 
to find out whether the structure can be elucidated 
by the nuclear resonance method. | 

1s bare Hill and Ricketson’s experimental data,! 
Nakamura? found that within a certain temperature 
range the dependence of the anomalous specific heat, 
Cy, on the temperature T and concentration p is 
given by 


4 


(1) 


where @=1.1 and £=15.7. He also obtained a 
similar formula theoretically, and found the coeffi- 
cients a and 8B to be very sensitive to the crystal 
structure. For a close-packed hexagonal lattice 
Nakamura obtained a strictly equal to zero, with 
B = 20 to the first approximation and 18 to the sec- 
ond. For the newly determined tetragonal lattice 
we calculated for @ and f values in better agree-_ 
ment with experiment: a =0.3 and 6B =18 to the 
first approximation and 16 to the second. 

2. In Van Vleck’s formula’ for the second mo- 
ment of a resonance line due to intermolecular f 
dipole-dipole interaction, the crystal structure is 
taken into account through the sum 


>) fe Ocos Opn), 
R 


Cy = Fs (#9 + Be"), 


(2) 


where rik is the distance between the i-th and 

k-th molecules, and 6jx is the angle between the 
magnetic field and the vector @jk. We have calcu- 
lated the sum for an arbitrary magnetic field direc- 
tion and obtain the following expressions for tetrago-— 
nal and hexagonal lattices: 


S} rie’ (3 cos? 87% — 1)? 
k 


“6 (9.2 + 0.88 cos? 8 + 0.24 cos* 8), (3) 
>; Tin’ (3 cos? 92 — 1)? 
; = a *(11.2— 16.4 cos? 6 + 19.7 cos# 6), (4) 
where 6 is the angle between the field and the 
fourfold or corresponding sixfold axis. The con- 


siderable difference between the anisotropies for 
a tetragonal (3) and hexagonal (4) lattice can con- 
veniently be used to decide the structure of solid 
hydrogen. 

3. Moriya and Motizuki® proposed a theory of 
spin-lattice relaxation in solid hydrogen. Because 
of the difficulty of the calculation, the relaxation 
time, T,, was derived for the simplest case cor- 
responding to the magnetic field parallel to the six- 
fold axis. Since the determination of the orientation 
of a single crystal under experimental conditions 
presents considerable difficulty, we considered it 
necessary to carry through the cumbersome calcu- 
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lation and obtained T, for the general case of an 
arbitrary field orientation both for the hexagonal 
and for the tetragonal lattice. We do not give here 
the final formula, which is complicated. It has been. 
established that the anisotropy of T, is not more 
than 5%, so that in measurements of T; on single 
crystals or polycrystalline material one would ex- 
pect practically identical results. 

4. The crystal lattice of deuterium was first de- 
termined by Kogan, Lazarev, and Bulatova® ( tetrago- 
nal, a = 3.35, c = 5.79) and it seemed useful to ex- 
plore the possibility of confirming these results by 
data on the anisotropy of nuclear resonance. We 
have limited ourselves to examining orthodeuterium, 
as the intensity of the resonance is almost an order 
of magnitude greater than for paradeuterium. The 
rotational state of orthodeuterium has spherical 
symmetry, so that intramolecular broadening should 
be absent. According to Hatton and Rollin? one can 
also neglect the line broadening caused by the quad- 
rupole moment of the deuterium nucleus. The sum- 
mation (2) leads to considerable anisotropy: 


> foe (cos 4, — 1)? = o-° (8.32 — 3,2 cos*8), (5) 
k 
In conclusion I would like to express my sincere 
thanks to B. G. Lazarev for his interest in the work. 


*The present work was started in connection with an ex- 
perimental search for anisotropy in nuclear resonance in hydro- 
gen, carried out by A. A. Galkin and I. V. Matyash, to whom we 
are grateful for suggesting the problem. 

tThe measurements of the specific heat anomaly’ and Naka- 
mura’s theory” indicate that in this temperature range an appre- 
ciable anistropy of molecular orientation is already starting. 
The intramolecular resonance line broadening connected with 
this can, in principle, be calculated from Moriya and Motizuki’s 
theory,° but such a calculation is extremely unwieldy. We 
should point out that the experimental data given by Sugawara 
et al.,’° with values of the second moment determined on poly- 
crystalline material, indicates the relatively small intramolecu- 
lar broadening, at least for small ortho-hydrogen concentrations 


(p ~ 10-20%). 
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THE CHANNEL OF A SPARK DISCHARGE 
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In order to determine the density of charged par- 
ticles in the channel of a spark discharge we have 
investigated the shape of the He II line A = 4686A 
produced in a discharge in helium. Under the ex- 
perimental conditions in the present work (p = 1.5 
—12 atmos, C =0.05uf, U=2—12 kv, L=0.18— 
3.6uh) up to 0.3 usec after the initiation of the dis- 
charge only the spark lines of helium (4686 and 
3203A) are radiated; however, the shapes of these 
lines could not be examined quantitatively because 
of smearing. The line shapes were recorded by 
means of a photoelectric system in which traces 
are made at two different instants of time after 
the initiation of the discharge.!”? It has been es- 
tablished that at the beginning of the discharge the 
4686A line is highly broadened and shifted toward 
the red, although there is no noticeable asymmetry. 
The displacement was measured with respect to 
the position of the same line at later instants of 
time, when the line exhibits essentially no dis- 
placement (t © lusec). It is reasonable to as- 
sume that the red shift of the line is due to the 
quadratic Stark effect. The absolute values of 
the displacement (up to 8A) and the half width 
(up to 50A) indicate that in the initial stages of 
the discharge the density of charged particles is 
quite appreciable. 

This density can be estimated by three methods: 

1. Using the shape of the 4686A line computed 
by UnsGld on the basis of the Holtsmark theory for 
the linear Stark effect it is possible to find the den- 
sity of charged particles N by matching (at the 
wings of the line) the experimental and theoretical 
shapes (cf. for example, references 5 and 6). 

It should be noted that for line shapes which 
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high density (> 1018 em~*) the curves cannot be 
matched satisfactorily. 

2. By measuring the half width of the line it is 
possible to estimate the density of charged par- 
ticles from the well-known relation given by Holts- 
mark.’ Using the Stark constant for the outermost 
components of the splitting (n = 6) we obtain the 
following relation between the half width of the line 
y (in A) and the density: 


y= 4:10 4N™, (1) 


Both of these methods are based on the Holtsmark 
statistical theory for the linear Stark effect. Thus 
it is assumed that the broadening of the lines is 
due to the linear effect and that the second-order 
effect can be neglected.* 

3. Using the experimentally determined value 
of the line shift, it is possible to find the density 
from the theory of the quadratic Stark effect in 
collision broadeniny:'° 


Aw = 33.4C0N. (2) 


A very rough estimate indicates that the exist- 
ence of a linear effect does not lead to a significant 
change in Eq. (2) for the case of the 4686A line 
(cf. also reference 11). 

The mean value of the Stark constant for several 
Stark components (n= 0, 1, 2,3) is 1.2 x 107! em* 
Sec. Assuming that the temperature of the chan- 
nel is 10 ev, we obtain the following relation between 
the line shift A (in A) and the density of charged 
particles N (per cm’): 


N= 2. 621048N. (3) 


In investigations of line shape it is important to 
take account of distortions due to reabsorption. 
Starting from the ratio of the intensity of the back- 
ground, spark and arc lines, using the Saha formula 
for N= 10!8 em~? it is possible to place a lower 
limit on the temperature of the discharge channel. 
Carrying out this estimate for t © 0.1usec, we 


ant temperature of the channel (for A = 4686A) 
is 2 ev. Whence it follows that for t < 0.lusec 
there is no noticeable reabsorption in the channel. 
At later moments of time and pressures p = 8 
atmos reabsorption does become significant; this 
is indicated by the depression of the line peaks. 

The results of calculations of the charged-par- 
ticle density for various experimental conditions 
are given in the table. In view of the rough simpli- 
fications which have been used in the calculations, 
the results obtained by different methods seem to 
be in satisfactory agreement. 

It should be noted that the question of whether 
or not it is permissible to use existing theories 
of line broadening for the case of such a dense 
plasma (N ~ 10!8 cm=3) has not yet been re- 
solved;*!° in particular, under these conditions 
the conditions for an ideal plasma are not satis- 
fied.® 

In conclusion the author wishes to thank M. P. 
Vanyukov for his interest in the work and discus- 
sion of the results. 


*It should be noted that at the present time it is difficult 
to evaluate the role of the electrons quantitatively by the use 
of the statistical theory (cf. for example, refs. 8 and 9); for 
this reason there is some uncertainty in the determination of 
the density. 
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Since it is intended very soon to make experi- 
ments on the scattering of electrons by electrons 
at high energies,' it is desirable to derive the gen- 
eral formula for the scattering of an electron by 
an electron in the case in which the charges of the 
electrons are smeared out in an invariant way. 

The calculation has been made for the case of 
the exchange of one photon. As is well known, in 
this case the vertex operator for the interaction 
of an invariantly smeared out electron and a pho- 
ton can be written in the form 


e's (9) = e [tufs (9?) + Clem) (at. — 109) 2G). (D) 


Here q is the momentum transferred, and f, (q?) 
and f, (q?) are functions describing the distribu- 
tions of charge and current in the electron. 

If a particle of spin % has a point charge e 
and a point anomalous magnetic moment wu, then 
f,=1, f, = —iu/2; for small values of the magni- 
tude of the momentum transfer q the functions f, 
and f, are respectively the distributions of charge 
and anomalous magnetic moment in the electron. 
If, however, the magnitude of the momentum trans- 
fer becomes larger than or of the order of the re- 
ciprocal of the length characterizing the distribu- 
tions of charge and anomalous magnetic moment in 
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the electron, this simple interpretation of the func- 
tions f, (q?) and f, (q’) becomes incorrect, and 
both functions describe both the charge distribution 
and the anomalous magnetic-moment distribution. 
Just for this reason, although the anomalous mag- 
netic moment of the electron is of radiative origin 
and is very small (u ~ a@/2m), the function f, (q?) 
can be very important for the description of the 
charge and current distributions in the electron 
at small distances. 

After averaging and summing over the spins 
of the electrons in the initial and final states we 
get the following formula for the scattering cross 
section in the center-of-mass system: 


do | dQ = r2X / 4y?, (2) 

where 

X= 4/4 (1—))? + 8/4 (1—)?— (4 + 4) /4 (1 —p) 
xa): 

lice eet 2s cua a pile secretion Ura) 
A Shia? tt Nia hele et 
OT OR aE te 2 ae YY fof OD os tn Gierg 
PA le Neh is ees A) ee) 
a 4S leh) a hin Gals) les 

by + 8, = 2 (2Re (f2f) [A+ a +x—2— 11 
(1 —) x [5x + 3n + 2A— 3] 


2 Im (fafof2) 
2 Re (f2f22) (1 =) 

21m (fff) I — 9) 
X [Bx + 3h + ue — 3] + 8Re (FFA) (I —#) I) 

x (2x — 3) — 4 in (Ff,f2) I —4)(1 — e642. — pp — 2] 
— 2Re(f2/2)(1 —p) x [5x + d+ Qn— 1 — p2— 2p] 

— 4 Im (fafof72) (1 — 9) (1 — 2) x (6— 2 —» — 4y] 

+ Re (f2f2) (1 —d) (1 —w) fh? + p? — Bo? — 13}; 


x [5x + w+ 2h — 1 —22— 2hy] 


the coefficient 8 can be obtained from the formula 
for a if we make the following replacements: 


jin =. bos kh, bok. 


Besides this, we have used the notations: 


LES Qa tea Ges 
% = — m™ (pypo) = — a (p,p,) = 24? —1, 
= — im (pp) = — m™ (pep) = 1° + (7? — 1) cos, 
h = — mm (prp,) = — m™ (Pop,) = 7 — (7° — 1) cos, 
© = Fil 


3 is the scattering angle in the center-of-mass 
system; pj, Pp) are the initial and pj, pg the final 
momenta; q =Pj—Pi =P2—-P2, G’ = Pi —P2 = Pi —P2- 
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The notations used in the formulas are chosen as 
in reference 2. 

We remark that, generally speaking, we are tak- 
ing into account the exchange of a “swollen” photon, 
for which the propagation function is d (q? \/ar; the 
function d(q?) being included in the vertex func- 
tions f,; (q?) and f, (q?). On the basis of experi- 
ments on scattering it is in general impossible to 
distinguish a change of the vertex operator from 
a change of the propagation function of the photon. 

It must also be noted that if new forces of a 
vector character (transferred by vector mesons ) 
come into play at small distances, the formulas 
given here remain valid if we replace the photon 
propagation function —1/ q? by the propagation 
function of the meson. 

The well known Moller formula is obtained from 
Eq. (2) if we set f, =0, f;=1. All the radiative 
and mesonic corrections are included in the func- 
tions f, (q?) and f, (q?) (when we consider the 
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We published previously! the general outlines of 
the H,—D, phase diagram. The two-phase region 
for the Hjy+D,. mixture was roughly mapped out 
at helium temperatures for that coneentration 
range over which the x-ray lines of both hydrogen 
and deuterium appeared simultaneously. From 
the x-ray diagrams and data on the structure of 
the pure isotopes,” one can determine the limits 
of solubility of hydrogen in deuterium and of deu- 
terium in hydrogen at 4.2°K. 

From this data on the pure isotopes it follows 
that a molecule occupies a volume of 38 A® in the 
H, lattice, and the volume in the Dy, lattice is 
32.5A°. The figure shows the values of the vol- 
ume v per molecule in the lattices of different 
solid mixtures. These results show that the limit 
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exchange of one photon, and just in this case it 
makes sense to speak of the form-factors f, and 
f.) and can be calculated. A deviation from the 
Méller formula (with account taken of the correc- 
tions mentioned above and of the exchange of a 
larger number of photons ) would indicate the in- 
applicability of quantum electrodynamics at small 
distances, and the experimental determination of 
the functions f, (q?) and f, (q?) will give infor- 
mation about the distributions of charge and cur- 
rent in the electron. 


iw. K. H. Panofsky, Report at the Ninth Inter- 
national Conference on High-Energy Physics, Kiev, 
NID. 

23. M. Jauch and F. Rohrlich, The Theory of 
Photons and Electrons, Cambridge, Mass., 1955. 
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The volume corres- 
ponding to one molecule; 
O —in the hydrogen lat- 
tice and O—in the deu- 
terium lattice, as a 
function of composition. 


of solubility of hydrogen in deuterium is 10% and 
of deuterium in hydrogen is 21%. It is interest- 
ing to note that the volumes corresponding to one 
molecule in both limiting mixtures are roughly 
the same (~35A%), and are close to the arith- 
metic mean of the volumes per molecule in the 
lattices of the pure isotopes. 


1 Kogan, Lazarev, and Bulatova, JETP 34, 238 
(1958), Soviet Phys. JETP 7, 165 (1958). 

Kogan, Lazarev, and Bulatova, JETP 37, 678 
(1959), Soviet Phys. JETP 10, 485 (1960). 
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Submitted to JETP editor July 30, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 87, 1493-1494 
(November, 1959) 


Taere is a far-reaching analogy between the 
properties of the electron and the muon; on the 
other hand, the masses of these particles differ by 
a factor of about two hundred. To explain this fact 
various authors!** have proposed schemes based 
on the idea that the masses of “noninteracting” e 
and yw particles are the same, and that the differ- 
ence of the observed masses arises as the result 
of interaction with some hypothetical particle. 

In the present note we consider a different pos- 
sibility. 

The “anomalously” small value of the electron 
mass in comparison with the muon mass leads to 
the thought that the entire observed mass of the 
electron owes its origin to some interaction. The 
mass of the “noninteracting” electron, like the 
mass of the neutrino, is assumed to be zero. From 
experiment it is known to high accuracy that the 
electron and the muon enter symmetrically into 
all interactions. It is natural to assume that the 
hypothetical interaction that leads to the appearance 
of the mass of the electron also possesses this sym- 
metry. The simplest possibility of this sort is the 
introduction of some anomalous p-e interaction. 

This reaction must be of the exchange type, 
i.e., of the type represented by the diagram. Fur- 
thermore we assume that the anomalous p-e in- 
teraction conserves both the number of electrons 


e Wage 


zu eo 


and the number of muons, and consequently does 
not lead to charge transfer processes of the type 


Bere ane 
For rough qualitative calculations the interac- 


tion in question can be approximated by a contact 
interaction of the form 


(G/m) (Pp 0b) (Le0hy). (1) 


Qualitatively we would get the same result at not 
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too high energies (as long as the muon is nonrela- 
tivistic in the center-of-mass system; for p-e col- 
lisions this condition is satisfied up to muon ener- 
gies of several Bev in the laboratory system) for 
the case of an interaction (see diagram) that is 
the result of the exchange of a quantum of zero 
mass. Owing to the exchange character of the in- 
teraction the transfer of a quantum of zero mass 
leads to short-range forces. Of course, if sucha 
(nonelectromagnetic) quantum exists, it must have 
specific properties that forbid its emission as an 
actual particle, as is the case for the longitudinal 
and scalar components of the electromagnetic field. 
In order to get the observed mass of the electron 
Me ~ My /200, we must take the reaction (1) to be 
sufficiently strong. In other words the coupling 
constant must be of the order of e? = 1/137. There- 
fore the interaction (1) could make an appreciable 
contribution to observable effects. We shall show 
that in most cases the correction caused by the in- 
teraction (1) is vanishingly small as compared with 
that from the electromagnetic interaction. For the 
scattering of negative muons by electrons the cor- 
rection to the differential cross section in the 
center-of-mass system is given by the factor 


CPD Sy Ne oy Peis 
sin—] — nonrelativistic electron, 
2 


My 


i tis (asin z) ultrarelativistic electron, 
p. 


nonrelativistic muon. 


Here v_ is the speed of the electron, and E its 
energy (h =c=1). Up toa muon energy of 2 Bev 
in the laboratory system the correction does not 
exceed a few percent, and it falls off very rapidly 
at smaller energies. The situation is similar for 
the scattering of positive muons by electrons. 

An estimate of the contribution of the interac- 
tion (1) to the anomalous magnetic moment of the 
electron and the shift of energy levels leads to a 
quantity of the order of (me/m,,)’ = 0.25 x 104 
of the main effect, i.e., a change that lies within 
the limits of experimental error. For the muon, 
however, the contribution to such quantities can 
be of the order of the effect itself. Obviously the 
importance of the anomalous p-e interaction in- 
creases sharply at very high energies. For ex- 
ample, it can decidedly change the picture of the 
process e  +e*—yu + yu", which has been con- 
sidered by Nikishov.’? The writer thanks Ya. B. 
Zel’dovich for valuable discussions. 


Wan Schwinger, Ann. Phys. 2, 407 (1957). 
21. Saavedra, Nuclear Phys 215-569 (1959); 
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34.1. Nikishov, JETP 36, 1323 (1959), Soviet 
Phys. JETP 9, 937 (1959). 
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S. V. VONSOVSKII and M. S. SVIRSKII 


Institute for Metal Physics, Academy of 
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Submitted to JETP editor July 30, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 1494-1496 
(November, 1959) 


Ir was shown in reference 1 that the polarization 
of the conduction electrons, caused by the s-d 
exchange interaction, prevents the establishment 
of a superconducting state in typical ferromagnets 
with high Curie points (for instance, Fe, Co, and 
Ni). At the same time it was shown that supercon- 
ductivity could in principle occur in metals of the 
transition groups, if the s-d exchange were suf- 
ficiently weak. This may, apparently, occur in 
the rare earths where the exchange interaction 
between the conduction electrons and the electrons 
of the incomplete 4f shell is, generally speaking, 
weaker than the interaction in the transition metals 
of the iron group. However, even in the rare earth 
metals the effective repulsion between the conduc- 
tion electrons’ induced by the s-f exchange (which 
counteracts the attraction caused by the longitudinal 
phonons) leads to a lowering of the critical temper- 
ature Te of the transition into the superconducting 
state, while this lowering must depend on the mag- 
nitude of the spin S¢ of the 4f shell. Such a de- 
pendence Te(S¢) has, indeed, been found recently 
by Matthias et al.’ in one-percent solid solutions 
of rare-earth elements in lanthanum (see figure). 
To ascertain whether we can explain the experi- 
mentally observed dependence To (S¢) by an ef- 
fective repulsion caused by s-f exchange, we con- 
sider the well known expression for Tg:* 


T. = 1,14 (iw /k) exp {—1/ N,V). (1) 


The matrix element V of reference 1 has now the 
form 


Vee= Von — Ve— V ss a Vo—Vss, (2) 
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ture for superconducting i at 3 
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earth elements in La: d 
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e— experimental points 


x 
e 


according to ref. 3, 


x — theoretical values Z “ 


evaluated using Eq. (2) al 
of this paper. La Pr Pm fu To Ho Tm Lu 
Ce Nd Sm Gd Dy Er Yb 


where Vph: Ve, and Vgf are respectively the 
matrix elements of the interelectronic interaction 
induced by the phonons, the quasi-Coulomb inter - 
action, and the s-f exchange interaction. 

We shall, moreover, take the estimates given | 
in reference 2 for gadolinium: 


Von = 4.2-10-2N- erg, 


V.=1.1-10°2N terg and Vs =5,5-104N 1 erg. 


We note now that Gd and La have the same inner 
electron shell structure and the same crystal lat- 
tice structure. To estimate the magnitude of Vph 
and V, for La we can thus take the same values 
as for Gd. 

Moreover, Since Vgf = 0 in pure La witha 
completely empty 4f shell, for a one-percent solu- 
tion of Gd in La we must substitute in Eq. (2) the 
quantity 0.01 x 5.5107! N-terg =5.5x1078N erg 
instead of Vg¢ for 100% Gd. We find then from 
(1) and (2) 


Po Te expt 0, 22a ee (3) 


where stone is the critical temperature when there 
is no s-f interaction. The value of NyVo was de- 
termined by Pines? for La to be 0.37 at T = 5°K. 
However, if we take into account that Tf) = 5.7°K 
was obtained for La in the experiments of Matthias 
et al. we obtain easily by the method indicated by 
Pines? the close value NoVo © 0.39. Substituting 
now into (3) the values T@) =5.7°K and NyVo 

= 0.39, we get To © 2.8°K, whereas according to 
the figure the value of Tg for La with 1% Gd in 
solution is considerably smaller, ~0.6°K. This 
discrepancy shows that for the case of a one-percent 
solution of Gd in La the total lowering of Tg can 
apparently not be explained solely by the occurrence 
of an effective repulsion induced by the s-f ex- 
change interaction. 

To estimate in how far this repulsion is respon- 
sible for the decrease of Tg in solutions of rare 
earths other than Gd in La, we take for the one 
percent solution of Gd in La the value Tg © 2.8°K 
found above. Taking into account that according to 
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Kasuya? Vof ~ Sg (Sg¢+ 1) we find then easily from 
(1) and (2) (taking into account that the ratio 

0.01 Vsf¢/Vp is small, reaching a maximum value of 
0.18 for the case of Gd) the following expression 


teed Se Dy (4) 


where a = 0.043* for TO) =5.7°K. 

Putting in-(4) Sp='4,.1, %, 2,-%, 3, and % 
we get the values of Te for one percent solutions 
of all rare earth elements in La which are given 
in the figure. It is clear that an appreciable devia- 
tion from the experimental values occurs only in 
the case of Gd (if we disregard the drop in the ex- 
perimental point for Ce, a possible cause for which 
was considered by Matthias et al.*). This shows 
that for solutions of rare earths, with the exception 
of Gd, in La the lowering of Te is basically 
caused, apparently, by the effective repulsion in- 
duced by the s-f exchange interaction. 

As far as the solution of Gd is concerned, there 
occurs here possibly an additional lowering of Te 
caused by the “undermagnetization” of the conduc- 
tion s-electrons by the electrons of the inner f - 
shells.'! Such an action of the inner shells of Gd 
(a three-percent solution of which in La already 
displays ferromagnetism for T < 1°K) is very 
probable also in the light of the earlier expressed 
point of view® that the electron system of supercon- 
ductors contains factors favorable for ferromag- 
netism. 

In an interesting paper by Akhiezer and Pomer- 
anchuk® the problem of the character of the inter- 
action between conduction electrons induced by 
_ ferromagnons is also considered. In contrast 
to Kasuya” these authors are led to the conclusions 
that the above mentioned interaction is similar to 
the interaction induced by the phonons and has the 
character of an attraction and can thus “...help 
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when the conditions for the occurrence of super- 
conductivity are approached...” in ferromagnetics 
(see reference 6, p.861). In this connection we 
must draw attention to the fact that the s-d ex- 
change interaction (which is discussed here) is 
connected with a change in sign of the spin compo- 
nent of the “s -electron” which, because of the 
commutation relations for the electron Fermi- 
operators in second quantization, makes the sign 
of the terms in the Hamiltonian with matrix ele- 
ments of the kind Vogf [see Eq. (2) of the present 
paper and also Eq. (3) for Ujg in reference 6] 
opposite from that of the corresponding “phonon” 
terms in the Hamiltonian. A more detailed, quan- 
titative discussion of this problem will be given 
by us in another paper. 


*One may assume with a sufficiently high order of accu- 
racy that the coefficient @ has the same value for all rare 
earth elements. See in this connection, for instance, Eqs. (6) 
and (9) of Kasuya’s paper.’ 


1S. V. Vonsovskii and M. S. Svirskii, Dokl. Akad. 
Nauk SSSR 122, 204 (1958), Soviet Phys. Doklady 3, 
949 (1959). 

2T, Kasuya, Progr. Theoret. Phys. (Kyoto) 20, 
980 (1958). 

3 Matthias, Suhl, and Corenzwit, Phys. Rev. 
Letters 1, 92 (1958). 

4 Bardeen, Cooper, and Schrieffer, Phys. Rev. 
108, 1175 (1957). 

5D. Pines, Phys. Rev. 109, 280 (1958). 

6 A.I. Akhiezer and I. Ya. Pomeranchuk, JETP 
36, 859 (1959), Soviet Phys. JETP 9, 605 (1959). 
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